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ON BASIS PROPERTY OF SYSTEMS ROOT VECTORS
OF A LOADED MULTIPLE DIFFERENTIATION OPERATOR

Abstract. In the case of non-self-adjoint ordinary differential operators, the basis property of systems of
eigenfunctions and associated functions (E&AF), in addition to the boundary value conditions, can be affected by
values of coefficients of the differential operator. Moreover, it is known that the basic properties of E&AF can be
changed at a small change of values of the coefficients. This fact was first noted in V.A. II’in. Ideas of V.A. II’in for
the case of non-self-adjoint perturbations of the self-adjoint periodic problem were developed in A.S. Makin where
operator was changed due to perturbation of one of the boundary value conditions.

In Sadybekov M.A., Imanbaev N.S., we studied another version of the non-self-adjoint perturbation of the self-
adjoint periodic problem. In contrast to A.S. Makin, in Sadybekov M.A. and Imanbaev N.S. perturbation occurs due
to the change in the equation, which belongs to the class of so-called loaded differential equations, where the basic
properties of root functions are investigated.

In this paper we consider perturbations of a second order differential equation of the spectral problem with a
loaded term, containing a value of the unknown function at the point zero, with regular, but not strongly regular
boundary value conditions. Question about basis property of eigenfunctions and associated functions (E&AF)
systems of a loaded multiple differentiation operator is studied.

Keywords: Eigenvalues, eigenfunctions, associated functions, adjoint operator, multiple differentiation, loaded
operaor, Riesz basis, root vectors.

Mathematics subject classification: 34B09, 34L.15, 34L05

1. Introduction

In the case of non-self-adjoint ordinary differential operators, the basis property of systems of
eigenfunctions and associated functions (E&AF), in addition to the boundary value conditions, can be
affected by values of coefficients ofthe differential operator. Moreover, it is known that the basic
properties of E&AF can be changedat a small change of values of the coefficients. This fact was first
noted in [1]. Ideas of [1] for the case of non-self-adjoint perturbations of the self-adjoint periodic problem
were developed in [2], [3], where operator was changed due to perturbation of one of the boundary value
conditions.

In [4], we studied another version of the non-self-adjoint perturbation of the self-adjoint periodic
problem. In contrast to [2], [3], in [4] perturbation occurs due to the change in the equation, which belongs
to the class of so-called loaded differential equations, where the basic properties of root functions are
investigated.  Problems about the basis properties of root functions of loaded differential operators are
thoroughly studied in [5], [6]. In these papers, it was possible to extend the spectral decomposition method
of V.A.Il’in [1] to the case of loaded differential operators. By the other method questions about the basis
property of functional-differential equations were investigated in [7].

The Riesz basis property of the E&AFsystem of periodic and anti-periodic Sturm-Liouville problems
was studied in [8].
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In [9], consisting of the Sturm-Liouville equation, together with eigenparameter that depended on
boundary conditions and two supplementary transmission conditions; we constructed the resolvent
operator and prove theorems on expansions in terms of eigenfunctions in modified Hilbert Space L, (a,5).

The basis properties in Lp (- 1,1) of root functions of the nonlocal problems for the equations with

involution have been studied in [10]. Moreover, using these asymptotic formulas, we proved that the root
functions of these operators form a Riesz basis in the space L, (0,1) [11].

In the case when the potential is zero, the system of eigenfunctions of the periodic problem is usual
trigonometric system, which forms a complete orthonormal system in 7, (0,1). And if the potential is non-

zero, then additional research is required, which answer is the results of [4].

2. Problem Statement and Main Result

Inthispaperweconsiderperturbations of equation of the following spectral problem with a loaded term
containing value of the unknown function at the point zero:

L (1) =—u"(x)+ q(xW(0) = u(x), ¢(x)eL,(0,1, 0<x<l, (1)
U ()=u©0)-u@)=0, U,@)=u'1)=0 2)

Firstweconstruct characteristic determinant of the spectral problem
(1)-(2). Assumingthaty(0)isasomeindependentconstant, it is easy to prove that,when A # 0, general
solution of (1)can be represented as follows:

u(x)z G -cosx/zx +C,- Slli/\i_x J' 7—58111\/_ ) dé 3)

Hence, supposingfirstx =0, andthensatisfying (3) bytheboundaryvaluecondltion (2), wegetthe
system of three equations, which can be represented in the following vector-matrix form:

-1 0 1 C 0

—cosv/4 —Si‘\l/%z 1—E@%d§- c, |=0

_\/Isin\/z —cos/A _LI@COS\/I(I—(S)dg_ u(0)| |0

Byusing simple calculations, we obtain

A (A)=-1- (%‘E@cosﬁ(l —&)sin JAdE +cos A —%ﬁ@sin \/Z(l - §)cos\/zd§j +

+O+(cos2 /1+sin2«/7) (4)

After the standard transformation of (4), we find that the characteristic determinant A (4 )of the
spectral problem (1) - (2) is represented as

A (4)=1-cosvA —% [ dl&)sinace 5)

Now we define the operatorz; . Using the Lagrange formula for all functionsy e D (L, )and
ve D (Lj ), due to boundary value conditions (2), we find:

b [~ 0000 V)0 s |- [k

Consequently, theoperatorLT isaconjugateoperator to the operatorz,, which is given by the
differential expression:

L(v)="(x)=Mx), 0<x<l (1a)
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and the boundary-value conditions
1

14 (v) = v'(O)— v'(l) = jq(x)v(x)dx, q(x) el, (0,1), v, (v) = v(O) =0. (2b)
0
Ifg(x)=0, then this problem is called Samarskii - Ionkin problem [13]. Inthiscase,

boundaryvalueconditions (2) and (2b) are regular, but not strongly regular boundary value conditions [13].
Characteristic determinant of the Samarskii-lonkin problem will beA, (/1) =2 (1 —cosv/A ) The

number /18 = 0 isasimpleroot, thatis single eigenvalue, and Vo(x)=\/§xis a corresponding eigenfunction
of the Samarskii-lonkin problem. O ther eigen values of the Samarskii-lonkin problem are double:
L =2knf, k=123,..
0 _ [ : o : o N2
Moreover, V;, = 2s1n(2k7zx) are the ir corresponding eigen functions, andv, =7xcos(2k7zx) are

associated functions.

Due to the biorthogonality conditions (V,(zl,u,({)l)=1we have thatu,?1 =4\/§ COS(Z/WDC) is an eigen
function andu,?0 :2\/5(1—x)sin(2kizx) is an associated function of the conjugate problem to the

Samarskii-Ionkin problem. The system {ugo,ugl }forms Riesz basis in L, (0, 1) [13].
Function ¢(x) can bep resented in the form of biorthogonal expansion in a Fourier series by the

0 0
system {uko,ukl }:

g(x)= Zakoul(c)o + Zaklul(c)l = Zako ' 2*/5(1 —x)sin(2kzc) + Zakl 42 cos2km).  (6)
= k=0 = k=0

Using (6), wefind more convenient representation of the determinant A, (41 ). To do it first we calculate
the integral in (5). Simple calculations show that

ﬁ@sinﬁggdf:%/ﬂ(l—cos\/z i 2k7m_k° + Za_"‘

k=0 (/1—(2/(7[)2)2 /1_(21‘”)2

By usingthisresult, determinant (5) after conversion is converted to

A (2)=4,(2) 4(2), )

Wh A(2)=1-423 | 7a, +a
ere ( ) ; k0 (ﬁ—(Zkﬂ')z)z k1 i—(2k7r)2

Therefore, it is proved
Theorem2.1.Characteristic determinant of the spectral problem (1) - (2) when 4(x)= 0 can be

represented in the form (7), where A (1)is the characteristic determinant of the Samarskii - Ionkin
problem, 4, 4,, are Fourier coefficients of the biorthogonal expansion (6) of the function ¢(x) by the
E&AF system of the conjugate Samarskii-lonkin spectral problem.

Thefunction 4 (1 )in (7) has poles of the second and first orders at points/l = /12 , but the function
A, (/l)has zeros of the second order at these points. Thus, thefunction A, (1), representedbytheformula(7),
is an entire analytic function of the variable A4 .

Ifatsomeindex j coefficientsof(6) @, =0, a; =0, then/ilj = /13. is a double eigenvalue of the spectral
problem (1) — (2).

— 34 ——
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Ifa;,, = 0,a 7 0, then /11,‘ = /13 isasimpleeigenvalue of the spectral problem (1) — (2).
The characteristic determinant (7) looks more simply, wheng(x) is represented as (6) with a finite

first sum. That is, when there exists a number N such thata_ko =0, a_k1 =0 for allk > N. Inthiscase, the
(7) -thformulatakesthefollowingform

N _
A (A)=8,(A) 1-42D | 7ay, (8)

k k
+a
= li - (2k7r)2J2 Y- (2k7z)z

From this particular case of the formula (8) we justify the following
Corollary 2.1. For any pre-assigned numbers: complex 2 and natural 77 , there always exists a

function q(x ) such that 7 is an eigenvalue of the problem (1) - (2) of the multiplicity’7~1 .

From the analysis of (8), we note, that A\, (ﬂg)= Ofor allk > N . That is all eigen values ﬂg , k>N, of
the Samarskii-lonkin problem are eigenvalues of the spectral problem (1) - (2). Moreover, multiplicity of

the eigen values /L? , k> N, is also preserved.

From the orthogonality condition q(x) L V?O, q(x) L v?l for all j > N it follows, that in this case
1 1
Iqix i\/go(x)dx = J‘qix .}V?l(x)dx =0.
0 0

Therefore, eigenfunctions V?o (x) andassociatedfunctions v;)] (x) oftheSamarskii-lonkinproblemforall

j > N satisfythespectralproblem(1)—(2) and, consequently, they are eigenfunctions and associated
functions of the spectral problem (1) — (2). Thus, inthiscaseE&AFsystemofthespectralproblem (1) — (2)
and E&AFof the Samarskii-lonkin problem (forming Riesz basis) differ from each other only in a finite
number of first members. Consequently, the E&AF system of the spectral problem (1) - (2) also forms the
Riesz basis in Z, (0,1).

ByBwedenoteasetoffunctions ¢ (x)e L,(0,1), representable in the form of a finite series (6), which is
everywhere dense in , (0,1). Thus, we formulate the main result of our paper:

Theorem 2.2.Letg(x)e L,(0,1). Then E&AF system of the spectral problem (1) — (2) forms Riesz
basis in £, (0,1)and the set B is everywhere dense in £, (0,1).

Since the adjoint operators simultaneously possess the Riesz basis property of root functions,
consequently, we get

Corollary 2.2.The set Bof functions ¢(x)e L,(0,1), for which the E&AF system of the conjugate
problem (1a) - (2b), that is, of the multiple differentiation operator L, with integral perturbation of the first
boundary value condition of the Samarskii-lonkin problem, forms a Riesz basis in L, (0,1), is every where
dense L, (0,1).

Previously, other approaches to the study of similar problems (1a) - (2b) with integral perturbation of
the second boundary value condition were published in our papers [14], [15], [16].

The work paper [17], we prove uniqueness theorem, by one spectrum, for a Sturm-Liouville operator
with non-separated boundary value conditions and a real continuous and symmetric potential.

Acknowledgments. These results are partially supported by Grant
Ne AP05132587.
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H.C. UmanbaeB

Onryctik KazakcTan MEeMIIEKETTIK MeAarorukansik yausepeureTi, IlbivkenT, Kasakcran;
KP bxFM Maremaruka jxoHe MaTeMaTUKAJIbIK MOJIENb/Iey MHCTUTYThI, AnmaThl, KazakcTan

ECEJI JUOPEPEHIIUAIIAHATBIH ’)KYKTEJT'EH ONEPATOPIbIH
TYBIPJIK BEKTOPJIAP )KYUECIHIH BA3UCTLIIIT }KAUJIBI

AnHoTanusa. by makanmama perynsapisl, 6ipak KYIIEHTIUITeH peryispiibl eMec MIeTTIK ImapTTapMeH OepiireH
KYKTENTeH eKiHIm peTTi auddepeHnmaniblK ONepaTOpablH CIEeKTpaablK ecebi  KapacTelpbinaabl. Ecemi
muddepeHManaHaTbIH KYKTEIreH ONepaTopiAblH TYOIpIiK BeKTOpJiap jKyleciHiH Oasucrtimiri 3eprreneni. Kes
KEeJIreH ©3iHe-031 TYHiH/eC HIeTTIK MIapTTapMeH JKoHe e3iHe-031 TyHiHaec GpopManbal auddepeHnnanabK aMaaMeH
OepisreH, CHEKTPi AMCKPETTI OOJIATHIH ONEPaTOP/IbIH MEHIIIKTI (DYHKIMsIIaphl )KYHECIHIH OpTOHOpPMalaHFaH Oa3uc
KYpaWUTBIHABIFEI Oenrimi kail. CoHbIMeH Oipre e3iHe-e3i TyHiHaec eMmec xail auddepeHIanabIK onepaTopiaapabH
TYOIpiiK (QyHKOMSUIAphl JKYHEeCiHiH Oa3uCTiIiriHe IIETTIK maprrapaaH Oeiek, anddepeHIuaIIblK OnepaTopablH
ko3(hunMeHTepiHIH MaHAEpI Jie acep eTeTiHairi Oenrini. Mynaai xaraiaa, ko3hUuueHTepaiH MoHepi MamMabl
FaHa ©3TepreHHIH o3iHAe, TYOIpiik (QyHKIUIApAeH O0a3uUCTUTIK KacueTTepiHe OipaeH ocep eremi. TyHFBIII per
MyHgai ¢pakt B.A. VInesuHHIH )KYMBICEIHIA KeNTipiiai. ©3iHe-e31 TyHiHIec MepHoATH ecem ymiH B.A. WnpuHHIH
UAesacH e3iHe-e3i TyHiHmec eMec TONKBITY karmaiibiana A.C. MakuHHIH eHOeriHJe MambBITBUIOBL. Byi >KyMmEbIcTa,
HIETTIK LIAPTTap/blH OipeyiH TOJNKBITKAH Ke3xe oneparop e3repreH OonateiH. An, M.A. CanpibekoB TeH
H.C. MIman0aeBThIH MaKaJacChIHIA [IEPHOATHI IIIAPTTAPMEH OEPIITeH KYKTEIreH eKIiHII peTTi TudQepeHIIHaIIbIK
ONepaTopAblH MEHIIIKTI  (QyHKUMsUIapbl OJKYHeciHiH 0a3uMCTUIK KacuerTepl 3eprreireH. byn Makanaza
KapacThIPBUIFAH €CEITe 631He-031 TYHIHIeC EPUOITHI €Cell YIIIH 03i1He-031 TYHIHIEC eMeC TOJIKBITY KaFaalbl OOJIBII
tabbutazpl, Oipak A.C. MakunHiH eHOerinme 3eprrenreH ecenteH M.A. CanpibexoB nen H.C. MmanOaeBTHIH
MaKaJlaChbIH/[a KapacThIPbUIFAH €CEITIH ePEeKIIeNiri MeTTIK MapTTapJblH eMec, TEHACY/IH TOJKBITBUTYbIHAA OOJIBII
TYP.

Kykrenren auddepeHnanIbK onepaTopiaapAblH TYOIpilik GyHKIMIIApBIHBIH 0a3UCTUIIK KACHETTEPIH 3epTTey
mocenenepi U.C. JIoMOBTHIH jkyMbICTapBIHAa 3epTTensi. B.A. MneuHHIH cnekTpangslk xikrey omici M.C. JIoMOBTHIH
MaKaJalapbelHAa KYKTeNreH muddepeHpaniplK omnepaTopiap YIIiH cOTTI KOJIJAHBUIBI JaMBITEUIIEL A.M. T'ommiko
MeH [.B. PamgsumeBckuiiniy KyMbICTapblHAa (YHKIHOHAJABIK-TUGGEpEHINANIBK TeHISYICPAIH TYOipIiK
BEKTOPJIAPBIHBIH 0a3MCTLTIK Macenenepi 6acka 9iCTepPMEH 3€PTTEIIICH.

Au, aranMplll Makajiajga eKiHIII pPeTTi, HeNll HYKTeCiHIe >KYKTesiHreH auddepeHunanaplK TeHIeYy YIIiH
MEepUOATHl eMeC MIETTIK LIAPTTApMEH OepuIreH ecenTiH XapaKTePUCTHKAJIBIK AHBIKTAYBIIIbl Ka3bUIbI, OHBIH
CHEKTPAJJBIK NapaMeTp OoWbIHIIA OYTIH aHATMTUKAIBIK (QYHKLUS OONaTBHIHIBIFBI KOPCETIIN, MEHIIIKTI MOHIepi
anpikTanFad. OCbIFaH CoMKec, TYOIPIiK (QYHKIUSUIAPBIHBIH Oa3UCTUTIK KACHETTEPIHIH OPHBIKTBUIBIFBI JKaHJIbI
Teopema pmonenjeHeni. byn ecemke TyHiHmec ecenm - TOnkbIThUFaH Camapckuii-MoHKHMH ecebi 00JaThIHIBIFBI
KOpCEeTLIreH.

Tyiiin ce3mep: MEHIIIKTI MOHJEP, MEHIIIKTI (YHKIMAIAP, TIpKEJITeH QyHKIMsUIap, TYHiHAEC oneparop, eceii
muddepennmannay, KyKTeiareH oneparop, Puce 6azucriniri, TyOipIik BeKTOpIIap.

H.C. UmanbaeB

IOxH0-Kazaxcranckuii rocyjapcTBeHHBIN negaroruyeckuit yuuepcuter, llsiMkenT, Kazaxcran;
HHuctutyT MaTtemaTuku 1 MmateMatudeckoro moaenupoBanus MOH PK, Anmarel, Kazaxcran

O BABUCHOCTHU CUCTEM KOPHEBBIX BEKTOPOB
HATPYXKEHHOT' O OIEPATOPA KPATHOI'O JU®P®EPEHIIMPOBAHUA

AHHoTanms. B Hacrosmeil cratbe paccMaTpuBaeTcs BO3MYyIIeHHUsS IU(depeHHaIbHOT0 ypaBHEHHS BTOPOrO
HOpsAAKA CHEKTPAILHOW 3alaud C HarpyXXEHHBIM CJlaraeMbIM, COAEPIKAIlUH 3HAYeHHE MCKOMOH (YHKIUH B TOUKE
HyJb, C PETyJSIPHBIMH, HO HEYCWIEHHO PETYISIPHBIMU KpaeBBIMH yCIOBUSIMH. Mccnemyercs: Bompoc 0a3nCHOCTH
cUcTeM COOCTBEHHBIX W INpucoeanHeHHbIX ¢yHKuuid (Culld) HarpyxeHHOro ormeparopa KpaTHOro audQepeHiu-
poBaHuA. XOpOIIO U3BECTHO, YTO CHUCTeMa COOCTBEHHBIX (DYHKLUH oepaTopa, 3aJaHHOTO (OpMAaNbHO CaMOCOIps-
KCHHBIM nn(l)(l)epeﬂunaanMM BBIPpAXKCHHUEM, C MNPOU3BOJIBHBIMH CaMOCOIIPSKCHHBIMU KPA€BbIMU YCJIOBUSAMU,
o0ecrieunBaroOIMU TUCKPETHBIN CIIEKTP, 00pa3yeT OpTOHOPMUpPOBaHHBIN Oasuc. Hapsny ¢ aTum, n3BectHo, 4TO B
cllyyae HECaMOCOIPSDKEHHBIX OOBIKHOBEHHBIX AH((epeHINaTbHBIX ONEpaTopoB Ha 0A3UCHOCTh CHCTEM KOPHEBBIX
(yHKIMI, TTOMHMO KpaeBbIX YCIOBHH, MOTYT BIMSTH TaKkXkKe 3Ha4eHHs Kod(pPuIueHTOB muddepeHmansHoro
omepatopa. [Ipu 5ToM Ga3ucHbIE CBOWCTBA KOPHEBBIX (DYHKIMH MOTYT U3MEHATHCS JaXE MIPU CKOJIb YTOAHOM MajloM
W3MEHEHUH 3Ha4eHnH K03 ¢uImeHToB. BriepBrie 3T0oT (hakT ObUT OTMeueH B pabote B.A. UnpnHa. Unen B.A. Wneuna
60U pa3BuTel A.C. MakiHBIM Ha CIy4ail HECaMOCOIPSKEHHOTO BO3MYIIEHHS CaMOCOIPSDKEHHOH MEPHOINIecKoit
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3amaun. Onepatop B pabore A.C. MaknHa U3MEHSIICS 3a CUET BOSMYIIECHHUS OJHOTO M3 KPaeBhIX yCIOBHHA. B craThe
M.A. CanpibexoBa, H.C. MmanbaeBa wucciieioBaHbl 0a3uCHBIE CBOWCTBA KOPHEBBIX (YHKIHMH HArpy>KEHHOTO
mddepeHManbHOro onepaTopa BTOPOrO MOpPsAKA € MEPUOIMYECKUMH KPaeBBIMH YCIIOBUSMH, KOTOPBIH Takxke
SABJIACTCA HECAMOCOIIPAKCHHBIM BO3MYUICHUEM CaMOCOHp)DKeHHOﬁ nepnouuquKoﬁ 3a1a4u. B otimune ot pa6OTI)I
A.C. Makuna, B cratbe M.A. CanpibexoBa u H.C. MimanOaeBa BO3MyIEHHE NPOHMCXOIUT 32 CYET W3MEHEHHMs
ypaBHeHUs. Bompocsl 0a3ucHOCTH KOpHEBBIX (YHKLUH HArpyXeHHbIX AU (epeHINaIbHBIX ONEepaTopoB ObUIN
n3ydensl B pabortax W.C. JlomoBa. EMy ynanock pacnpocTpaHuTh METOJI CHEKTPAJIbHBIX pasioxeHuid B.A. Mnbuna
Ha Clly4all Harpy>XeHHbIX A (epeHIHaIbHBIX ONepaTopoB. JIpyruM METOJ0M BONPOCH! 0a3MCHOCTH (PyHKIHO-
HabHO-IH(PepeHINANBEHBIX YPpaBHEHUH ObLTH MccaenoBanbl B pabore A.M. ['ommiko u I'.B. Pag3ueBckoro.

A B HacrosAmeld pabOTe HCCIEAyeTCsl BOMPOCH 0a3MCHOCTH KOPHEBBIX BEKTOPOB A depeHInanTsHOro
orepaTopa BTOPOTO IOpSAAKA C HArpy)KeHHbIM CJaraéMbIM B TOYKE HOJb C HENEPHOAWIECKUMH KpacBbIMU
ycnoBmsiMH. [TocTpoeH XapaKTepuCTHUECKUH OnepeenTelNb, KOTOPBIA SBISETCS IEJ0N aHATUTHYECKON (DYyHKIHEH.
Jlokazana TeopemMa 00 YCTOMYMBOCTH CBOMCTBa 0a3MCHOCTHM KOPHEBBIX BEKTOPOB M IIOCTPOEH COMPSHKEHHBIN
oreparop, KOTOPBIH OKa3aJcsi BO3MyIIeHHOMH 3anaueii Camapckoro-HoHkuHa.

KaioueBble cjioBa: COOCTBEHHbIE 3HAa4yeHUE, COOCTBEHHbIE (QYHKUHMH, IPHCOEIMHEHHbIE (YHKIHH,
CONPSDKEHHBIA orepaTop, KpaTHoe auddepeHIpoBaHre, HArpy)XEHHBIH omneparop, 0Oa3uc Pucca, KopHeBble
BEKTOPA.
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