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TELEPARALLEL DARK ENERGY MODEL WITH FERMIONIC
FIELD FOR BIANCHI TYPE I SPACETIME

Abstract. The search for constituents that can explain the periods of accelerating expansion of the Universe is a
fundamental topic in cosmology. In the present work, we consider a model with a fermionic field that is non-
minimally coupled to gravity in the framework of teleparallel gravity for Bianchi type I spacetime. Here we
determined form the point-like Lagrangian and obtained the corresponding field equations. In order to determine
forms of the coupling and potential function of fermionic field for the considered model, we use Noether symmetry
approach. In modern cosmology, we often used this approach to determine the unknown function and obtain exact
cosmological solutions for considered model. For our model, we obtained of the coupling and fermionic field
functions as F' = F;W and} = Vi . Then, we put these solutions to the field equations, we got the equation

depend only on the functions A, B and C. After some mathematical calculations, we found exact solutions for these
functions as de Sitter solutions. Finally, we determined the equation of state parameter is equal to — 1. In cosmology
this solution gives us dark energy model and which can describes the late-time epoch of the evolution our universe.
Thus, here the fermion fields play the role of dark energy.

Key words. Teleparallel dark energy, Bianchi Type I Model, fermionic field,Noethersymmetry approach.

Introduction

In modern cosmology, teleparallel gravity is used to describe the evolution of the universe. For the
first time teleparallel theory of gravity (theory of gravity with teleparallelism) was proposed by Einstein.
Due to the specific nature of parallel transfers, any calibration theory, including these transformations, will
differ in many respects from conventional internal calibration models, and the most significant is the
presence of a field tetrad.

On the other hand, field tetrads can be used to determine the linear connectivity of Weizenbock,
which is a connectivity defined by torsion but not by the curvature of space. The tetrad field can also be
naturally used to introduce a Riemann metric in terms of which the Levi-Civita connectivity can be
constructed.

It is important to note that torsion and curvature are connectivity properties and different
connectedness can be defined on the same space. Thus, the presence of a nontrivial tetrad field in gauge
theory induces both a tele-parallel and a Riemannian structure in space-time. The first obligation of
Weizenbock connectivity, the second connectivity Levi-Civita. Due to the universality of the gravitational
interaction, it is possible to link these geometric structures in the theory of gravity.Previously, it was
considered in [1,2].Cosmological solutions were obtained within the framework of the theory of the tele-
parallel of gravity and the Friedman-Robertson-Walker(FRW) metric.The anisotropic model of the
Universe for the Bianchi I metric in the framework of the theory of the teleparallel of gravity was
considered in the works [3,4].
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In modern cosmology, scalar and vector fields, as well as their modifications, such as k -essence, f -
essence, g —essence, are used as matter fields. Here we consider fermion fields in the framework of the
tele-parallel gravity theory for an anisotropic Bianchi type I. universe.Earlier, cosmological models with
fermion fields in the framework of GR for the FRW metric were considered in [5-8]. Also, within the
framework of the teleparallel of gravity, models for the FRWmetric were considered in [9].

The paper is organized as follows. In Section 2, we present action and equation of motion for this
model. The geometrical Noether point symmetries and their connections to the F'('V') model is discussed
in section 3. Section 4 is analytical solutions for those F'(¥)models which admit Noether point

symmetries.Finally, we draw our main conclusions in section 5.

Actionandequationofmotion
In this theory, the action is given in the following form

S = jd“xe{F(\P)T +é[y7rﬂ(§ —Qﬂ)l// —'/7@ + Qﬂ)r/ﬂ - V(‘I’)}, (0

— a a. . . . . . — 7,0
where e = det(e ﬂ) , €,1s a tetrad (vierbein) basis, T is a torsion scalar, andy andl/ = ' ¥ denote the

spinor field and its adjoint, with the dagger representing complex conjugation. F(¥)and V' (V) are

generic functions, representing the coupling with gravity and the self-interaction potential of the fermionic
field, respectively. In our study, for simplicity, weassume that F'(¥)and V' (¥) depend only on

functions of the bilinear ¥ =/ . In the above action, furthermore, Q ,is the spin connection
1
Q p Z—Z g, [F;l —e,ja ﬂeﬂr”rl with F;ldenoting the standard Levi-Civita connection and

= eé‘ }/a . The I'* are Dirac matrices.

Together with the action (1), the FRW metric is considered
ds* = di* - @’ (t)(dx’ + dy’ +dz’),

where @(t) is the scale factor of the Universe. Here and then the dot above the letter denotes the

derivative in time. This metric describes four-dimensional planar, homogeneous, and isotropic space-time.
In our model we will define field equations for action (1) and Bianchi metrics of type I

ds® = di* — A2(1)dx* — B*(1)dy* — C*(1)d=>, 2
where
AB AC CB i :
e=+-g=ABC,T =-2 + + Y == 'v — v ).
& AB ' AC ' CB 7 —ir'y)

The Lagrange function for metric (3) can be written as
L=2FCAB+2FBAC +2FACB - éABC(:/?yoz// — 'y )+ ABCV, )

Next, we will use the Euler-Lagrange equations and the zero energy condition to determine the field
equations:
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AB AC CB 1

4
4B AC CB 2F"" @
B C BC F(B C 1
—t—t—t |t TP, )
B C BC F\B C 2F
A C AC F(4 C 1
—t—t—t+—=| S+t TP (6)
A C AC Fl4 C 2F
A B AB F(A B 1
-ttt ——+— —+— =——pf, @)
A B AB F\A B 2F
1(4 B C R AB AC CB) .
—|—+—+— |y +iV + 2i F =0, 8
2(/1 g c) Y [AB ac e )" ®
-IABC_.V_O.ABAC'C'B o
+—| —+—=+—= | -ilV —2i + + F =0, 9
v 2[,4 g c) " [AB ac )" ®

I (_ 0. -~
where p . = V' is the energy density and p = E(W]/ Ol// -y Ol// ) —V is the pressure of the fluid.

Thus, we obtained the field equations for the anisotropic Universe model in the framework of the
theory of body parallel to gravity, where fermionic fields were considered as matter fields. In the
following we will investigate various cosmological aspects of these equations.

TheNoethersymmetryapproach
To solve the systems of field equations (4)-(9) we use the Noether symmetry. This approach means

that the lie derivative of the point Lagrangian from the vector field X is zero
XL=0. (10)
The field vector has the form
x=alipl 24 ,B—
oa P T ac T ey T Higyt v aA
(In
+7 ¢ +177 + 7
frermil f e
oC oy, oy,

where
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: oa - Oa . oa .
a = A+ C Z j+ Tl/ll >
0A 8B = oy
: op - 0 : 0
'B - ﬂA+ ﬂ Z j IBT l//l >
04 8B = 81//] oy
U 3+, OV C+y 9y O Lyt (12)
oA 0B  oC j 81//] Vit oy, g
. . . 3
771’ — 877[14+877[B+877[C+Z 877[(/)._'_8771' l//T ,
04 OB oc  ‘Floy, oyl
. . . 3
)-([ _ aZiA_l_aZiB_l_aZiC_l_z a)(il/)v_l_a;(i“/)’( )
0A OB oC = oy, " oy’
By collecting all the terms of equation (12) with coefficients

Az,Bz,Cz,AB,AC,BC,A!//,BW,CW,AI/'/T,Bl/'/T,Cl/'/T,A,B,Cand equating them to zero, we

obtain the following system of differential equations:

C%+B%= 0, (13)
0A 0A

Ca—a+ QZO, (14)
oB OB
aa op _ 0, )
8C oC

+C—+C—=+B—=+A4—+C—=) eny/ +exv,)=0, 16

oa op 8,6’ 87
+B +C + A +B— + 0, 17
PrB ot ot Bac 2(““” eaw) = (1

"3
a+Co% g%, 4P 4 47 +A%Z(%M razw)=0.
i=0

oC OB OB oC

c B g o 9%, 4O o po2, 4P _, (19)

5

oy, oy, oy, oy, oy, oy,

—— |4 ——
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L g g 2L,y W g g0t Py
oy; v oy; v v v

3 (on. oy
aBCy' + BACy ! +yABy | + ABCy, + ABCZ{@ ik w - alj ./,l) =0,
=0 j J
w! %, _
aBCy ,+ ACy, +yABy , + ABCy, ABCZ -——Ly, |=0,
=0 al//] al//j

'3
(aBC+ SAC+yAB)+ ABC%Z(&%W; + gl.;(it//l.) =0.

i=0
Next, we will look for the solution in the following form
a=N(A4), =N(4)-M(B),y=N(4)-L(C),
and

1, =N(A)-OW)), x, = N(A) - P(y)).

From equation (22):

A4'==—~£iJC.
C

Equations (23) and (24), if L = C, M = —B will look like this:

A 2N No,
o4 oA

accordingly we get the following equation

c A

N(A)= ERE

To obtain a solution, we will consider the following form () and P :

| 1
Q:_(EA 1+gj770jl//j9 P:_(EA 1—8,770}”;,

(20)

€2y

(22)

(23)

(24)

(25)

(26)

27

(28)

(29)

(30)
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then
V=Vu, 31

F =Fu. (32)

Substituting the last equation in the equation of motion (2), we find the value of 7":

v
T =——=const.
0

Exact cosmological solutions
Solutions will be sought in the form of de Sitter:

A=e", B=e", C=¢e™
we know that A = A = A, = A,, then from the equation of motion (5) we can determine the values

A=F —}(;, then energy density and pressur given as

0
_ |V ) V.
p=F _ij:_?,[—[ =0 (33)
2F, 2F,

The equation of state parameter will look like this:

o= P —1. (34)
yo,
From equations (9) and (10) we obtain the following equation:

yo|A4,.8.C ¥ =0, (35)

A B C

and integrationgives
¥
Y=o
(4ABC)

Conclusion

In this paper, we considered a model with a fermion field that is not minimally related to gravity
within the framework of teleparallel gravity for Bianchi I type space-time. Here we defined the form of a
point Lagrangian and obtained the corresponding field equations. To determine the bond forms and the
potential function of the fermion field for the model under consideration, the Noether symmetry approach

was used. For our model, we obtained of the coupling and fermionic field functionsas F' = E)‘P and

V= Vogy .Then, we put these solutions to the field equations, we got the equation depend only on the

functions A, B and C. After some mathematical calculations, we found the exact solutions for these
functions as de Sitter solutions. We also determined that the equation of the state parameter is equal —1.In

— 16 ——
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cosmology, this solution gives us a model of dark energy, which can describe the late epoch of evolution
of our Universe. Thus, here the fermion fields play the role of dark energy.

HI.P. Mbip3akyi, K.K.Epxanos, JI.K. Ken:xaaun, K.P. MbIp3aKkyJioB

YKaner xone TeopusIIbIK (u3nka kadenpacsl, JI.H. I'ymuneB aTeiamars
Eypasus yrrteik yauBepcureti, Hyp-Cynran, Kasakcran

BbAHKUIKEHICTIK-YAKBITBIHIA ®EPMHUOH/bI OPICI BAP KYHI'TPT DQHEPI'USAHBIH
TEJENAPAJUIEJIb MOJEJ YIITH HETEP CUMMETPHUSA 9ICI

AHHOTAUMsI. OJIEMHIH YIOCMENi YIFAIOBIHBIH TaOWFAThIH TYCIHAIpE Kypamibl OeiikTtepmi i3aeyi
KOCMOJIOTHSIHBIH ipresii TaKbIpbIObI O0JIbIN Tadbu1a bl KapacThIpbuIbIN OTHIpFaH xyMbicTa bbsiHku | MeTpuKkach! yiiiH
TeJlenapasieNlb TPaBUTALMS asiChIHA TPaBUTALMSIMEH MUHUMAIIIBI EMEC OpEKeTTeCETiH (PepMHUOH/IBI OPICTIH MOAEIbI
3eprreneni. by xymbicTa 613 HYKTENIK JIarpaH)KMaHHBIH TYPIH aHBIKTaAbIK. KapacThIpbIIbp OTEIPpFAaH MOJIENb YIIIH
(hepMHOHIBI OPICTIH MOTECHIMAIBIHBIH koHE OaiiyaHeic (QyHKUMACHIHBIH TYPiH aHbIKTayaa Herep cuMmeTpusichl
omiciH maimamaHapik. Kazipri TaHma KOCMOJIOTHSAA aTallFaH OMICTI — 3epTTENil OTBIPFAaH MOENb YIIIH Oenrici3
(OYHKIMSAHBI aHBIKTayFa >KOHE HAKTHI KOCMOJIOTHSUIBIK IICHIIMIEPi amyla KUl KoJmaHambl. ©3iMi3OiH MoAemiMi3
yuriH gepMuoHAB epicTiH Oaitnmanpic GyHKIHMACHH anablK. ComaH KeliH anplFaH MISHIiMAEpIi epic TeHAeyJepiHe
Koiibin, A, B xone C QyHKUMsIIapbIHA FaHA TOYeNAl TEHJeMyl anambl3. MaTeMaTHKaNbIK eCenTeyIepaeH COH OChI
¢byskupsbiap ymiH ge-CuTrep TYpiHAEri HaKTHI IIenrimiaepai TanTelK. HoTmkeciHae Kyl TeHnmeyiHiH MoHI — |
EKEHIJIIMH aHBIKTaAbIK. KocMosorusma Oysl menriM KYHTIpT SHEPTUSHBIH MOJCTIH Oepeai >koHe Oi3miH OlieM
SBOJIIOLMSACHIHBIH KelI JoyipiH cumarrail anajgsl. CoHbIMEH Oi3/1iH KYMBICHIMBI3/Ia aHBIKTAIFaHbl — (hEPMHOHIBI
epicTep KYHIIPT SHEPTUSHBIH POJIiH OWHANIBI.

Tyiiin ce3nep.Tenenapauensal KyHripr sHeprusi, besukum I TunTi moneni, depmuonasl epic, Herep
CUMMETPHS 9JIiCi.

YK 524.834
1.P. Meip3akyi, K.K.Epxanos, /K. Ken:xxaaun, K.P. MbIp3akyJios

Kadenpa obmieit u Teopernueckoit husnku, EBpasuiicKuii HAlMOHAIBHBINA YHUBEPCUTET
umenu JI.H. I'ymunesa, Hyp-Cynran, Kazaxcran

MOJIXO0J HETEPOBOI CUMMETPHM B TEJIENAPAJUIEJBHOM MOJIEJIA TEMHOM SHEPT UM C
OEPMHWOHHBIM ITOJIEM /UIS1 NIPOCTPAHCTBA-BPEMEHHU THUIIA 1 BbAAHKHA

AnHoTanus. ITonck cocTaBHBIX YacTeil, KOTOPbIE MOTYT OOBSICHHUTH MEPHOABI YCKOPSIOUIETOCS PACIIUPCHUS
Bcenennoii sBnsiercs pyHIaMeHTaIbHON TeMo# KocMoJorud. B HacTosmielt paboTe paccMaTphBaeTcsi MOJENb C
(epMHOHHBIM TOJIEM, HE MUHMMAJIBHO CBSI3aHHBIM C I'paBUTAIMEll B paMKax TelenapajulelIbHON I'paBUTALUH IS
MpOCTpaHCTBa-BpeMeHn Tuma besHku 1. 3gece Mbl ompenenmin (OpMy TOUEUHOTO JarpaHKMaHa WM MOTYyYHIIN
COOTBETCTBYIOIME ypaBHeHHs mois. g onpeneneHus (GopM CBA3M M HOTEHIHATIbHOH (QyHKIMH (GEpMHOHHOTO
1OJIA 11 pacCMaTpUBaeMOil MOJIEIM UCIOJb3YeTCs oaxol cuMMmerpun Herep. B coBpeMEeHHOM KOCMOJIOTHH 4acTO
HCIOJB3YETCA OTOT HmOoAXOd AJisA OIMPEACTICHUA HEU3BECTHOM (l)yHKLII/II/I 1 TOJIYYCHHA TOYHBIX KOCMOJOTHYCCKUX
PEIIeHHI [T paccMaTpuBaeMoi Mojieu. [ Hatield MOeTd Mbl OAYYHIN QYHKIIUH CBSI3U ¥ (PEPMHOHHOTO TIOJIS.
3arem MBIIIOJACTABJIAA 3THU PCIICHUA B YPAaBHCHUS I10JIA, MbI IIOJTy4a€M YpaBHCHHEC, 3aBUCANICE TOJIBKO OT (l)yHKLII/Iﬁ
A, B u C. [locne HEKOTOPBIX MaTeMaTHYECKUX BBHIYMCICHUH MBI HALIUIM TOYHBIE PEIICHUS UL 3TUX (QYHKIMH Kak
pemenus ne Currepa. Hakonen, Mbl onmpefenuiy, 4To ypaBHEHUE NapaMeTpa COCTOsSHUs paBHO -1. B kocmonorun
9TO pelleHUe AAaeT HaM MOAEIb TEMHOW SHEpPIuu, KOTOpask MOXKET ONHMCAaTh MO3JHIOK 30Xy 3BOJIOLUU Hamei
Bcenennoii. Takum 00pazom, 31ech (PepMHOHHBIE OIS HTPAIOT POIb TEMHOW SHEPTHHL.

Ki1roueBble cjioBa: TenenapamienbHas TeMHas dHeprusi, Moaenb besanku trmna I, pepmuonHOE mOINE, MOIXO0N
cumMmerpun Herep.
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