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ON THE SQUARE ROOT OF THE OPERATOR
OF STURM-LIOUVILLE FOURTH-ORDER

Abstract. In the present work found the root of the positive operator of the Sturm - Liouville problem of the
fourth order, which is invertible composition operator of the Sturm - Liouville problem and its adjoint. The found
root does not possess the property of positivity, but is a self-adjoint operator in the essential. One theorem of Putnam
of algebraic character is used as a leading idea. It is hoped that the results will find applications in spectral operator
theory and theoretical physics.
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1. Introduction.

Definition. Let H be a Hilbert space. A linear bounded operator B is called positive if (Bx,x) =0
for all x € H. We write B = 0 if B is positive.

Lemmal.1 (On the square root). Let A be a linear bounded operator and A = 0. Then there is a single
operator B > 0 and B? = A. Moreover, B commutes with any bounded operator commuting with A. [1.
p-219].

When extending the concept of root to dissipative operators, the hypothesis of Kato [3] arose,
consisting in the fact that the domain of the root definition from the operator always coincides with the
domain of the root definition from the conjugate operator. But in 1972 A. Macintosh [4] built a
counterexample, since then the hypothesis has been slightly reformulated: to find the largest class of
operators that satisfies this condition, and is now given very active research in this direction [5-57].

Many operators of theoretical physics have square roots [57-64]; in particular, the square root of an
operator in a Banach space was found in [65, pp.169-176]. We give an excerpt from this work.

Consider a generating operator A in a Banach space B with the following properties:

1) The operator (I + y2A)~?! exists, is defined everywhere in B and is bounded by one;

2) The operator A~ exists;

3) [lett|| <M, —0 <t < +o0.

Under these conditions, the following lemmas are valid.

Lemma 1.1. Operator

exists as an operator in B on the area D(4).
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Lemma 1.2. For any y € D(A) the equality is true

T?g = Ag.
In connection with these results, the following problem arises.
Formulation of the problem. Let a reversible Sturm-Liouville operator L

Ly = —y"(x), x € (0,1)
{an}’(o) +a2y'(0) + ay3y(1) + a1y’ (1) =0,
a21Y(0) + az,y'(0) + a3y (1) + azy'(1) =0,
where a; j (i =1,2;j = 1,2,3,4) — are complex numbers. Then it takes the following form:
Ly = —y"(x), x € (0,1) (1)
A13y(0) — (Aq2 + A32)y'(0) — Agzy(1) —
—(A14 +034)y' (1) = 0; @)
(D12 + A1z + 814)y(0) — (A3; + A42)y"(0) +
+(A3z + A34)y(1) — (B34 + A24)y'(1) = 0;
conjugate which has the form:

Ltz=-z"(x), x € (0,1), (D"
( B132(0) — (_534 +_E32)Z'(0) — Ay32(1) -
—(Ay +A15)Z'(1) =0 @)
(A2 +A13 + A14)y(0) — (A2 + A45)y"(0) +
+(Azz + A34)y(1) — (B34 + Aza)y'(1) = 0.

The question is whether there is a unitary operator.
T=icospl+sing:-S,
such that the formula takes place
TL=L*T", 3)
where I — is an identical operator and S is:
Su(x) = u(l —x). 4)
2. Research methods.

As a suggestive idea, we take the following theorem of Putnam.

Theorem [2. p.337]. M, N, T € B(H) Suppose that the operators M, N are normal and the operator T
is invertible. Suppose that

M =TNT 1, (*)
If T = UP — the polar decomposition of the operator T, then
M =UNU"L

Two operators connected by a relation (*) are called similar. If U —is a unitary operator and the
relation (1.9) is satisfied, then the operators M and N are called unitary equivalent. Thus, this theorem
establishes that such normal operators are unitary equivalent.

Our operators 4, B are Hermitian (i.e, symmetric), and such operators belong to the class of normal
operators; so there is a unitary operator T such that

AT =TB.
We believe that this particular operator is the solution of the equations:
(TH? =11 = 4, (T)? =1t = B.
Perhaps the operator T we need to impose additional conditions?!

From formula
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(TH? =TL- Tl = 1",
we see that we need to require T = [*T", then

Tl-Tl=l*7:_7:l=l*l=A,
1
Next, from Tl = [*T*, we have

TIT =17, IT=T"Y* =Tl
then
AT?> =1T-IT =T =T**| =IT-T*I* = I* =

In addition,

TB=TU =U"T"l* =I"IT = AT.
We proved the following Lemma.
Lemma 2.1. If T — is a unitary operator satisfying the condition

(TH*=TlL=1U"T",

then we have the formula
a) (T2 =1"1= 4,
b) (IT)? = lI* = B,
c) AT =TB.

Thus, the problem was reduced to finding a unitary operator T, with the property, Tl = [*T*.

This Lemma forms the basis of our method.
3. Research Results.

Lety(x) € D(L), then
z(x) =T*y(x) = —icos@y(x) +sing-y(1 —x) € D(LY),
therefore, there are formulas
z(x) = —icospy(x) +sing-y(1—x),
z'(x) =—icospy'(x) —singp-y'(1 —x),
z(0) = —icosp y(0) + sing - y(1),
z'(0) = —icos @ y'(0) —sing - y'(1),
z(1) = —icospy(1) +sing - y(1),
z'(1) =—icospy'(1) —sing - y'(0),
z(0) —z(1) = (icos ¢ + sin)y(1) — (icos @ + sinp)y(0) =
= (icos ¢ +sing)[y(1) — y(0)],
As3(icos @ +sin@)[y(1) — y(0)] + (A3, + A34)
[icospy'(0) +sing -y ()] +
+(Arz +Ary)[icosp y' (1) +sing - y'(0)] = 0;
Agz(icos @ +sing)[y(1) — y(0)] +
+[icos @ (Azz + A34) +sing (Ag; + A1)]y'(0) +
+[sin g (Az; + Azs) +icos (B, +A14)]y' (1) = 0;
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(D12 +Byq + B3y)[—icos @ y(0) +sing - y(1)] +
+(B3z + A34)[icos @y’ (0) +sing -y’ (D] +
+(B1z + A3z)[—icos @ y(1) +sing - y(0)] + (Bg; + Azy) -
“licospy'(1) +sing -y’ (0)] =
= [~icosp (A3 + Ary + Azy) + (Ag; + A3;) sinp]y(0) +
+[sing (13 + Ay +A34) —icos @ (Ayp + Agp) ]y (D) +
+[(83; + Agz) sinp + i cos ¢ (Ayz + B4)]y'(1) = 0.
This boundary condition corresponds to the matrix

— A;5(sing + i cos @)
—icos@ (Byz + A1y + Bgy) + (Byz + B3p) sing

icos @ (Bsz + Azq) +sin (Arz + Byy)
icos @ (Asy + Ayz) + sing (Arz + Aga)

Aq3(sing + icos @)
sing (Ay3 + Ajg + Azy) —icos@ (Ag, + Azy)

sing (A3, + Azy) +icos @ (A, +Ayy)
(Az; + Agy)sing +icosg (B +Az,))

Combining

the obtained system of equations with respect to the unknowns: y(0),y’(0), y(1),y'(1)

with the previously known boundary conditions (2), we obtain a system of homogenecous algebraic
equations. Since this resulting system of equations obviously has nontrivial solutions, its determinant is

Z€10.

Taking advantage of this fact, we obtain one equation to determine the unknown value ¢.

e

1) A13y(0) — (A1 + A32)y'(0) — Ay3y(1) —
(A14 +434)y' (1) =0;
2) (Agp +A13+A14)y(0) — (A3 + A43)y'(0) +
(A3 + A34)y(1) — (B34 + A34)y' (1) = 0;
3) Ai5(sing + icos@)y(0) + [icos @ (As, + Asy) + (A1, + Ayy) sing] -
+y'(0) — A43(sing + icos@)y(1) +
+[(A32 + Az4) sing + icos @ (A1 + A)]y'(1) = 0;

4) [—icos g (Byz + Ay + Bgy) +sing (Bg; + A32)]y(0) +
+[i cos ¢ (A3 + Agp) +sing (B, + A4)]y'(0) +
[(Ayz +Ar4 + A34) - sing —icos g (Ag; + Azp)]y(1) +
+[(A3z + Ayz) sing + icos g (A1 + Az4)]y' (1) = 0.

This system of homogeneous algebraic equations is denoted by (5).
The determinant of the system of equations (5) has the following form:

[ Ag3

| _AIZ + A3+ Aqy

[ Ai3(sing +icos @)

—icos ¢ (Byz + Apy + Azy) +5ing (A5 + Az;)
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—(Ag2 + A33)
e tha)
icos@ (Asp + Agy) + (A +Agy) sing
[icos@ (Azp + Ayp) +sing (Mg + Ayy)]

—A5(sin @ + i cos @)
(A3 + A1y +Az4)sing —icos g (A, + Az;)

—(A14 +A34) 1
—(A34 + Dz4)
(A3, +Ag,)sing +icosg (A, + A )|
(A3, +A,y)sing +icoso (A, +A,,)

This determinant splits into the sum of two determinants:

[ A3 —(A12 + A37)
A, ﬂ13 + Ay ;(A32_+A42)
—A3sing (A5 + Aqy)sing
(A2 +Asz)sing  (Agz + Az4) sing
—Aq3 —(A14 +A34) 1 A
Azy + Azy —(Azq4 +Az4) A +_A13 + A,
Agzsing (B37 + A34) sing —Ayzicos @
(D13 + A4 +D34)sing  (Az; +D45)singl  L—icosg (By3 +A1s + D34)
—(A12 + 437) —Aq3 —(A14 +A34)
~(s2 ¥ A02) Az +Bss ~(Bas ¥ 820)
icos@ (Azy + Agy) i-Ajzcos@ icoso (A, + A1)

icosg (Azp +Ayz) —icosg(Big +h3;) icosg (Brg +hg)

This matrix is denoted by (6).
(a) Calculate the first determinant:

A1z —(Agz +A43) —Arz —(Ags +A34)
[A12+A13+A14 —(A3z +A42) A3+ A3 —(A34+A24)]_
| D1z B+ Ay DAz Ay + Ay |
| B +Bs Bp+0y An+hy+hy, bp+h, |

sing

[0 —A =Nz —(A1q +A34)
o A 0 Azt Az —(Az4 +Az)
= sin’g - s S
e
A A Azt At Az Azt Ay,

o

—A =13 —(Ags +A34)
0 Azp+A3, —(A3+ A24)] _
A Az Dy +Az |
0 Ay +hs —(By4+43)

|

B>l o
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__A —ﬂs _(A_14 +ﬁ4) ~ —A —Aq3 —(Agq + A34)
= sin*p{—A| A Ag3 DAgp +As35 |—A[0  Agp+D3, —(Bz4+D20)| 1 =
0 Ajy+Az —(Ay, +As,) A A3 Az +Agy
) A1a + Az Nt B1a + A3
= Sinz(p A A _A13_ A£+ Ai - E E A13 A—32 + A—34 =
0 Ayy+Ahz, —(Azs+A434) 0 Az +A3, —(Az4 +45)
1A AL +A 1A A
— sin? = ] ] | .
=sin <P{A [ (Aps +Az4) A B+, (Azq +Azy) A B, ]

A A14 + A34

A
A A3+ A A

— (B34 + Az4)

—A [—(A32 + Az4)

A A14_ + A34_

= Sinz(p - { E A_32 + A_?,4 ) [E(Agz + A34) - A(A_]A. + A_34)] +

JAVE!
13

2| B + 830) — (G + B3]} =

+ |A
A
= sin®@ - {[A(B3z + A34) — DAy + A3)] - [A(Asz + Azy) — A(Ars + A3y)] +
+(A A1z — A A1) [A(Dgy + Azy) — A(Dyy + B3]} =
= Si“2<P : [|A|2 “|Azp + A34|2 - AZ(A—sz + A—34)(A—14 + A_34) - EZ(AM + A34) (A3 + Agy) +
+IA1Z Ay + Agy]® + |A12 - A3 (Agy + Agy) — A2A13(Bgs + Asy) —
—A%A13(Ag4 + Azy) + |AIPA13(Bgs + A3y)] =
= sin®@ - {|A1? - [|Azp 4+ Azql?® + |Agy + Asql?] -
—A? - [(A3z + D34)(A1g + Azy) + D13(Ags + A34)] —
—A?[(Arg + D34)(D3z + Azy) + A13(Ags + A3y)] +
+|A12[A13(Dg4 + Azy) + Ay3(Byg + B3]}
Using the obvious formula Aj3A,4 + Aj4A3,= A;,A5, transform the coefficients of the resulting
expression
(A + A34)(Azp + Azs) + A13(Azs + Azy) = Aglzp + Agglzy + Azslzy +
+035, + Ay3lpy + +A13035= D034 + AygAzy + Agglzy 4+ A5 + Aj3Az,=
= A34(A12 + Aq3 + Dqg + D3y + Agy) = D34 A
Thus, the value of the first determinant will be
sin?@ - {|A1% - [|Azy + Azql? + |A14 + Azy|?] —
—A? Dgy - A= £* - Agy - A+H|AIP[A13(Agg + Dzy) + A13(Byy + B3]} =

sin@ - {|A1% - [|Azy + Azal® 4 Ay + Bzy|?] = [|AIPA - Agy + A Azy|AI?] +

— 90 ——
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+|A12[A13(Dg4 + Azy) + A13(Dyy + A3)]}
= |A|2 -sinz(p {[lAs; + A34|2 + 1414 + A34|2] -
—[A “Agy + A- A34] +[A13(Azs + Azy) + Ay3(Byy + A_34)]}-

Thus, the coefficient at sin®¢ turned out to be a real value.
Now we calculate the second determinant from formula (6).

b)
[ A1z —(B1p +435) —Ar3 —(Ags +D34) 1
_cos |A12 + Ay + Dy —(Agp +A45) Dgp+ D54 —(A34 + Az4)|

(p{ —A13 Ay +Az, Az A +Ag ‘

—(Di3+ D1 +D34) Az +Ay; —(A; +D3;) Ay +A4,

0 -A =Nz —(A14 +A3y)
= _cos?gp 0 Az +i34 —(A34 +024) |
l 0 A A3 A + A14J
0

—A —(A12 +835) A+,
—A A3 —(Aa+ 43 [-A —Aiz —(Ara+D34)
0 —(Az+A43) Aty A Aq3 Az + A1,
e C e
=-—cos’pA-[A Az Ap+Ayl+A-|A A3 A, +Ay, | =
0 —(A1p+A43) A +Ay, 0 Az +Az, —(Azs +A34)
A A, +A A
2 14 T Q3zq 13
cos 4’{ [(Alz +As3;) A B, +5, + (A, + A24) A A, ] +
A Ay +Agy, A A,
+ A[ (A3 + Azy) A B, +5, — (Az4 + A34) A A—13] =
A Ajy+Azy

[A(Alz + A32) A(ASZ + A34)]

= 24 -
oS¢ {A A, + 1A,

A
+

5 o] 1A+ Ee) — Bty + 85y =

= cos?@ *{[A(A1; + Ary) — A(Ars + D3y)] - [A(Ar; + A3z) — A(Az, + Agy)] +
+(A A3 — Az - D[AD; + Bpy) — A(Azs + D3]}

Using the obvious formula Aj3A,, + Aj4A3,= A;,A5,, we transform the expression under the curly

bracket.
A%+ (Dp + A1) (Arp + Agp) — |AP (A + Ap)(Dgp + Agy) — |A1P(Ary + A34)(Ap; + Ag3) +
+A2(A1q + D34)(A3z + Azy); 7

A% - Ai3(Dgp + Bzg) — |AIPA13(Agy + Ag4) —
|AI2A13(A12 + Agg) + A2A13(Ag4 + Azy); (8)
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(D12 +D14) (A1 +Agp) + Ai3(Bp + Agy) = Ay + Ay - Agy +Ap, - Agy +
o BBt A At Azt Bye=
ATy + A1 Ay + A1y - Ay + Agp - Azy + A3 - A= Ag - A )

Similarly, we have

(Aga + 834)(A3p + Azy) + A13(Bgg + Agy) = Agslsp + Agalzs +
A34lzy 4+ A5, + D30y + +01303,= Dyglzy + DgyBzp + A%, +
FA120834 + A13034= Az4 - A (10)

Adding formulas (7), (8) and considering (9) and (10), we have
L _|A|2 A+ App +|AIPA - Agy — __
—|AIP[(Arz + A1g) A3z + Azy) + (D + A34) A1z +A32) +
+813(A24 + Dzq) + D13(A15 + Azy)]. (11

Now convert the expression under the square bracket.

(D12 + A14) (A3 + Azg) + (Dyg + A34) (Agz + Azp) + Ay3(Bgs + Ags) + A3 (Agp + Azy) =
= (A —Ay3 — Az — D34)(Agz + A34) + (A — Ay — Ay — Ay3)(Agp + A32) +
+A13(Ag4 + A34) + A3(B1p + Ds) = A3z + Azy) — |Asp + Agal® — A13(A3; + Azy) +
+A(A1z + Azz) — |81 + Agpl® — A13(B1p + Az2) + B13(Azs + Az4) + Ar3(B1; +D34) =
—[Az3 + Agyl? = [Ap + Agp|® + Ay3(Ags — Azp) + A13(Az4 — Agp) + A(Agp + Agy) +
A(A; + Asp) = AAgy + AAs, + AAg, + AA, +
+A13(Az4 — A3z) + Ay3(Bzs — Azp) — |Asz + Agal® — [App + Agp|%; (12)

Substituting (12) into (1), we obtain

B |A|2_'{|A33+A34|2+ |A_12+A_32£_ o
—[AAz; + AAzy + Ag3(Dg — Agp) + Ag3(Azs — A3y) ]}

Thus, the second determinant has the form:
_ —cos?@{|Azp + Azyl? + |81z + A5 —
—[AAz; + MDAz, + Ay3(Azs — Azp) + Ag3(Bys — Ag)]HAI

Adding this formula to the first determinant, we obtain the equations for determining ¢.

o |ilzsin2(p{[|A32 + A34|2_‘|‘ IAi+ Asql?] —
—[A ALY ﬂ Aﬂ"‘ [A13_(A24 + A_34) + 913(A24 + A34)]} — |A|2_'COSZ_<P{|A32 + Azg|* +
+|A17 + Asz|? = [AAzy + AAsy + Ay3(Agy — Asy) + Ay3(Ay, — Azy)]} = 0.

According to our assumption A# 0, so we can reduce this value, and as a result we have

sin?g — {|Azy + Azq|? + |Agy + Agy|* —
—[AAz; + AAgy 4 Ay3(Azy — Asp) + A13(Azs — Asp)]} - cos?g = 0.

Theorem 3.1. If ¢ is the solution to the equation

{[1832 + B341% + [Agg + Aza|?] = [A - Agy + A+ Asy] +
+[A13(Az4 + A34) + Ar3(Bg4 + A3y)]} - sin’e —
_ A F AP+ A + A5+
+[AAz; + AAsy + Ay3(Azs — Asp) + Aj3(Agy — Azp)]} - cos?p = 0, (13)

that is the formula
TL = L*T*,
— 02
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where
T=icospl+singS, Sy(x) =y(1—x), (14)
and I — is the identity operator.
Theorem 3.2.
If ¢ —is the solution of equation (13), then there are formulas
1) (TL)?*=L*L;
2) (LT)?=LL%
where L — is the Sturm-Liouville operator,
T=icospl+singS, Sy(x) =y(1—x), (14)
and [ — is the identity operator.

4. Discussions.
If

a) {[|8s; + Azal? + |[Ags + Azy|?] [A- gy + A- Aza] + [B13(Dzs + Dza) + A3(Bgs + B3]} = 0,
{1832 + Azal® + +]A1; + B35 |* —
—[8A3; + ADz; + Ay3(Azs — Azp) + Ag3(Bz4 — Bgp)]} # 0,
that cos@ = 0 and the operator T takes the form T = S, where

Sy(x) =y(1—x); L L -
b) {[lAz; + Azq|? + |A14 + Azyl?] [A Az, + A A34] + [By3(Bgs + Dgy) + Ay3(Bgy + B3)]} # 0 -

{1832 + Az4l? + +]A1; + Dgp|? — [AAzy + AAgp + Ay5(Ags — Agp) + A13(Bzs — A3x)]} =0, 10
sing = 0, and the operator T takes the form 7=il, where I —is the unit operator.

In the first case, the closure of the SL operator is self-adjoint, and in the second case, the operator L is
skew-symmetric, therefore its closure is the normal operator.

5. The authors are grateful to Anton Selitsky for his advice on the Kato hypothesis.
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TOPTIHIII PETTI HLITYPM-JINYBUIJI ONEPATOPBIHBIH
KBAJPAT TYBIPI TYPAJIBI

Annotanusi. byn enoexre lItypm-JInyBriuiiiH OH TOPTIHINI PETTI ONEepaTOpbIHAH KBaJApar TYOip TaObUIABL.
On xaiteimael 1ITypM-JInyBH/UT OmepaTopsl MEH OHBIH CBHIHAPBIHBIH KOMIIO3UIMSICHI HeMece KeOCHTIHmiC.
Tabbutran TyOip OH emec, Oipak Teri »KalKpl Oleparopiiap caHaTblHA kataabl. barnapnaymsl petinae IlyTHaMHbBIH
Oip anreOpaibIK TeopeMmachl KOJIAHBULABL. 3epTTey HOTHEXeJepl omneparopiiapAblH CIIEKTPAIIl TEOPTACH MEH
TEOpHSUIBIK (pr3MKasa KongaHbic Taba bl e Ky Tty e.

Tyiiin ce3aep. KaroHBIH rumoresachl, JUCCUIIATHBTI ONEpaTOp, ONEpaTOPIbIH KBajapar TyOipi, [lyTHamMHBIH
TEeOopeMachl, aybITKbIFaH apryMeHT, omepaTopiaH Oenmiek TyOipiepi, Kepi ecentep, CIEKTp, JKAIKBI OIepaTop, OH
omeparopiap, QyHKIHOHI-Tu(EepeHIIal ONepaTop, CHIEKTPAIII TEOPHSL.
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O KBAIPATHOM KOPHE U3 OIIEPATOPA INTYPMA-JINYBULJISI
YETBEPTOI'O TIOPAIKA

AnHotanus. B Hacrosmeil paboTe HaliieH KOpEHb M3 MOJOXHUTEIbHOTO oreparopa Lrypma - JlmyBumis
YETBEPTOTO MOPSAKA, SIBILIIOMIETOCS KOMIO3HMIHUEH oOpatmmoro omeparopa lltypma - JlmyBmmis u ero comps-
keHHOTO. HaiinmeHHBINT KOpeHp He oO0NagaeT CBOWCTBOM IIOJOKHTEIFHOCTH, HO SIBISCTCS CaMOCONPSIKCHHBIM
OIIepaTopoM B CYIIECTBEHHOM. B kadecTBe HaBOAAIICH MIEH HCIOJIB30BaHA OfHA TeopeMa [lyTHama anrebpamyec-
KOTO XapakTepa. MOXXHO HamesAThCA, YTO PE3yibTaThl pabOThl HAWAYT MPHUIOKEHHS B CIEKTPAIBHONH TEOPHH
OTIEPaTOPOB M TEOPETUIECKOM (PH3HKE.

KuroueBbie cinoBa: runote3a Karo, nuccunaTUBHBINA OnepaTop, KBaJApaTHBIA KOPEHb M3 OlepaTopa, TeopeMa
[lyTHama, OTKJIOHSIOLIUECS apryMEHT, IPOOHBIC CTEICHM OIeparopa, oOpaTHas 3ajada, CICKTP, YHHUTAPHBIN
oreparop, CaMOCOIPSDKCHHBIH —OmepaTop, IOJIOKUTENIBHBIA omepaTop, (QyHKIHOHATEHO-AH((EepeHINATEHBIA
onepaTop, CeKTpaabHasi TEOpHUs.
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