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ANALYTICAL SOLUTION OF PARTIAL TASKS
OF SHEAR WAVE IN A CYLINDRICAL LAYER
(in the case of the constant values y-a + 2 =0 and a = )

Abstract. The concept of phase velocity is introduced as the rate of change of the phase medium in studies of
shear wave processes of circular elements in deformable bodies. In the case of harmonic oscillations of a cylindrical
shell, the phase velocity is expressed in terms of the frequency of natural vibrations freely supported along the edges
of the shell, and therefore, the study of waves in a cylindrical layer is most directly related to the problem of
determining the natural forms and vibration frequencies of shells of finite length. The results of this work on one-
dimensional cylindrical waves in elastic and viscoelastic media and rods allow us to study the influence of the
characteristics of the material of the media on the wave fields in the material. The problems of the theory of
viscoelasticity have recently attracted the special attention of many researchers and engineers in connection with the
use of polymer materials in various industries.

Key words. deformable bodies, shear wave, vibrations, cylindrical shell, rod, viscoelastic medium.

FORMULATION OF THE PROBLEM
Let a shear cylindrical wave propagate in an elastic inhomogeneous transversally isotropic
cylindrical layer. At the moment t = 0, the tangential stress pulseo,,.or the displacementu,, but
changing in coordinate 6.
We solve the problem in dimensionless variables
_ bt R Uy

T = r=—; u=-— 1
TO’ TO’ To ()

where 7y - is the inner radius of the layer; b - is the shear wave velocity.

Hooke's law in an elastic inhomogeneous medium has the form

ou
Oz = Uq (T‘) ;;

10u
] —Hz(T);g, 2
The equation of motion reduces to the following
00sr 10070 4 1 o _ 2 0%u
or + r 00 + T Ozr = p(T)b 012 )

Substituting (2) into equation (3) we obtain the basic equation, which has the form
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*u [1 pidu | 1 pp()d*u _ b2p(r) d%u 4
ar2 r o ow@™ler T r2umeer T u () ar2 )
Let the boundary conditions for this problem have the form
Oz = fm(7) cos(mO)forr = 1 ®)
0, = Oforr =y (andry > 1) (6)

In addition to the boundary conditions, it is necessary to specify initial conditions that are zero in our
problem, i.e.

or
dtl=g

=0 u|r:0 =0 (7)

Since a linear problem is considered, it is advisable to use the one-sided Laplace transform over
dimensionless time to solve it.
We apply the Laplace transform with respect to 1 to equation (4) and obtain

%ug | 1, piM]0ue | #(M*uy _ p(Mb®
or?2 [r ﬂl(r)] ar T2, (r)062 - 11 (1) P~Up (8)

The solution to equation (8) is sought in the form

uy = T(r) cos(m8@) ©)
Flat
Uy = fooou(r,G,t) e Ptdr (10)
Then equation (8) takes the form
Tt el - B T =0 an
In the future, we will assume that the in homogeneity of the medium has the form
(1) = paor® () = wyorP; p(r) = por? (12)
Moreover, b? = %; a, B,y — constants.

Then equation (11) takes the form
r2T"(r) + r(1 + )T’ (@) — (m?rf=%yZ + p2rY=“*2)T(r) = 0 (13)
K20

Here y? = =%
Hio

Suppose that y — a + 2 = Oanda = f5.
Then equation (13) takes the form

r2T"(r) +r(1 + )T’ (r) — [y2m? + m?]T(r) = 0 (14)

The general solution of equation (14) is equal to

a a? a a?
T = Clr—(;+ /p2+}/12m2+(7) + Czr—(;— /p2+y12m2+(7) (15)

The boundary conditions of the problem in the images takes the form

ar _ _fmo(P) _

ar = ppz mT=1 (16)
dT
el Ompur =1y (17)
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The constants C 1 and C 2 are determined from the boundary conditions (16) - (17) and have the
form

me (p)

2
2 -2 /p2+y2m2+ &
pobz(%+Jp2+yfm2+(“T) [1-7 ' <“>]

C1=

-2 p2+y1m2+ =z

A
N
~——

2
. —2\/p2+y%m2+<%)
b2E- |p2+y2m2+(E)[1-
pob* (5= [pe+yime+| - )[1-1y ]

Substituting (18) into (15), we obtain

2 —2 [p2 2
-&+ p2+y§m2+<“T> _(E_ p2+y1m2+ 2 [p2+yim +

\_/

T - —(19)
0 —2Jp2+71m2+ Jp2+ylm2+<aT
o fororimt+ (- <JT ior
or
o E
ot R e
= pObZ Z o -
S R E———,
a o2
- a 5 . 12 n
Lt [p2+vim2 + (%) J
a? "
fmo(P) a o e—[lnr+2nln1’1]m e—[lnr+2(n+1)lnrﬂm
=) - 20)

R e O

We introduce the notation

@, = Inr + 2ninr; ;
@, =—-lnr+2(n+ 1inny (21)
Then (20) takes the form

fmo(P) __Z e_(pl(r)m e_‘Pz(T)\/m
=—0T -
pObZ r a 2 2.9 a? a ) 2 5 o2
n= (E+ pc+yim +(T) (5+ p? +yfm +(T)
2
[—qn(r)m
e
Ty (r) = -
a 2 2.2 a”
)

— YY) ——

Considertheexpression
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S prarimze ) @ ) 1
= —> 3 2 (22)
a a
Jp2 +yim? + (%) k=0 (\/p2 +yEm? + (S)k
Wedenote
SO prarEm )
F10 = - 5 e
a
P2+ vim )
(23)
e[—tp1(r)1fp2+vim2+°;—2]
Fik = -
o
(\/p2 +yim? + ())k
There is a relation
_ (° -] ) _ (%
Fip = f(pl(r)l—?Flodf' Fip = f%(r) Fiod§
_(® [-eumP® _ _ o et
Fiz = f(pl(r)+F10dff v Fipe = f(pl(r)WFlodf (24)
Then expression (22) takes the form
« [ i A )
Ty(r) = Fyo — ) j Fiod$ + (E) f TFwds;
9: () e
a3 [® _ r 2 ak ® _ r k-1
-G Bt g g+ -+ (2) [ %Fmdg £
e1(r) ' P1(r) '
a alé— o (r a2 [E — @, (r)]?
B O (G B e G T
2 2 1! 2 2!
@1(r) k
a1 [§ =y (]
or
a o —(3)E-em
Ty = Fo =27 e GO 4)
1(r)
Let
P2(1) p2+Y§m2+<aTz>
T, =% =
2
<%+ p2+y12m2+(a7)>
[—p2() p2+y§m2+<a72>]
__e¢ N ! (25)
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2
e[—cpz(r),/p2+v%m2+°‘7]

F20= 2 ) oo (26)
2 2.2 o«
\/p +yim2 + (%)

We denote

2
e[—cpz(r),/ p2+yim?+]

Fo = =
[0
(\/p2 +y2m? + (5))krt
As previously put
_ (® -] ) _ (%
FZZ - f(pz(r)TFZOdE' F21 - f(pz(r) FZOdf
(27)
_ (@ E-e2(m]? ) _(® B-e.m]F?
Fas = fwz(r) 2 F20d8 P = fwz(r) (k—1)! Faod¢
Consequently:
@ [ a? (7 [§= i)
—T,(r) = Fpo -5 f Fyod$ + (_) f = Fypdé
2 2 ™) 1!
92(r) 2 )
a3 [ [E—,(N]? a @ [E = ()]t
+ ~ f —ondf-l_...-l_ - f —F20d€+'..F20
@) Joy 2 @ oy (=D
a al§— (D] | a2 [§ = 9 (]
-5 e Q)
@2(1) o
ark—1[& — @, (r)]k 1 a —(%)(s=
+ (E) W"‘"'}ondf = FotFpts f e q)Z(T))ondf (28)
@2(1)
Thus, the expression for T takes the form
fmo®) (% ) o (%) (-
= p;)bf ) Ln=0 {Flo _%I(Pl(r)e () 22O)FodE + Fyg +
+ % f:;(r) e_(E)(f_(pZ(r))ond'f} (29)
Inverting the expression in p, for the displacement u (r, 6, T) we obtain
(m6) N f
cos(mf) _(« L «a (%) e o
ur 6,1 =202 G [1he-5 [ e DENORa g6 -0
° n=0,(r) 0i(r)
ny T f
~ a Are_ ~
£y [ iRty [ OO R e - )08 (30)
n=0 ¢, (r) @2(r)

Where
. 2
Fio=Jo “T_}_mzylz T2 = @2(MH (T — 91(r))

— 4y ——
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N 2
Fa0 =Jo aj + m2V12 VT2 = ‘P%(T)H(T —@1(1))

T—Inr T+inr
[Zlnrl] [Zlnrl] (31)
Thenumbersn, andn,show the number of cylindrical waves diverging and descending, or incident and
reflecting from the boundary r; = raffecting the point r in the perturbed region, depending on the

dimensionless time .
Similarly, we can obtain expressions for the stresses o,-and g,4.

O = 15 {SRLoLSS 1y FC = OS2 dE =2 F[r — 9y (] = SpLolfy ) f(T— ) 22 g -
*fr = p1()]cos ()]} (32)
Tz = muzor‘“T”ﬁbzr‘% {zmey [Fro — 2e 72Oy | fru(r — dE ++ 3020 [7 [P0+
: :; - o2l Ip, aglf, (r — E)df} cos(m8) sin(m#) (33)

Consideraparticularcase.
Fory; = 1theshearmodulusisy,, = p,o ;hence the solution for an isotropic medium, i.e. the
propagation of shear cylindrical waves occurs in an isotropic medium and forF;y, F,owe get:

Fro = Jo | +m? -7~ gTOH( — 03(r))
Foo = Jo |+ m? [T~ OH (T — 93(r)) (34)

Fora = Oandf (7, 0) = %aOS(G)H(f), expressions (31)

Take the form
Fio = Jo(my /72 — Q”% (rH(T — ¢1(7))
?20 = Jo(my17% — (P%(T)H(T — (7)) (35)

Formulas (30), (31) and (32) give an exact solution to the problem, taking into account the entire
complex wave picture.

JI.C. Kannbaepa', A.K. Cmaxanosa'!, K. Kanuoaiikeissr',
M.M. Jlinmaxanosal!, JL.Y. Taiimyparosa?, A. K. Ceiirmypartos!

'KopxeiT ATa arernars! Kei3euiopaa MeMileKeTTik yauBepeuteTi, Kerspuiopaa, Kaszakcran;
2111. Ecenos aTeiHaarsl Kacmuili MeMIIEKETTIK TEXHOJIOTHS KOHE HHKMHUPHHT YHUBEpCUTeTi, AkTay, Kazakcran

NUJINHAPJIK KABBIKIIA TATBI BIFBICY TOJKbIHJIAPBIHBIH
JAEPBEC ECEBIHIH AHAJIMTUKAJIBIK HIEIIIMI
( TYypakThI MOHI Y — a + 2 = 0 koHe a = [ mamMachl )KarnaibIHIA)

AnHoranus. JlehopmanusiaHaTeiH JCHEICPACT] JOHIENICK 3JIEMEHTTEPIIH BIFBICY TOJKBIHBI IPOICCTEPiH
3epTTeyae, $ha3aliblK KbUIIAMIIBIK YFBIMBI (Da3ajiblk OpTaHBIH ©3Trepy KbBUIIAMIBIFbI peTiHae eHrisutesi. [lumuaapiik
KaOBIKTBIH FapMOHHKAJIBIK TepOelici karqaibinaa, (a3aiblk KbUIIaMIBIK KaOBIKTHIH IIETTEPIHAE €PKiH TipeireH
TepOeic )KUITIMEH CHITaTTalaIbl, COHJBIKTAH [JIHHIPIIK Ka0aTTaFbl TONKBIHAAPIEI 3ePTTEY apPKbUIBI Y3BIHIBIKTAFbI
KaOBIKTap/bIH TaOuru Qopmanapsl MeH TepOeiic >KuiiriHe Tikened OaimaHbICThL. JKypri3uireH  KyMBICTHIH
HOTIDKeCi Oip emmeMIi MWIMHAPIIK TONKBIHAAPABIH CEpIiMIi JKOHE JKaOBICKAaK OpTaJarbl, IIBIOBIKTAFHI,
MaTepHalIaFrbl TOJIKBIH OPICIHIH XapaKTePHCTHUKACHIH 3epTTEeyTe MYMKIHIIK Oepei.

KemnrereH 3eprreynep/ie TONKbIHIAP/IbIH CUIIATTAMANAPBIH aHBIKTAY YIIIH 9[IETTE €Ki 9/IiC KOJAaHbUIAIbL:

1) opranbiH Oenrini Oip yakbIT MOMEHTIHE COIKeC KEJIETiH JIE3/IiK Kyl 3epTTene/i.

2) KapacCTHIPBUIBIN OTHIPFaH HYKTEAE JCHEHIH KYHi YaKbITBHIHBIH ©3repyiH 3epTTey.
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KapacThIpbUIbI OTBIPFaH 3epTTEyJiep JKYHe MaTepUaJbIHBIH DEONOTHSIBIK KAaCHETTEpiH eCKepe OTBIPHII
JKYpri3iice HeMmece KOopIlaraH OPTaHbIH aliHAIAChIHIA 00JIca, OHOA OYJI PEOJOTHSIIBIK KAaCHETTEP i KopceTe i, Oyt
ozicTep/i KoJlaHy alTapiibIKTai KUbIHFa coFanbl. MyHIai >karjaiiiapaa, KOMILIEKCTI (ha3aliblK KbUILAaMIBIKThIH
PEOJIOTHSIIBIK MTapaMeTpIiepi, TepOeltic KULTITIHIH HAKTHI MOHJEPI ecenTenei. by sKyMbIC )Ka3bIKTHIK TICH JOHICIICK
AJIEMEHTTEP/IIH TOJKBIHIBIK IPOLECTEPIHIH TYPaKThUIBIFBIHBIH IMHAMUKACHIH 3€pPTTEyre apHaIFaH, COHbIMEH Karap
KabaTThl, CepHiM/i JKa3bIKTHIK OETiHE KO3FalaTbIH JKYKTEMEJEpIiH acepl Typaslbl XKa3bIKTHIK €CENTepi, CHI3BIKTHI
emec JedopMmanusuiapiaH OoJaThIH KepHEYJepHiH 3aHbl KapacThIpbUIFaH. bysl ecenTiH KonaaHOAIBLIBIFBI COJI
JMHAMHKAJIBIK €CeNTep/l STy IiH SpTYPJli CaHIBIK AITOPUTMAEPIH jKacay YIIiH KOJAaHbUIAIb.

JedopmanusiaHaTeIH OpTafaFbl  OPTYPJI HEPHUOATH JKOHE IEPHUOITHI €MeC KO3FANBICHIHBIH 0acThl MOHI
KaparailblM TapMOHMKAJIBIK THOTETi JKA3BIKTBIK TOJKBIHIAPBL, OJapIbIH ocepi OChl OSTKe >KAaKbIH OpHANACKAaH.
Conzpiktan  Penie Tapaiy TOJKBIHBIHBIH ece0iH KapacTblpa anambl3. JKapThulail »Ka3bIKTBIKTAaFbl MaTepHaIbIH
KO3Fajblc TEeHAEyi MOTEHHMaIJa @,y TOJIKBIH TeHIEyJepiMeH cumarraigansl. KypbulbIMaapasl Hemece
KYPBUIBIMIApb! jkobanay Ke3iHAe MaHBI3Ibl IMAapTTaplblH Oipi — KYphUIBIMAAPABIH TYPAKTBUIBIK JKarAaiibl MeH
3JIEMEHTTEPI ECKEPLICIi.

Erep Y3BIHABIKTBIH JOHIEICK CEpHiMIi ©3CriH KapacThIpaThiH Oojicak, Oenrimi Oip yaKbpITTa IITAMHBIH
YIITapblHA UHTEHCUBTUIIKTIH OCHTIK CBHIFbUIATBHIH P(f) Kyl KOJJaHbUIAABI el 00/hKaiMbI3. JIOHTelIeK MIbIOBIKTHIH
TYPaKTBUIBIKTHI )KOFAIITYbl MaTEMATHKAJIBIK TEOPHsI HET131He oHE IOHIeNIeK 03€KTiH KeJIeHeH TepOeltici Herizinae
3eprreneni [3]. Ocbl Macenenepre cyiieHe OTBIPHII, OFaH KaJIbIITHI HEeMece aifHaIMallbl BIFBICY KEPHEY1 KOJIaHbUIFaH
Ke3Jle, KaTaH Hemece JaedopMalMsUIaHaThIH LIeKapalapMeH IIEKTEIreH cepIimii KabaTThIH TepOemniciHiH KeiOip
AKCHMETPHSUIBIK MOCENIeNIepiH KapacTeipambl3. KapacThIpbUIBII OTBIpFaH MOCENeNIepiH LIeMimMIepi HHTerpaabIK
TYPACHIIPYIEpaiH KOMETiMEH KOOpIMHATA KOHE YaKbIT OOWBIHINA aIbIHFaH.

Tyiiin ce3aep: nedpopmMannsuIaHATHIH ICHE, BIFBICY TOJKBIHBL, TepOetic, MIMHAPIIK TepOeic, CRIPHIK.

JI.C. Kaunbaena', A.K. Cmaxanosa!, K. Kauu6aiikpizbl',
M.M. JInasmaxanosal, JI.Y. TaiimyparosaZ, A. JK. Ceiirmypatos!

'KbI3BUTOpAMHCKHI TOCYIAPCTBEHHBIN yHUBEpCHTET MM. KopkeiTrATa, Keisbutopaa;
2Kacnuiickuii rocy1apCTBEHHBINH YHHBEPCUTET TEXHOJIOTUH 1 MHkuHupuHra um. 111, Ecenora, Akray, Kaszaxcran

AHAJIMTUYECKOE PEHIEHUE YACTHBbBIX 3AJAY CIBUT"OBbIX BOJIH
B HWINHAPUYECKOM CJIOE
( mpu packJjiajge NOCTOSAHHBIX BeJIMYNH ¥ —a+2=0una = f)

Annoranus. [Ipu uccnenoBaHusX CABUIOBBIX BOJIHOBBIX MPOLIECCOB KPYTOBBIX AJIEMEHTOB B Je(hOpMHUPYEMBIX
TeJlaX BBOJMTCS MOHATHE (Pa30BOil CKOPOCTH Kak CKOPOCTH M3MeHeHus: (pazoBoil cpenbl. B ciydae rapMoHHYECKUX
KoJe0aHUH IUINHAPUYECKONH 00051049KkH (ha30Bas CKOPOCTb BBIPAXKAETCS 4EPEe3 HAaCTOTY COOCTBEHHBIX KOJIEOaHHH,
CBOOOIHO OMNEPTOi MO KpasiM OOOJIOYKH, W TIO3TOMY HCCIIECAOBAaHHE BOJH B LIMJIMHJPUYECKOM CIIO€ MMEET caMoe
npsIMOE OTHOLIEHHE K IpoOsieMe omnpeniesieHuss COOCTBEHHBIX ()OPM M YacTOT KojieOaHWH 000JI0YeK KOHEYHOH
umHbl.  [IpoBoanMBble B NaHHOW paboTe pe3ynbTaThl 10 OJHOMEPHBIM LWJIMHIPUYECKHUM BOJIHAM B YNPYTUX U
BSI3KOYNPYTHX CPelaxX U CTEP)KHSX MO3BOJIIOT MCCIEA0BATh BIMSHUE XapaKTEPUCTHK MaTepHaia Cpe Ha BOIHOBOE
TI0JI€ B MaTepHae.

Bo MHOTHX ncciaenoBaHUAX ISl ONPEAEIICHNS XapaKTEPUCTHK BOJIH OOBIYHO TIOCTYMAIOT IBYMSI METOIaMH.

1.Mccnenyercss MTHOBEHHOE COCTOSIHHE CPEIbl, COOTBETCTBYIOIIEE HEKOTOPOMY (DPMKCHPOBAHHOMY MOMEHTY
BPEMEHH.

2 Uccnenyercs U3MEHEHHE BO BPEMEHH COCTOSIHHE PAacCMaTpPUBAeMOro Tella B HEKOTOPOH (DMKCHPOBAHHOM
TOUKE.

Ecnu uccnenoBaHus NMpOBOAATCS C yUETOM PEOJOIMYECKHX CBOMCTB MaTepHalla pacCMaTpPUBaeMOW CHCTEMBI
WIN HMEETCsl OKpYXKalllas CUCTEMY Cpela, TaKKe B OOLIEM Cllydae MpPOsBIISIOIAs PEOJIOTMYECKUE CBOWCTBA,
UCIIOJIb30BaHME 3THX CHOCOOOB 3HAYMTENBFHO 3aTPyIHEHO. B Takux ciydasx M3ydaeTcsi BIMSHHE PEOJOTMYECKHX
IapamMeTpoB Ha COCTABIISIOLINE KOMIUICKCHOM (ha30BOH CKOPOCTH ITPH ONPEIEJICHHBIX 3HAYEHHUAX YacTOT KOJIeOaH M.
ITosTomMy paboTa mOCBsIIEHAa W3YYCHUIO AWMHAMHUKH YCTOWYHMBOCTH BOJIHOBBIX ITPOIIECCOB IUIOCKMX M KPYTOBBIX
3JIEMEHTOB, a TAK)K€ PACCMATPUBACTCS KJIACC IUIOCKHX 3a/1ad O BO3IAECHCTBUY ITOABI)KHBIX HArPy30K HA MOBEPXHOCTh
CJIIOHUCTOH YIIPYTOH TONYTNIOCKOCTH TIPH HENWHEHHOM 3aKOHE 3aBHCHMOCTH HAIPsDKEHHH OT nedopMmanuii. 3amaun
JAHHOTO KJacca MPEJCTABISAIOT OONBIION NPUKJIAJAHOW HMHTEPEC M, KPOME TOTO, MOTYT CIYXKHUTh 3TaIOHOM JUIS
pa3pabOTKU TeX WM WHBIX YUCICHHBIX AJITOPUTMOB [UIS PEIICHUS] JUHAMUUYECKUX 3a7ad.

Cpenu pasnuyHBIX HEPHOJNYECKUX M HENEPUOJMUYECKUX JBIDKCHUI Ne(OpPMHUPYEMBIX Cpesl Ba)KHOE 3HAYCHUE
HMEIOT TJIOCKHE BOJHBI IPOCTOTO TapMOHHUYECKOTO THIIA, PACIPOCTPAHSIOIIMECS IO TMOBEPXHOCTH Tejla HIN
MOJYIJIOCKOCTH, BJIMAHUC KOTOPBIX OIPaHUYUBACTCA OKPECTHOCTHIO JTOM TMMOBEPXHOCTH. HO3TOMy MOYXHO
paccMOTpeTh 3ajady O PaclpoCTPaHEHHHU BOJIHBI Penes.
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Ecnm paccMOTpeTs KpyrIibli yHIpyruil CTepXKeHb AJIMHBI, TO MOXKEM IPEAIoaraTh, 9YT0 K TOpPLAM CTEPKHS B
KakoW-Im00 MOMEHT BpEMEHHM MpPUKIAIbIBACTCSI OCeBas CKUMaromas cuiaa uHTeHcuBHOCTH P(f).Iloteps
YCTOWYHMBOCTH KpPYIJIOTO CTEpiKHS OyIEeT HCCIeNOBaThC HAa OCHOBE MAaTeMaTHYECKOW TEOpPHH M IIONEPEYHOrO
KoJIeOaHHsI KPYTJIOro CTEpKHsl, N3JI0KEeHHOH B pabore [3]. Ha ocHOBe 3THX 3a/a4 MOXXKHO pacCMOTPETh HEKOTOphIE
OCECHMMETPHUYHBIE 33/1a4d KOJeOaHWsl YIPYroro Ccjosi, OrpaHUYEHHBIE JKECTKUMU MM Je(opMHUpYyeMbIMU
TrpaHUI[AMU [PU BO3AECHCTBUM HA HET0 HOPMAJIBHOTO WM BpalllaTeIbHOIO KacaTelIbHOTO HampsbkeHus. Perienus
paccMaTpuBaeMbIX 3ajad IMOJyYeHb! C HMCIOJIb30BaHUEM HHTETPAJIBHBIX MPEe0oOpa30oBaHM IO KOOPIMHATE WIHU IO
BpPEMEHU.

KioueBble cioBa: nedopmMupyeMoe Teno, CIBHIOBas BOJHA, KOJeOaHWS, HWIMHApHUYECKas 000J0dKa,
CTEPIKEHb, BS3KOYTIPYyTas cpela.
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