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EQUATIONS OF MOTION OF THE RESTRICTED THREE-BODY
PROBLEM WITH NON-ISOTROPICALLY VARIABLE MASSES
WITH REACTIVE FORCES

Abstract. During the formation of planetary systems, especially at the non-stationary stage, the gravitational
field of the central protostar (e.g., protosun) and the most massive protoplanets (e.g., protojupiter) often dominate. In
this regard, we consider the restricted three-body problem with variable masses changing non-isotropically at
different rates, as a celestial-mechanical model of small-body motion in a non-stationary protoplanet system. Based
on the generalized Meshchersky equation, the differential equations of the restricted three-body problem are derived
in the absolute coordinate system and in the presence of a reactive forces. At the same time it is assumed that the
masses of the bodies are increasing due to accreting particles from the outer space, and decreasing due to the
particle loss. Based on the equation of motion obtained in the absolute coordinate system, the equations of motion in
a relative coordinate system whose origin is at the center of the protostar are derived in the presence of a reactive
forces. Special cases of the obtained differential equations of motion of a non-stationary dynamic system in a
relative coordinate system are discussed.
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1. Introduction. One of the actual problems in modern astronomy is the origin and evolution of
small bodies (asteroids, comets) in planetary systems. Studying the movement and evolution of small
bodies, we will try to understand what the planetary system was in the past and how the planetary system
will be in the future. Small bodies collide with planets every day, in particular with the Earth in the Solar
system.

In the case of the Earth, in most cases they are small and burn in the atmosphere of the Earth, before
falling to the surface [1]. Nevertheless, even if we talk about less than 10 meters in size asteroids, there
were many of them in the Earth history. Only in the last century were two such events (at least) - the
Tungussky and the Chelyabinsk meteorites. This is one of the important aspects of the small bodies’
dynamics in planetary systems.

Now and in most cases, the dynamics of small bodies studies based on the Keplerian motion of the
two-body problem with constant masses [2]. However, such an important parameter of small bodies as a
mass is variable. Consequences of the small bodies’ mass variability, especially during the stage of non-
stationarity of the gravitating system, have been little studied [3-7]. We have studied the motion of an
infinitesimal body in protoplanetary systems based on a restricted three-body problem with variable mass
in the presence of reactive forces. Here we got the differential equations of motion for the restricted three-
body problem with non-isotropically with variable mass in the absolute coordinate system and in the
relative coordinate system with the origin at the protostar center. The obtained equations of motion
describe the dynamic evolution of the considered non-stationary system of gravitating bodies with non-
isotropically changing masses in the presence of reactive forces.
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2. Problem statement and the equation of motion in the absolute coordinate system
2.1 Problem statement. Let's consider gravitating system consisting of three spherical celestial
bodies with variable masses. We assume that the bodies are bodies with spherical mass distributions or

points. Suppose, To - the central protostar (more massive body), T1 - protoplanet (less massive body), T2
- a body with a small mass. Accordingly, we denote the masses, which are functions of time.

m, = mo(t), m, = ml(t), m, = mz(t). (2.1

Suppose that the masses of the bodies are increasing due to accreting particles, and decreasing due to
the particle loss. In this case, the relative speed of the particles separating from the body is different than
the relative speed of the accreting particles to the body. Consider the general case when the masses of
bodies change not isotropically at different rates [8, 9, 10]

0 1 L2 L2, (2.2)
m, m, m, m, m,m,
We assume that an infinitesimal body with mass 71, , does not affect the motion of the two massive

bodies with the masses 1, and m1,, this is a restricted formulation of the three bodies problem with

variable mass in the presence of reactive forces [11-13]
my,U m,, mll m,. (2.3)

Required description of the dynamical evolution of three gravitating bodies with variable mass in the
presence of reactive forces in this formulation.

2.2 Differential equations of motion in the absolute coordinate system. Based on the generalized
equations of Meshchersky [12-14], in the presence of reactive forces we get

myR, = gradﬁoUm + g Vo, + 11,V (2.4)
m,m
U01 f — (2.5)
Ry,
Vo =ty = Rys Vip =ty = Ry, (2.6)
m, = mo( ‘mm‘ +my, = mo _[ ‘mm )dt +_[ mo2 )dt 2.7

m, (to) = const mass of the body TO at the initial time 7, 71, - the mass of particles separated from

the body 7:) in time 7, 17, - the mass of particles accreting to the body ]:) intime £ .

mR, = gmdklUm +mmy Vi + b, (2.8)
mm
Uo=S 0 2.9)
RlO
V=i, -R, V,=ii,-R, (2.10)
t
my =m, (t,)—|m,, |+ my, =m,(z, j‘mll‘)dt+j i, )t . 2.11)
ty




ISSN 1991-346X 3.2019

m, (lfo) = const mass of the body Ti at the initial time 7, 71, - mass of particles separated from the

body T1 in time 7 ,M,, - the mass of particles accreting to the body Tl in time 7 .

m,R, = grad, U + i, V,, + 1,V (2.12)
~ m m
U= fm,| —>+— |, (2.13)
R20 RZl
Vyy =iy —R,, Vyy =thy, = R,, (2.14)
my =m, (t,) =|my|+my, = m, j \m21\)dt+j riy, )dt . (2.15)

m, (l‘o) = const mass of the body T2 at the initial time 7, 71,, - mass of partlcles separated from the
body T in time 7,71, - the mass of particles accreting to the body T2 in time 7.

In equations (2.4) - (2.15) um s Uy, u21 - are the absolute velocities of the separating particles,

— —

Voo =tlgy =Ry, Vi =t =R, Vy =ty —R,. (2.16)
relative velocities of separating particles.
Accordingly, 1:[02 , 7/712 , 7/722 - absolute velocities of the accreting particles,

— — — — — —

Voo =tloy =Ry Viy =thy, =R,V =thy, = R,. (2.17)
relative velocities of accreting particles. Also marked, that R = the radius vector of the center of mass

bodies in the absolute coordinate system( Jj= 0,1,2) , EU — the mutual distances of the mass bodies

center ( 7,i=0,1,2, j#i ), f - gravitational constant.
From equations (2.4) - (2.5), (2.8)-(2.9), (2.12) - (2.13) follows

R, = grad, Uy, +— 1 ( ity Vo, + itV ) (2.18)
0

m

Uy, :f(R—lj, (2.19)

R =grad§lU10 +— (m11 LV, ) (2.20)
m

U,=f R—O , 2.21)

R, = gradRZU* +— (77121 . 1722) (2.22)

e Loy T (2.23)

R20 R21
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Equations (2.18) - (2.19), (2.20) - (2.21) define the problem of two bodies with variable masses in the
presence of reactive forces for the absolute coordinate system.

Equations (2.22) - (2.23) define a restricted three body problem with variable masses in the presence
of reactive forces for the absolute coordinate system.

Following L.G. Lukyanov [15] we assume that the reactive forces is applied to the inertia center of
the corresponding spherical celestial bodies.

3. Equations of motion of bodies in a relative coordinate system
We introduce the relative coordinate system with the origin at the center of the central protostar 7;,,

whose axes are parallel to the corresponding axes of the absolute coordinate system. Denote

R,=R -R,,R,=R,—R,. 3.1)
Then in relative coordinates equations of motion for the two primary bodies problem has the form
: B N T
Ry, =grad; U, + _(mnVu + m12V12) - _(mmV(n + monoz)a (3:2)
01 n/l1 m
~ m, + m,

Uy,=f R (3.3)
01

In relative coordinates, the equations of motion of a body with a small mass, in the attraction field of
two primary bodies, can be written as

= ~ % 1 . i . i 1 . i . d
Ry, = gradfqozU +_(m21V21 + mszzz)__(mme + monoz)- (3:4)
m, m,
Denote the reactive forces (per unit mass)

=~ 1,. = 1 /. = =~ 1,. = 1 /. =
o, = E(mnVn) _m_o(mme ), ®,= E(mlelz ) - m_o(monoz ) , (3.5)
E=F(t)=®,+®,,. (3.6)

- 1 ,. = 1 . = = 1 /. = 1 /. =
®, = m_z(mlezl)_m_o(mme): D), = m_z(mszzz)_m_o(monoz)’ (3.7)
F,=F,(t)=0, +®,,. (3.8)

Note that the reactive forces (per unit mass) are due to separating particles denoted by
N B B U BN R
D, __( 111/11)__(”1011/01)’ D,, __(mlezl)__(mme)- (3-9)
m, my, m, my,
Similarly, reactive forces (per unit mass) are due to accreting particles indicated by the formulas

&)12 :mi( .121712)_’7%(”.102[702)’ d.)22 :ml(mzzﬁzz)_ml(mozﬁ)z)- (3.10)
| 0 2 0

In the notation (3.5) - (3.8) formulas (3.2) (3.4) has the form

R, = graa’RmU01 +F, (3.11)
R, = gdeOzU* +F,. (3.12)

— § —
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We introduce the following notation.
Ry =R, — R, :ﬁ(xlﬂylﬂzl)’ Ry, =R, —R, = 7‘2(x29y2922)’ Kh=nh=r. @Gl13)

The equations of motion (3.11) - two primary bodies problems with variable masses in the presence
of reactive forces (3.6) we can write in the form

it f(my+m)L=F. (3.14)
h

= \/xlz +y’+z°, (3.15)

E=F(t)=®,+®,,. (3.16)

Accordingly, the equations of motion of a body with a small mass (3.12), in the attraction field of two
primary bodies, can be written as

%Zgradlej*+ﬁ’z.

The last equation can be written as

|

7 + f (my +my ) = grad;2U+I~:' ; (3.17)
7"2
1 + +
U= fin| — 22700725 | (3.18)
1 I
_\/ 2 2 2
= (xl—xz) +(J’1—y2) +(Zl—22) , (3.19)
’”1:\/X12+y12+z12’ rzz\/x22+y22+222, (3.20)
F,=F,(t)=0, +®,,. (3.21)

The obtained equations of relative motion (3.17)-(3.21), a restricted three-body problem with variable
masses in the presence of reactive forces, more adequately describe the dynamic evolution of infinitesimal
body motion with variable mass in non-stationary gravitating multiple systems than the isotropic change
in the masses of bodies [4, 11, 15, 16]. In this case, the relative motion of the two primary bodies is
described by equations (3.14)-(3.16). Note that in some exoplanetary systems [17-19], where
nonstationary processes, apparently, in still dominates in the formation of planetary systems then the
equations obtained can be effectively used.

In orbital coordinate systems, reactive forces (3.16), (3.21) can be written as

F,=F,(t)=F, +F, +F, = F,(F, (¢),F, (1), F,(1)). (3.22)

—

where denoted by radial F;.r , transversal E.T and normal components En of reactive forces.

4. Particular cases of the equation of motion (3.14), (3.17). The obtained equations of motion in
the relative coordinate system, with the origin at the body center, describe the bodies dynamics in the
considered formulation of the problem in the general case. There is interest to study the problem under
consideration in various particular assumptions regarding in the bodies mass change. The possible
combination of three bodies mass change for different cases is quite a lot. A full analysis of various
particular cases will be performed in another work. In this paper we consider, as an example, one
interesting special case.

The case when the masses of three bodies are constant, but with variable composition. Let the
changes in the mass of each body be characterized by the fact that the second mass of the accreting

— Q —
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particles of a particular body is equal to the second mass of the same body discarded particles. Then we
have

. . ok . . o K . . o ¥
My =My, =My, =My =My =My, —hy =My, =M,. 4.1)

From formulas (2.7), (2.11), (2.15) it follows that the masses of the bodies are constant, but with
variable composition

my, =m, (to) = m; = const,
m, =m, (t,)=m, = const, (4.2)
m, =m, (to) = m2 = const.

From formulas (3.6), (3.5) and (4.1), taking into account (2.6), (2.10), (2.14), we get
oot _ A **_mn” 11"101* mlz" moz"_
E _E _q)11+q)12 Vu' Vo1+ Vlz' Voz_

m, m, m, m,

1 0 (4.3)

P

m* et 3 et 3 m et 3 et 3
1 L/ L/ 0 I/ I/
__(_ T 12)__(_ o T 02)_
‘”1 0

ml* ok ok m; ok ok
= _(_”11 T Uy, ) - _(_”01 T Uy )
m ny
Similarly, taking into account formulas (3.8), (3.7), (4.1) and considering these formulas (2.6), (2.10),
(2.14), we get

s o=a = MMy = My = My, My, =
F,=F, =0, +0,=—2V, - 2V, + —2V,,- =2V,
m, m, m m

2 0
R N
- (mlezl + mszzz ) B (mOIK)I + m02V02) - (4.4)
m, m,
.k * ok .k
—_2(_ _0(_ —_2(_5z U P ”
= ( Vzl+V22) ( V01+VI)2)— ( ”21+“22) ( ”01"'”02)-
m, m, m, m,
As a result, we can write

FI :E*:Z_ll(_ﬁlj‘FVl;) " ( Vo1 Voz)

m >k ok mo ok kK
(_”11 +u, ) — _(_“01 +u, ).(4.5)
0 m, ny,

= ok m* et et m* % et m* * * m* * *
— _ 2 0 _ 2 — — 0 — s
Fy = F = =2(=V, 4 Vi )= = —Voy + Vi ) = =2y + iy, ) = —2 (g, +iy, ) - (4:6)
m, m, m, m,

Thus, in the particular case of (4.1), in the three-body gravitating system under consideration, each
body has a constant mass. But at the same time, the composition of each body changes, which may affect
the chemical structure of these bodies [20]. The relative coordinate system in the equation of motion
(3.14), (3.17) contains reactive forces according to (4.5) - (4.6).

The obtained equations of motion of the problem under consideration are rather complicated,
therefore, in the future they will be investigate by perturbation theory methods [8].

— 10 ——
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5. Conclusion

The work investigated the movement of an infinitesimal body in the gravitational field of two
massive bodies in the framework of a restricted three-body problem with masses that changing at different
rates non-isotropically in the presence of reactive forces.

Based on the generalized Meshchersky equation, the differential equations of the restricted three-
body problem with masses varying at different rates non-isotropically are derived, in the absolute
coordinate system with the presence of reactive forces. At the same time, it is assumed that the masses of
the bodies are increasing due to accreting particles from the outer space, and decreasing due to the
particle loss. Also obtained equations of the relative motion for a restricted three-body problem with
variable masses, varying at non-isotropically different rates, in a relative coordinate system, in the
presence of reactive forces, with the origin at the central protostar center.

Discussed particular cases of the obtained differential equations of motion, considered for a
nonstationary dynamic system in a relative coordinate system. Considered one case, when the mass of
each body is constant, but with variable composition.

The resulting equations of motion of the restricted three-body problem with non-isotropically varying
masses in the presence of reactive forces more adequately describe the dynamic evolution of a small-body
motion with a variable mass in non-stationary gravitating multiple systems than isotropic changing masses
of the bodies.
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M.d:x. Munrau6aes, A.T. UopanmoBa

On-dapabu ateiHnarel Kaz¥YV, Anmarsr k., Kazakcran
B.I'. deceHKOB aThIHAAFBI ACTPO(U3UKA HHCTUTYTHI, ANMaThI K., Kazakcran

PEAKTUBTI KYIII ECKEPUITEH MACCAJIAPBI U30TPOIITBI EMEC
O3I'EPETIH IHEKTEJITEH YIII JEHE ECEBIHIH KO3FAJIbIC TEHAEYI

AnHotamms. [lmaneranblK oKyHenepmiH KalbIITacybl Ke3iHAE, ocipece CTalMoHap eMeC Ke3eHIE OpTalbIK
HPOTOXYJIABI3IBIH (MBICAJIBI, IPOTOKYH) XKOHE €H MAacCHBTI IPOTOIUIAHETAHBIH (MBICAJIBI, IPOTOIONUTEP) IPABUTALMSUIBIK Opici
6ackiM. OchbiFfaH Opail CTallMOHAP €MeC MPOTOIUIAHETANBIK JKYHeIeperi Kili IeHe KO3FaIbICBIHBIH HETi3Ti aclaH-MeXaHUKAaIbIK
MOZEIN PeTiHIe dPTYP:Ii KapKbIHAA H30TPONTHI EMEC ©3repeTiH Maccachl aifHbIMAJIbI MEKTENTeH eKi AeHe ece0l KapacThIpbUIa bl
MeluepcKuidfiz JKajmpilaMa TEHJACYiH Herisre aja OTBIPBII PEeakTHBTI KyuiTepi OGap aOCOMIOTTI KOOpAMHAT >KyHeciHmeri
LIEKTEIreH yin JeHe eceOiHiH anbdepeHunanaplk TeHaeynepi anbinabl. COHBIMEH, FapbILITBIK OPTaJaH KOCHUIATBIH
OeIIIeKTepIiH 9CEepiHeH MAacCaHbIH ©Cyi, COHIal-aK JIaKTHIPBHUIATHIH OONIIEKTepAiH eceOiHeH MacCaHBIH a3alobl  OalKarybl
MYMKiH JlereH OoipkaM jkacaimyda. AOCONIOTTI KOOpAMHAT >KYHMECiHIE aNblHFaH KO3FAallbIC TEHICYiH €CKepe OTBHIPBII
CAJIBICTBIPMAIIBI KOOPAWHAT KYHECIHIEC OPTANBIK MPOTOXYIABI3ABH IIEHTPI KOOPAUHATTap 0achl OONBIN TaOBUIATHIH PEaKTHUBTI
KYIII €CKEepiIreH KO3FalbIc TeHAeYi ambiHabl. CaBICTEIPMAIBl KOOPIMHAT XKYHECIHAer! CTallMoHap eMec AWHAMHKAIBIK XKylene
KapacThIpbUIFaH TuddepeHIanIbIK TeHIeyIepIiH Aepoec KaFIaibl TalKbIIaH/IbL

TyiiiH ce31ep: MEKTEIreH Yl IcHe ecedi, MacCaHbIH U30TPOITHI EMEC 63repyi, PCaKTUBTI KYIITED.

M. k. Munrau6aes, A.T. U6panmosa

KasHY um. anp-dapabu, Anmartsl K., Kazaxcran
Actpoduznueckuii uacTUTYT MM. B.I'. decenkona, r.Anmarsl, Kasaxcran

YPABHEHUSI IBUKEHASI OTPAHUYEHHOM 3AJTAYM TPEX TEJI
C HEU30TPOITHO UBMEHAIOIUMUCS MACCAMMU ITPU HAJIMYUHU PEAKTUBHBIX CIJI

AHHoOTammsi. B Xxome o0Opa3oBaHMsI IUIAHETHBIX CHUCTEM, OCOOCHHO B JTale HECTAI[MOHAPHOCTH, YacTO JIOMUHHpPYET
IPaBUTAIL[MOHHOE I0JI€ LIEHTPaJIBbHON MPOTO3BE3bI (HAIIPUMEp, IIPOTOCOJHIE) M CaMOW MAaCCHBHOI IPOTOILUIAHETHI (HapuMep,
npoToronuTep). B cBsA3m ¢ 3TUM, paccMaTpuBaeTcs OrpaHHUSHHAs 33a4a TPEX Tell C MEPEMEHHBIMHI MacCaMu, W3MEHSIOUIUMHCS
HE M30TPOITHO B PA3INYHBIX TEMIAX, KaK UCXOJHAs HEOECHO-MEXaHUUECKash MOJIENb ABIKEHUH MaJloro Tena B HECTAI[MOHAPHBIX
MPOTOIUIAHETHBIX cHcTeMax. Mcxons m3 0000meHHoro ypaBHeHHs MeImepckoro BhIBEACHB! AU(depeHInanbHbe ypaBHEHHS
OTPaHMYCHHOH 3a/1adll TPeX Tel B aOCONOTHOM cHCTeMe KOOpAWHAT, IPU HAIMYUH PeakTHBHBIX ciil. [Ipu aToM mpenmonaraercs
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OJHOBPEMEHHO POCT MAcChl T M3-3a MPHCOSANHSAIOIUXCS (HATUIAHHUA) YaCTUIl U3 KOCMHUYECKOH CPesibl, a TAKXKE yMEHbIICHHE
MaccChl Tl 3a c4eT 0TOpackiBaeMbIX 4acTHIl. Vcxons U3 ypaBHEHNUS IBIDKCHUS, TIOMydIeHHbBIE B a0COIIOTHOH CHCTEMe KOOPAHHAT,
BBIBE/ICHBI yPABHEHUSI IBWKEHHS B OTHOCHTEIBHONH CHCTEME KOOPAMHAT C HAYAJIOM B LEHTPE LEHTPAIBLHONW MPOTO3BE3/BI, IIPU
HaJIMYMU  PEakTUBHBIX CHI. OOCyXmaeTcst dYacTHBIE CIyd4al IIOMYYEHHBIX Au(QepeHINanbHbIX YPaBHEHHS IBIDKEHHUS,
paccMOTPEHHOH HEeCTAllMOHAPHOM JUHAMUYECKOM CUCTEMBL, B OTHOCUTENBHONU CUCTEME KOOPAUHAT.

KarodeBble cji0Ba: orpaHnueHHas 3a/1a4a TPEX TeJl, HEM30TPOITHOE N3MEHEHHSI MACC, PEAKTUBHBIE CUIIBI.
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