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HIERARCY OF WDVV ASSOCIATIVITY EQUATIONS
FOR n=3 AND N =2 CASE WHEN V, =0 WITH NEW SYSTEM aq,.b,,c,

Abstract. We investigate solutions of Witten-Dijkgraaf-E.Verlinde-H.Verlinde (WDVV) equations. The article
discusses nonlinear equations of the third order for a function f = f(x,t)) of two independent variables x,t. The
equations of associativity reduce to the nonlinear equations of the third order for a function f = f(x,t)) when
prepotential F dependet of the metric 1. In this work we consider the WDVV equation for n = 3 case with an
antidiagonal metric 1. The solution of some cases of hierarchy equations of associativity illustrated. Lax pairs for the
system of three equations, that contains the equation of associativity are written to find the hierarchy of associativity
equation. Using the compatibility condition are found the relations between the matrices U, V,, V;. The elements of
matrix V, are found with the expression of z; and independent and dependent variables for the matrix V,. Also
solving elements of matrix V, expressed through y;; and independent and dependent variables for the matrix V;. We
accepted that elements of matrix V are zero. In the physical setting the solutions of WDVYV describe moduli space of
topological conformal field theories [1, 2]. Let us introduce new variables a, b, c. In the above variables the nonlinear
equations of the third order for a function f = f(x,t)) we rewritten as a new system of three equations. Expressed are
variables a, ,b; ,c, of three equations are written with the help of matrix elements z; ,yj;.

Key words: equations of Witten-Dijkgraaf-E.Verlinde-H.Verlinde, the equations of associativity, nonlinear
equations of the third order, antidiagonal metric, the Lax pair, the compatibility condition, independent elements,
dependent variables, system with equations.

Introduction. The WDVV equations, in general, have the following form [1, 2, 3]:

o°F , OF o°Fr _, OF
—— = — . , Vi, j,k,re{l,..n},
ot'ot’ot” g ot'ot ot ot’'ot*or” g ot'ot'ot” / { j

where [ is a prepotential, 77 is a metric. The coordinates ¢ " can be linearly rearranged so that the metric,
17, is antidiagonal [1], i.e.

0 0 1

n=[0 1 0|

1 00

In this work we consider the WDVV equation for 77 = 3 case with an antidiagonal metric n [2]. In

this case, two types of dependence of the function /' on the fixed variable # " were found by Dubrovin [2,
3, 4] which are

F=%(t1)zt3+%tl(t2)2+f(t2,t3) (1)
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and
F= é(tl)S +HPP + £(2,1).

For these cases the equations of associativity reduce to the following two nonlinear equations of the

. . . . _ 2 .,_ 3
third order for a function f = f(x,?)) of two independent variables (X =1, =1"):

fm = f xit - fxxxf xtt (2)

fxxxfm - f;cxtfxtt - 19
correspondingly.

The function F in equation (1) has the form from the law of multiplication in the three-dimensional
algebra A, with the basis e; = 1, e, ,e; [3]. Every basis is a complete uniformly minimal system [2].
In this work, we consider the solution (1). Let us introduce new variables a,b, ¢ as follows [2, 3]:

xxx b_f;cxt9 c= xtt*®

In the above variables the equation (2) can be rewritten as a system of three equations as follows:

and

a:

a = b,
b, = c, &)
¢, = (b*—ac)..
The Lax pair for the system (3) is given by [§]
Y= AUY,
¥ = Y, @
where U is given by
0O 1 O
U=|b a
c b 0
and V' is given by
0 0 1
V= c b 0}
(b*-ac) ¢ 0
The compatibility condition for the system (4) is given by
v, =7,
[U,y] = o.

In the following sections we work with the new system (3).

Methods. The solution to a hierarchy for N =1 case corresponds to the system of equations (3).
Hierarchy for N = 2 case when V, # 0 is given in the work [2]
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In this section we consider a hierarchy for N = 2 case when Vo =0 and the following system

a = &b, +¢&F,
b = ¢gc +¢&H,, &)
¢, = ¢g(b’°—ac), +¢G..

The Lax representation of the above system is same as before in the work [13].
In particular, for N = 2 case when Vo =0 we have

Y. = AUY,

¥ = (N, +AV)Y =1¥
The compatibility condition of (4) is given by
AU, =V +[U,V]=0.

The compatibility condition of the Lax representation is given by the system

vl = o, ©)
u o= v, (7)
v, = [un] ®)
Statement of problem. We first consider the second equation of the system and let V1 to be given by
Yo Yoo i
N=1DYa Yo Vul
YVair Vo Vs

From the above system it follows that ), 5, V35 Vs3, V33 are constants w.r.t. X . Writing a system

with equations for @, ,b[ ,C, only yields

a, = Vo
S VS ©)
by = Y.
C, = Wiy

Now we equate similar terms in the systems (5) and (9), i.e. we have a system

a, = Yy, =&b +eF,
bt = y21x = glcx + €2Hx’
(10)
b, = yy.=éec,teH,,
_ _ 2
ct - y31x - 81 (b - ac)x + 82Gx'

Scheme of the method and reduction to equivalent problem. From the above system (10) we find
the following

— 72 ——
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YV, = &b+é&F,
Yy, = &Ct&H,
Yy, = &c+é&H,
vy, = &b’ -ac)+e,G.

Thus the matrix V; has the form

Y Yi2 Yi3
V, = gc+e,H eb+e,F vy, | (11)
g’ —ac)+e&,G esc+eH y,
Now we solve the equation (6). Denote V2 as follows:
Zn Zin 43
Vi=lzy 2z 2y
231 Z; 233

Plugging U , V, into (6) we obtain the following relations:

Zys T Zips
Zn T 4
Z3 T Zn
Hence, we are left with the equations
z,, = bz, +cz,,
z,, = z,+az,+bz;,
z,, = cz, +(b*—ac)z,.

Thus the matrix V2 has the form

21 Zyy Zy3
V,= bz, +cz,; z,+az,+bz, z,|
2
cz, +(b" —ac)z, bz, +cz,; z,

Hence, only Zz,,,Z,,Z,5 are independent elements of V2 , and the other elements can be written in

terms of them.
Now let us find the elements of V1 in (11). To do so we use the equation (8). First we evaluate

[U, 1]
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We have elementwise yields the following system:
11: z, =¢gc+¢&,H-by, —cy;,

120 z,, =eb+&,F -y, —ay, —bys,

130 z5, = Vo = Vi2s

21: bz, +bz,, +c,z,5 +czp5, = by, +alec+e,H)+(g,(b° —ac)+¢e,G)—b(e,b+e,F)—cy,;,
220 zy,ta,zy +az,, bz +bzy, =by, —byy,

230z, =byy tayy, vy — (60 +6,F),

31: ¢z, +cz,, + (b7 —ac), z,; + (b —ac)z,, = cy,, — Vi3,

32: bz, +bzy, +c.z,;+cz;, =y, +b(eb+e,F)—(g,(b* —ac)+e,G)—a(e,c+e,H)—by,,,
33: z,=cy;; +by, —(sc+&,H).

Now let us express &£,C + 6‘2H, 81b + 6‘2F , V)3 in the element 11, 12, 13 of the above system.

sct+eH =z, +by, +oys,
eb+teF = z, +y,tay,+by;,
Yoz = Zizy T n

Now let us express & (b’ —ac)+ &,G in the element 21 and substitute the values for &+ &,H ,
eb+é&,F, y,,

g (b*> —ac)+&,G=b_z, +bz, +c.z,+2cz, —az,, +bz, +(b>—ac)y,+cy,
Now let us express J;; in the element 23 and substitute the values for b+ &,F, ),,
V33 =2z, —az, + py
Hence, dependent elements of Vl are given by:
2 2

§(0° —ac)+&,G=b.z), + bz, +¢,2;5 + 2z, —az,, + bz, +(b" —ac)y; + oy,
gc+&,H =1z, +by, +cy;,
eb+e,F =z, +y, +ay, +by;,
Va3 = Zi3e T V12s

Vi3 =22, —az;;, + Y.

(12)

Now let us rewrite the element 22 by substituting the values for ),;. So we have
z,,+2bz, +az,+az, +bz,=0
Now let us rewrite the element 31 by substituting the values for )55 . So we have
c.z,, +3czy,, +(b* —ac), z, + (b —2ac)z,, =0

Now let us rewrite the element 32 by substituting the values for 81b + €2F , & (b2 —ac)+¢,G,
gc+é&H, y;,. Sowe have

— 74 ——
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2b z,+4bz, +2cz;+Bc—ab)z,;, =0

Now let us rewrite the element 33 by substituting the values for ),,, &€ + EZH

2z, —bz;;, =0
Also, the independent variables Z,,, Z,,,Z;5 of the matrix V2 have to satisfy the following system of
equations:
z,, +2bz, +az,+az, +bz, = 0,
2 2 —
c.z,, +3cz, +(b"—ac) z,+(b"-2ac)z,, = O, (13)

2b z, +4bz, +2c.z,+Bc—ab)z, = O,
2lex _bZBx - O

From the above system (13) it follows that

. :( 4a b—2ab, jz +( 4bb, - 2ac, JZ (14)
%\ Bac—a’h-100* )" \Bac—a*b-10b* )"
¢, b>-2ac 4ab-2ab,
Z, =|——-— . z
2 3c 3¢ 3ac—a*b—106% )"
(15)
b* —2ac  4bb, —2ac, (b* —ac),
+ - : 2 2 Zl3
3c 3ac—a"b—-10b 3c
Results. Using necessary terms in the system (12) in (10), we obtain
a.z
a, = XTBX"' a.y, +b.ys,
b, = bxzzl3x +b. v, +¢, 05, (16)
ab )
ct = bxeIZ +3ble2x +cxle3 +(axb+3cx - 2X )Zl3x _alelx +(b _ac)xyIS +cxy12
Weplug Z,,,,2,,523, in(13), (15), (14) into (16) and obtain the following equation
_ (_2bq -aab, 2bab, —aac,
_ [_2bab, —al 2bl; —abc,
b a1 [ a1 [T
_ be, Sabcgb,—4bab, +2abb’ —3a’ch +2b’cd +12bcqce, —6ache,
Ct - bxx + 2 2 12 (17)
c 3aé —a’be-10hc
+ e b.(b* —ao), N 6abch —4b’b: +2abb.c, —3a’che, +2b'cab, +12bche, —abcqe, —6acd
" c N 3aé —a’be—10h’c .

+ (0" —ad, ys+ey,
Conclusion. The solution to a hierarchy for N = 2 case when system is given by (5) corresponds to

the system of equations (17).
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So, we considered of some cases of hierarchy of WDVYV associativity equations. Lax pairs for the
system of three equations, that contained the equation of associativity written to find the hierarchy of
associativity equation. Using the compatibility condition are found the relations between the matrices U,
V>, Vi. Thus, we obtained the elements of the matrices V,, V; for case N = 2 when V=0 and the above
system a,, b,, ¢;. It was found, that only z,, ,zy, ,z;3 are independent elements of V,, and the other elements

can be written in terms of them. From the above system it follows that Y, V5,V 35)035)33 are

constants w.r.t. X . It is found, that y,;, y1», yi3 are independent elements of V;, and the other elements can
be written in terms of them and z,y, 7,5, z;3. Expressed are variables a,,b,c; of three equations are written
with the help of matrix elements z;;,y;.

Acknowledgments. 1 express gratitude to Professor R. Myrzakulov for useful discussions and
advices. The work is performed under the financial support of the scientific and technical program
BR05236277 "Investigation of some problems of astrophysics and cosmology in the framework of the
Einstein and non-FEinstein theories of gravity", 2018.
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Kadenpa obmeit u Teoperuueckoii ¢pusuku EBpasuiickoro
HalMoHalIbHOTO yHUBepcuteta umenn JI.H.I'ymunesa, Acrana, Kazaxcraun

HEPAPXUSI YPABHEHUI ACCOUUATUBHOCTH WDVV
IS CIOIYUYAA n=3 U N=21IPHU V,=0 C HOBOU CUCTEMOMU q, b,, ¢,

AnHoTauus. B nanHoit crarbe uccnemyrorcs ypaBuenust Burrena-J{umxkrpada-E.Bepnunne-I'.Bepnunae (BIBB).
B paborte oOcCyxnaroTcs HeNUHEWHBIE YpaBHEHHS TpeThero mopsaka s ¢yHkuun f = f(x,t) IByX He3aBUCHMBIX
MIEPEMEHHBIX X,t. YpaBHEHHS aCCOLMATUBHOCTH CBOAATCS K HEJIMHEHHBIM ypaBHEHHSIM TPEThEro mopsiaka st Gyaknuu f =
f(x,t), xorna norenuunan ¢pynkuu F cBsizan ¢ meTpukoi 1. B aToit pabote paccmarpuBaercs ypasueHne WDVV s cyydas
n =3 ¢ aHTUAMArOHAJILHON METPHUKOH 1. ONKMCaHO pelIeHne HEKOTOPhIX CIIy4aeB HepapXruu ypaBHEHUH acCOLMATHBHOCTH.
JIns HaXOKACHMS MePapXUH YPaBHEHUH acCOIMATUBHOCTH OBbLIN 3amucanbl mapbl JIakca Ui CHCTEMBI U3 TpeX ypaBHEHHH,
KOTOpasi COJEPXHUT ypaBHEHHMs accouuatuBHOCTH. C NpPUMEHEHHUEM YCIIOBHSI COBMECTHOCTH HAaWJEHbI COOTHOLICHUS
mexay marpunamu U, V,, V). BbUIM BBIYMCIIEHBI 3JIEMEHTBHI MATPULLI V), BHIPAKEHHBIE YEPE3 Zj, HE3aBHCHMBIE U
3aBUCHMBIC IIEPEMEHHBIE MAaTpHIbl V,. Takxe ObUIM HalJEHBI >JIEMEHTHI MATPULBI Vi, BEIPAXKEHHBIE YEpe3 i ,
HE3aBUCHMBIC U 3aBHCUMBbIE TIEpEMEHHbIE MATpHIbI V. JleMeHThl MaTpullbl Vo paBHbl 0. B (u3ndeckoM mpuioxxeHuu
pellieHre ypaBHEHHsI accoluaTUBHOCTH WDVV onuchIBaeT HpOCTPAHCTBO MOAYJIEH TOIMOJIIOTHYECKUX KOH(OPMHBIX
Teopuil mojst. BBeneHsI HOBBIE TEpeMEHHEIE a, b, . B HOBBIX IIepeMeHHBIX HEJIMHEHHBIC YPaBHEHHS TPETHETO TOPSAAKA AT
¢ysxuun f = f(x,t) 3anucaHbl yepe3 HOBYIO cUCTEMY TPEX ypaBHEHUil. BrlpakeHHbIE IepeMeHHbIE a;, b, C; CUCTEMBbI U3
TpeX ypaBHEHMII ObUIH 3aIIMCAaHbl YEPE3 MATPHYHBIC JIEMEHTHI Zj, Yij.

KarwoueBble ciaoBa: ypasHeHus Burrena-Jwxrpada-E.Bepnunne-I".Bepiunnge, ypaBHEHHS acCOLUATUBHOCTH,
HEJIMHEWHBbIE ypaBHEHUs TPEThEro MOpsAKa, AHTHAMAroHalbHAs METpHKa, mnapbl Jlakca, YCJIOBHE COBMECTHOCTH,
HE3aBUCHMBIE 3JIEMEHThI, 3aBUCUMbIE IIEPEMEHHbIE, CHCTEMA C YPABHEHHUSIMHU.

YIAK 517.9: 515.16
MPHTH 27.31.21
A.A. KanbipanoBa

JL.H.I'ymunes atbinaarsl Eypa3ust yITTBIK YHUBEPCUTETIHIH
JKaJITIbI )KOHE TEOPHSUIBbIK (hu3uKa Kadenpacsl, Acrana, Kazakcran

n =3 JKOHE N =2 )KAFJANJIAPBI YIIIH EHTI3TI3VITEH )KAHA KYWE a,, b,, ¢, Vo= 0 BOJIFAHJIAFBI
WDVV ACCOIMATUBTIJIIK TEHJAEYIHIH UEPAPXUSACBHI

AnHotanus. bepinren wmakanaga Burren — Humxxrpad - E.Bepmunne - I'.Bepaunpe (B/IBB) tenueynepi
3eprreneai. by skymbicTa X, t Toyenci3 aiiHbIManbuiapbiHaH TYpathiH f = f(X,t) QyHKUMACH YIIIiH YIIHIII PETTi ChI3BIKTHI
eMec TeHJeyJep TalKblaaHajasl. Toyeinci3 X, t aliHpiManbuiapbiHad TypaTblH f = f(X,t) QyHKIUsICH yIIiH yuIiHmN perTi
CBI3BIKTHI €MeC TeHjaeyJiep F moTeHuuanbsl 1 METpUKAachIMEH OaiaHbicThl OonFanaa kenripineni. COHbIMEH KaTtap
acCOLMATUBTINIK TEHAEYJIep HUEepapXUsChIHBIH OipHelle HIemiMAepl CUMaTTanaabl. ACCOLMATHUBTLIIK TEHIEYJEpiHiH
HepapxusiChlH Taly MakcaThIHIa acCCOIMATUBTUIIK TEHICYJICPIHEH KypajFaH TeHueysep jKyheci yuriH Jlakc xymnrapsl
xas3buiabl. ColKecTiK WApTHIHBIH KojidaHy apkeuiel U, V,, V| MaTpuianapbl apachlHIarbl KaThIHACTAP AHBIKTAIIBL. Zij
apKBUTBl OPHEKTENTeH V, MATPHIACBHIHBIH 3JIEMEHTTEpi MeH V, MaTPUIIACHIHBIH TOYEIIi JKOHE Toyelci3 alHBIMaIbLIaphl
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€CEeNTeNiHi. Y apKbUIbI OPHEKTENreH V| MAaTPULACHIHBIH JJEMEHTTEPI MEH V| MaTPULACHIHBIH TOyelli XOHE TOyelci3
afHBIMaNbUIapsl TaObuIAEL. COHBIMEH KaTap V, MAaTPHIACBIHBIH AJIEMEHTTEpPl HONre TEeH MAeN anblHAbl. DH3MKambIK
Konpanbutyna WDVV  acconmaTuBTINIK TeHAEYiHIH IIENIiMi OpiCTiH TOMOJNOTHAIBIK KOHGOPMABIK TEOPUSCHIHBIH
MOy IbJICPiHiH KEHICTIriH cunartaiasl. XKana aliHpiManbiiap enrizinred. JKana aiiusivansiiapaa f = f(x,t) QyHkuuscer
YIUIIH YLIHII PeTTi CHI3BIKTBI €Mec TeHAEYJIep JKaHa >KYHe apKbUIbl ska3bliraH. TeHaeynep sKyHeciHeH TypaTbiH a, by,
afHBIMANBLIAPHI Z;j, Y;; MATPULIAIIBIK €JIEMEHTTEP] apKbIIbl ©DHEKTEIM Ka3blUIIbL.

Tyiiin ce3nep: Burren-Aumxrpad-E.Bepnunne-I'.Bepaunae Tenaeyiepi, accOUMaTUBTINIK TeHJCYl, YIIIHII peTTi
CBI3BIKTHI €MeC TeHACYIIep, aHTHAHATOHATh METPHKa, JIakc >KymnTapsl, YHIECIMIUTIIK MIapTl, TOYENCi3 SIeMeHTTep, TOyel i
alfHBIMaJIbLIAP, TEHICYJIEp KYHeci.
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