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INVESTIGATION OF TWO FIXED CENTERS PROBLEM AND
HENON-HEILES POTENTIAL BASED ON THE POINCARE SECTION

Abstract. In this paper, we study the Henon-Heiles potential and the problem of two fixed centers. In studies of
nonlinear systems for which exact solutions are unknown, the Poincare section method is used. For the Henon-
Heiles potential, Poincare sections were obtained. Next, the potential of two fixed centers was investigated. It was
shown on the basis of the Poincare section that, in the case p, = 4, =1 the internal cross-sectional structure

decomposes from the values H =—1.7, but the internal cross-sectional structure is preserved in the interval
H €[-0.5,-1.6], in the case x4 =0.9and g, =0.1 the internal cross-sectional structure decomposes from the

values H =—0.9 but the internal cross-sectional structure is preserved in the interval H €[-0.3,—0.8], in the case
of 4, =07 and u, =0.3 the internal cross-sectional structure decomposes from the values /1 =-0.8, but the
internal cross-sectional structure is preserved in the interval H €[-0.2,—0.7]. With increasing energy, many of

these surfaces decay. It is assumed that the numerical results obtained will serve as the basis for comparison with
analytical solutions.
Keywords: Henon-Heiles model, the problem of two fixed centers, Poincaré section, numerical solutions.

Introduction. Interest in the existence of the third integral of motion for stars moving in the potential
of the galaxy revived in the late 50's and early 60's of the last century. Initially it was assumed that the
potential has a symmetry and does not depend on time, therefore in cylindrical coordinates (r,68, z) this
will be only a function of » and z. There must be five integrals of motion that are constant for the six-
dimensional phase space. However, the integrals can be either isolating or non-isolating. Non-isolating
integrals usually fill all available phase spaces and do not restrict the orbit.

Henon and Heiles tried to find out if they could find any real proof that there must be a third isolating
integral of the motion. Making numerical calculations, they did not complicate the astronomical meaning
of the problem; they only demanded that the potential investigated by them be axially symmetric. The
authors also suggested that the motion was tied to a plane and passed into the Cartesian phase space ( x, ,
X,y). After some tests they managed to find a real potential. This potential is analytically simple, so that

the orbits can be calculated quite easily, but it is still quite complex, so that the types of orbits are
nontrivial. This potential is now known as the potential of Henon and Heiles [1-3].

Some particular solutions to the three-body problem are known, but a general solution has not yet
been found. One of the special cases of the three-body problem is the problem of two fixed centers. It was
first considered by Euler in 1760 [4]. Jacobi showed that the equations of motion can be integrated in
terms of elliptic functions [5]. This problem can be used as some first approximation in astronomical
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problems about the motion of minor planets and comets under the influence of gravity of the Sun and
Jupiter. The period of revolution of Jupiter is about twelve years, and for a short period of time the motion
of these celestial bodies can be considered in the framework of the problem of two fixed centers. Also, the
problem of the motion of a spacecraft to the Moon can be considered within the framework of this task.
The flight time of the spacecraft to the Moon is about four days. During this time, the Moon will move
slightly in a circular orbit of the Earth. The study of the problem of two fixed centers was carried out in
different directions [6-22]. For example, V.V. Kozlov and A.O. Harin considered a modification of the
problem of two fixed centers on a sphere [23].

Methods and calculations. The Henon-Heiles potential is undoubtedly one of the simplest, classical
and characteristic examples of open Hamiltonian systems with two degrees of freedom. The above topic
was devoted to a large number of research scientists [24-26].

The potential of the Henon-Heiles system is determined by the formula:

Ulrp) =5 (2 47 260 =2 ) (M
Equation (1) shows that the potential actually consists of two harmonic oscillators, which were

connected by the perturbing terms x’y —% V.

The basic equations of motion for a test particle with a unit mass (m = 1) are:

. ou
X=——=—x—-2xp
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oY
Consequently, the Hamiltonian of system (1) has the form:
1 .2 .2 1 2 2 2 1 3
H:E(X +y )+E(x +y )+x y—gy =h, 3)

where Xand j are the momenta per unit mass, yand J are the coordinates of the system; #A>0the

numerical value of the Hamiltonian, which is conserved. It is seen that #>0the Hamiltonian is symmetric
with respect to x - —x , and H also exhibits a symmetry of rotation at 27 / 3.

Below are the dependencies of the coordinates of the functions in time for the systems of equations
(2).

To study the Henon-Heiles system, the Poincaré section method is used. Advantages of this method
are especially evident when we consider nonlinear systems for which exact solutions are unknown. In this
case, the phase trajectories are calculated by numerical methods.

To solve the systems of equations (2), boundary conditions are chosen so that they satisfy equation
(3). Further, the systems of equation (2) are solved on the basis of the Runge-Kutta method. To construct
the Poincaré section, those values that intersect the plane x =0 are chosen. Below are the Poincaré
sections for Henon-Heiles systems for different energy values: E=1/12, E=1/8. With increasing

energy, the structure of the cross sections is destroyed. The results obtained are in agreement with other
authors [1, 2].
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Figure 1 - Poincare section at £ = 1/12 Figure 2 - Poincare section at £ = 1/8




ISSN 1991-346X 1.2020

Next, we study the problem of two fixed centers. Imagine that on the OXY plane there are two fixed
points S1 and S2 with masses m1 and m2 under the influence of Newtonian attraction of which the
material point S of mass m moves in the same plane. Thus, the equations of motion of a material point can
be written in the following form [27]:

.. ouU X X
5= 2L = fin, i,
0x 7 v @
. oU -c +c
y:_:_fm1y3 _fm2y3 s
oy n g}
Where ¢y = (2o ™2y, f is gravitational constant.
n n
-
X
S (m)
S1(my) S,(m,)
-c 0 c ;,

Figure 3 - Scheme of the task

Radius vectors are defined as follows:

B=NX (=), =X +(y+e) (5)

The canonical equations of the problem of two fixed centers will have the form [28]:

dx OH dx OH

di ok di oy

. . (6)
d_ o & _on
. ox’ dt oy
where the Hamiltonian is defined by the formula
H=T—U:%(x2+y2)—f(ﬂ+&) , H =const @)
n r.

2
We introduce the following notation: y, = fm,, u, = fm,. Consider the case u, = u, =1, the second

case 4 =0.9 and g, =0.1, the third case y =0.7 and p, =0.3. These parameters show different mass
ratios of fixed centers. Now we study the Poincare section for the indicated model of the problem and
parameters. Based on the results obtained, we can say that, in the case u, = 4, =1 the internal cross-
sectional structure decomposes from the values H =—1.7, but the internal cross-sectional structure is
preserved in the interval H e[-0.5,-1.6], in the case g =0.9and g, =0.1 the internal cross-sectional
structure decomposes from the values H =-0.9, but the internal cross-sectional structure is preserved in
the interval H €[-0.3,-0.8], in the case of x4 =0.7 and g, =0.3 the internal cross-sectional structure
decomposes from the values H =-0.8, but the internal cross-sectional structure is preserved in the
interval H €[-0.2,-0.7].
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Figure 4 — Poincare section at H=-09, ¢c=05,
=10, 14,=1.0
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Figure 6 — Poincare sectionat H =—0.6, ¢=0.5,
#,=09,u,=0.1
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Figure 8 — Poincare section at H=-0.6, c=05,
M, =07,1,=03

Conclusion. Thus, the results obtained by the numerical method determine the structure of the
Poincare sections for the model of the problem of two fixed centers and serve as the basis for comparative

analysis in determining the analytical mapping.
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Figure 5 — Poincare section at H=-1.7, ¢=05,
=10, u,=1.0

y'(t)

y(t)

Figure 7 — Poincare sectionat H =—0.9, ¢=05,
#,=09, u,=0.1
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Figure 9 — Poincare section at H=-0.8, ¢=05,
#,=0.7, 1, =03
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IIYAHKAPE KHMACBIHbIH HEI'T3IHJIE
KO3FAJIMAUTBIH EKI HEHTP ECEBI MEH
XEHOH-XEWIEC IIOTEHIUAJIBIH 3EPTTEY

AHHOTanusl. OTKCH FachIpABIH S0-KBULAAPBIHBIH asFbl MeH 60-KbULIapBIHBIH OAachlHAA TalaKTHKA MOTCH-
[UANBIHIA KO3FAIATBIH JKYIABI3IAp YIIiH YIIHII WHTErpalibiHa KBI3BIFYIIBUIBIK TYBIHAAW Oactanpl. Bacramkeima
MOTEHIMAT CUMMETPHAJIBI KOHE YaKbITKAa TOYEJCi3 JIel KapacThIPhUIABI, COHIBIKTAH MWJIMHIPIIK KoopauHaraaa (7,
0, z) (QyHKIMS TEK r MEH z-Ka FaHa Toyelii Oonazbl. AnThl emmmem/l (a3aiblK KEHICTIKTE TYpakThl 0ec KO3FabIC
HHTEepraisl OoNMybl Kepek. bipak, WHTerpammap IIEKTENreH HeMece IIeKTeNIMereH OONMybl KaxeT. OJeTTe,
IIEKTEeIIMETeH WHTeTpajnap OapiblK (a3allblK KeHICTIKTI TONTHIPAIBI )KOHE OPOUTAHBI IIEKTEMEHIi.

XeHOH MeH Xeiiyiec YIIIHII MEeKTENreH KO3FaJIbIC MHTErpalbIHBIH 0ap eKeHJIriHe HaKThl Janenaep Tadyra
THIPBICTHL. CaHIBIK €cenTeyiep XKyprize oTeipa, ojaap Oy MpoOIeMaHbIH aCTPOHOMHUSITBIK MaFbIHACKHIH JKCHIUTICTYTE
TBIPBICTBI; OJap 3€PTTENIN OThIPFaH NOTCHIHAI/IBIH aKCHUaJIbJi-CHMMETPUsUTbl 00mybIH Tasan erTi. COHBIMEH Karap
aBTOpJIap, OYJI KO3FAJIBIC JKA3BIKTHIKKA TOYENli JKOHE NeKapTThIK (asasiblK Ka3bIKTHIKTA (x, V, X, ) *KaTaisl jaern
TanTel. bipHeie TaxipudenepieH KeiiH, HaKThl MOTEHIUAJIbI Taba ai/bl. bysl MoTeHIMal aHATMTHKAIIBIK, TYPFBIIAH
KapamaibiM, COHABIKTAaH OpOHWTaIapAbl aHBIKTayFa OOJagbl, COHBIMEH KaTap MOTCHIHAN KETKUIIKTI Typle KWBIH,
COHJIBIKTaH OpOuTaIap TPUBHAIIBI eMec TYpre kataapl. Kasipri tapma Oyt moteHuan XeHoH- Xeiioc MOTEeHIIHATBI
JIeT aTayiajpl.

Y nene eceOiHiH KeiOip aepOec mielmiMepi aHbIKTaIFaH, Oipak TOJBIK IIEIIiMI KOK. YII JeHE eceOiHiH
nepbec memimMaepiHid Oipi — KO3raaMaWThiH eki meHTp ecedi. Byn ecenri amramn per 1760 sxwuier  JI. Didnep
KapacTeIpabl. A SlkoOu Ooiica, KO3FaNbIC TEHICYJEpl IUIMNTHKAIBIK (QYHKIUIAp TEPMHUHACPIHIEC MHTErpaia-
HATBIHBIH KepceTTi. bepinren ecem keiiOip kimi ruraHeTamap MeH koMertanapislH KyH sxoHe FOmmrep rpaBuTamms-
CBIHJIAFBI KO3FANBICHI XKaiabl aCTPOHOMUSUIBIK ecenTepiae OipiHImi kybIKTayna Konmaneutansl. FOmurepmin Kynmi
alfHaIry mepuoabl 12 KbUTFa )KYBIK JKOHE OCHI YaKBIT apallbIFbIHAa KOMETaIap MEH Killli TUTaHeTanapAblH KO3FaIbICHIH
KO3FaJIMaiThIH €Ki LeHTp ecebi peTinae ayra Oonaapl. bepinreH ecenre, Fapblil KeMeciHiH AfiFa yIry KO3FaJlbIChIH
KapacTeIpyFa Oomnansl. FapelnTelk KeMeHIH AffFa yIry yakbIThl — 4 Toylikke XKybIK. Omaii 6oica, ocbl yakeITTa At
JKepuiy opOuTachiHIa KiIKEHE FaHa KO3Fananasl. Ko3raaMaWThIH €Ki HEeHTp ecebi OipHerre OarpiTTa 3epTTEITCH
0OJaTHIH.

Bepinren makanana XeHoH-XeHilec MOTEHIMANBI MEH KO3FAIMAaHTBHIH €Ki IEHTp ecedl KapacThIPBLIAIEL.
CBI3BIKTHI €Mec XKyienepaiH HakThl memriMaepi Oenrici3 O6omranna, IlyaHnkape KuMa oici KojJaHbUIaAbl. XEHOH-
Xeitnec noreHuuains! yuid [lyankape kumachl anbiHbl. COHBIMEH KaTap KO3FaJMaWThIH €Ki LIEHTP ecei 3epTTel/i.
[TyaHkape KUMachIHBIH HETI3iH/JE KO3FaJIIMalThIH €Ki LEeHTp eceOiHe KeJecified TYXbIpbIMIamanap — ajbIHIbl:
4, = u, =1 Kesinze H =—1.7 moninen 6acram imki kuma pLabIpaiael, an H €[—0.5,—1.6] apaibiFbiHIa iKi KuMa
cakranansl; x, = 0.9 xkoHe w4, =0.1 Ke3iHzae H =—-0.9 moninen 6acrar imki kuma pinbIpaiiner, an H €[—0.3,-0.8]
apanbIFbIHIA 1KI KUMa cakTamaael; g, =0.7 x%oHe x4, =0.3  Ke3iHzae H =—-0.8 moninen 6acram imki Kuma
pinbIpaiiael, an H €[—0.2,—0.7] apansirpiaaa imki Kama cakranansl. COHBIMEH KaTap, SHEPTUSHBIH 6CYIMEH, OCHI
KUMaJTapAbIH KOIIIUTIT] bIIBIPANIbl. AJIBIHFAH CAHMBIK HOTHXKEJCP aHAIUTHKAIBIK IICIIIMISPMEH CATBICTHIPY YIIiH
Heri3 0oasl en OomKaHyIa.

Tyiiin ce3nep: Xenon-Xeiinec Mozei, KO3FaIMalThIH eKi LIeHTp eceOi, [lyankape KMMachl, CaHABIK HISHIIMIEp.
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HCCIEJOBAHME 3AJAYM IBYX HENNOABU’KHBIX HEHTPOB N TIOTEHIHAJIA
XEHOHA-XEWJIECA HA OCHOBE CEYEHUSA ITYAHKAPE

AnHoTanus. lHTepec K CyIIECTBOBAaHMIO TpPETHEr0 WHTErpaja IBIDKEHHS U1 3Be3J, JBIKYIIHUXCS B
MOTEHI[MAaJe TaJaKTUKH, BO3pOAMICS eime B kKoHle 50-x u Hagane 60-x rofoB nporuioro croiaetus. [leppoHauansHO
MIPEAIONarajoch, 4TO TOTEHIMAI MMEET CHMMETPUIO W HE 3aBUCHT OT BPEMEHH, MO3TOMY B HWJIMHIPUYECKHX
KoopauHaTax (r, 6, z) 3T0 OyAET TONBKO (YHKIHUA OT » ¥ z. JIOIDKHBI CYIIECTBOBATH IISITh MHTETPAIOB JIBIKCHUS,
MIOCTOSIHHBIX TSI HIECTUMEPHOTO (ha30BOro mpocTtpancTBa. OJHAKO WHTErpajbl MOTYT OBITH JIMOO M30JIMPYIOIINMH,
6o Hem3osmpyonmMi. Hensonupyromnie nHTerpasisl 0OBIYHO 3aIOJIHSIOT BCE IOCTYIHBIE (pa3oBbIe MPOCTpaHCTBA
1 HE OTPaHUIHUBAIOT OPOUTY.

XeHOH U XeHnec MONBITANCH BELSICHATE, MOTYT JIM OHH HAWTH KaKOe-IH00 pearbHOe JOKa3aTeIbCTBO TOTO, UTO
JIOJDKEH CYIIECTBOBATh TPETUH W3OMUPYIOMNN WHTErpan IBIDKEHUS. [IpOoBOAS YMCIIEHHBIC BBIYMCICHHS, OHH HE
CIIMIIKOM YCIJIOKHSUIM aCTPOHOMHYECKHH CMBICT MPOOJIEeMBl; OHH TPeOOBaIM TOJNHKO, YTOOBI MCCIEIOBAHHBIA MU
MOTEHIMad ObUT aKCHANBbHO-CHUMMETPHUYHBIM. ABTOPBl TaKXKe IPEINOJOXKIUIN, YTO IBIDKEHHE IIPUBSA3AHO K
IUIOCKOCTH M TIEPENUIM B JEKapTOBO (BaszoBoe NMpocTpacTBO (x, ), X,7). ITocie HEKOTOPBIX HCHIBITAHHN UM

y/anoch HaWTH JEHCTBUTENBHBINH MOTEHLHWAN. DTOT MOTEHIMA] aHAJMTHYECKH IPOCT, TaK YTO OPOUTHI MOXKHO
BBIYHCIIATH JIOBOJIBHO JIETKO, HO OH BCE €Ille JOCTATOYHO CJIOXHBIH, TaK YTO THUIBI OPOMT HETPUBHAIBHBI. JTOT
MOTEHI[MAJ TeNeph U3BECTEH Kak NOTEHIHan XeHoHa 1 Xeilneca.

W3BecTHBI HEKOTOPHIE YacTHBIE PEUICHUS 3a/laud TpexX Tel, HO olluee pemieHue enie He HaiaeHo. OqHUM U3
YacTHBIX CIIy4aeB 3aJaudl TpexX Tell SBISETCS  3ajada JIByX HENOJBIDKHBIX IeHTpoB. OHa ObLta BIIEpBBIC
paccmotpera Oitmepom 1760 r. Sko0m moOKas3an, 9To ypaBHEHHUS ABIDKCHHS MOTYT OBITh HHTETPHPOBAHBI B
TepMHUHAX JIMNTHYecKnX (yHkumil. JlaHHas 3agada MOKET OBITh HCIOJIB30BaHA Kak HEKOTOPOE IMepBOe
NpUOMKEHHE B aCTPOHOMHYECKHX 3a7adax O JBIDKCHHH MajbIX IUTAHET W KOMET MO JAeHCTBHEM TpaBHTAIMN
Comama u FOmutepa. Ilepuoa obpamenus Onurepa cocTaBisieT 0KoJO ABEHAANATH JIET, U B TeUEHHE HEOOBIIOTO
IPOMEXYTKa BPEMEHM IBI)KCHHE YKa3aHHBIX HEOECHBIX TeJ MOXKHO pacCMaTpHBaTh B PaMKax 3afaud JBYX
HETIOJBI)KHBIX LEHTPOB. Tarke 3agady O IBIDKCHHH KOCMHYECKOro Kopadis K JlyHe MOXKHO paccMaTpuBaTh B
paMKax ykazaHHOW 3agaud. Bpewms monera kocMudeckoro kopabust no JIyHbI COCTaBIISIET OKOJIO YEThIPEX CYTOK. 3a
sT0 Bpemsi JlyHa mo kpyroBoil opOute 3emiM INepeMecTHTCS He3HayuTeNlbHO. VccnemoBaHue 3amadyu JABYX
HETOBIKHBIX LIEHTPOB MIPOBOIMIIOCH PA3IMYHbIX HANIPABICHUSX.

B mannOi#t pabote mcciemyercs MOTCHNUAN XCEHOHa-Xeileca W 3aada JBYX HEMOJBIKHBIX IIeHTpoB. [lpm
UCCIICIOBAaHUH HEIMHENHBIX CHCTEM, Al KOTOPBIX HEM3BECTHBI TOUHBIE PEIICHUS UCIONB3YETCS METOJ CEUEHHs
[Tyankape. [lnst moreHnmana XeHoHa-Xelneca Obumn mosydensl cedenus [lyankape. Jlamee ObIn mccienoBaH
MOTEHIMAT 3aJadll JBYX HETIOJBIDKHBIX IIEHTPOB. bputo mokazaHo Ha ocHoBe cedeHus IlyaHkape, 4To B ciydae
4, = 4, =1 BHYTpEHHssI CIPYKTypa CeYeHMH pacmagaercsi co 3HaueHMH H =-1.7, HO BHYTPEHHs CTPYKTypa

ceyeHui coxpansierca B orpeske [/ €[-0.5,-1.6], B cimydae g =0.91 w, = 0.1 BHYTpEHH:A CTPYyKTypa cedueHui
pacnamaercs co 3HaueHud H =-0.9, HO BHYTpEHHsISI CTPYKTypa ceueHuil coxpansiercsi B oTpeske H €[-0.3,-0.8],
B ciydae g =074 g, =0.3 BHYIpCHHssI CTPYKTypa CeYeHHH pacmagaercs co 3HaueHuit H =-0.8, Ho
BHYTPEHHSII CTPYKTypa cedeHui coxpansercs B orpeske H €[-0.2,—0.7]. C yBenudeHueM SHEPTUM MHOTHE U3

3THX MOBEPXHOCTEN pacmanmaroTcs. Ilpeamnonaraercs, 9To MoyydeHHbIE YHUCIEHHBIE PEe3yIbTAaThl MOCTYKAaT OCHOBOM
JUISL CPAaBHEHUS C aHATUTUYECKUMHU PEIICHUSIMHU.

KiroueBble ciaoBa: monens XeHoHa-Xeineca, 3aJada IBYX HEMOIBIDKHBIX LEHTPoB, ceueHue Ilyankape,
YHUCJIEHHBIE PEIICHUSI.
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