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DIRICHLET PROBLEM IN A CYLINDRICAL AREA FOR ONE CLASS
OF MULTIDIMENSIONAL ELLIPTIC-PARABOLIC EQUATIONS

Abstract. Boundary-value problems for degenerate elliptic-parabolic equations on the plane are studied quite
well ([1]). The correctness of the Dirichlet problem for degenerate multidimensional elliptic-parabolic equations with
degeneration of type and order was established in [3]. In the work for multidimensional elliptic-parabolic equations
with degeneration of type and order, the solvability is shown and an explicit form of the classical solution of the
Dirichlet problem is obtained.

Keywords: solvability, mixed problem, multidimensional elliptic-parabolic equations, Bessel function.

Problem statement and result
Let Q_, — the cylindrical area of the Euclidean space of E, ., points (%) yees X

m?

t) bounded by a
cylinder I'={(x,7):|x|=1}, planes t = >0 and = S<0,where |x|— is the length of a vector
X=(Xr X, ).

Denote by Q_and Q s parts Q . — of the area and T, ,I", — through parts of the surface I', lying in
the half-spaces ¢ >0 and # <0, o, —the upper and & , — lowerbase area Q .

Let S— further the common part of the borders of the areas €2 and Q s representing the
{t=0,0<x|<1} setinkE, .

In the area Q , , we consider degenerate multidimensional hyperbolic-parabolic equations

p(OA u—p,(Hu, + iai (x,0)u, +b(x,t)u, +c(x,t)u=0,¢>0,
0= i=1 !
gOAu—u, +>d (x,0)u, +e(x,t)u,t<0,
’ (1)
where p,(£)>0 at t>0,p (0)=0,p.(t) e C([0,a])g (£)>0 at ¢ <0, and may vanish when =0,

g(t) € C[B,0]), a A, — Laplace operator with variables x, ..., X;,, m = 2.

In the future, it is convenient for us to move from the Cartesian coordinates xj, ..., X;,,t  to spherical
7,601, ..,0m_1,t,7200<6,,_,<2m 0<6;<mi=12,...,m—2, 6 =(64,...,0m_1).

Problem 1 (Dirichlet). Find a solution to the equation (1) in the area of Q3 , atz # 0, from the class

C' (ﬁaﬂ yNC*(Q, uQ 4 ), satisfying boundary conditions
ul, =0,(r0), ul. =y, (1.0), )
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uly =y, (6,0), ul, =,(t,0).
wherein ¢,(1,0) =y, (a,0),y,(0,0) =y,(0,0),y,(5,0) = ¢,(1,0).

{Yn km (9)}- system of linearly independent spherical functions of order n,

(3)

Let
1<k<k,(m-2)nlk =(n+m-3)!2n+m-2),W}(S),l=0,1,...-  Sobolev space.
Takes place ([4]).

Lemma 1. Let f(7,0) € W/ (S).1f [ = m —1, that row

F0) =33 [V, (0). @

n=0 k=1
as well as series derived from it by order differentiation p <[ —m + 1, converge absolutely and evenly.

Lemma 2. Inorder to f(r,0) € W) (), it is necessary and sufficient that the coefficients of the

series (4) satisfy the inequalities.
2
fn"(r)‘ <c,,c,,c, =const.

‘fo‘(r)‘ﬁcl,ilin”

n=1 k=1
Through c?l’; (r,t),dk(r,t), ex(r,1), d~f (r,1), pr, 0k (r), @f (r),wf (¢),wk (¢), denote the
functions d (r,0,t)p(0), diﬁp,
r

coefficients of the series (4), respectively

e(r,0,t)p,d(r,0,t)p, p(0),i=1,...m,p,(r,0),0,(r,0),y (t,0),y,(t,0),
p(0)e C*(H), H-unit sphere in E .
L 00D P00 0.0 Cyiqy )y 0@, )d (0.0,

AR AR A
o(r,0,0) eW)(€y),i =1,...,m, I 2m+1,c(r,0,0) <O,Y(r,0,1) €Q_,e(r,0,t) €2,

and

Then fair
Theorem.

If @ (I’,Q), o, (I’,@) S VVz’ (S), 78 (t, (9) S VVZP (Fa),Wz (t,@) S VVZI (Fﬁ),l > 377}1, then problem

1 is solvable.

Proof of the theorem. First, let us rock the solvability of problem (1), (3). In spherical coordinates of

equation (1) in the area {2 5 has the appearance

Lu= g0, + "0, —L sy, + 3 (0,00, +e(r,0,00u =0, )
r i=1 '
. o 0
o=- sin"/-! ,g,=1,g. =(sm6..sinf ), j>1.
2 im0 00 O g8 e = a)'od
O consists of own numbers

It is known [4] that the spectrum of the operator
ﬁn =n(n+m—2),n=0,1,... each of which corresponds kn orthonormal functions Yn lfm (0)

The desired solution to problem 1 in the field €2 5 We will look in the form
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u(r,0,t) = zzm(r £Y* (6), ©)

n=0 k=1
where u*(7,t) - functions to be defined.

Substituting (6) B (5), then multiplying the resulting expression by 0(€) # 0, and integrating over
a single sphere H, for 1" will get [5-7]

g(t)pouoln + pO Olt + Zd )MOr +
+zz{g(t)p unrr + p untt in (7)
n=1 k=1
pk m ~
+ef -4, g () + 2 (d) —nd})]uf} =
r i=1
Now consider the infinite system of differential equations
g(t)p(l)l/_l(]lrr-i_po ott+—g(t)p0 or = ’ (8)
_ m — 1 _ A _
g(t)p1 1rr_p1kull;+r—g(t)p1ku1kr_r_;g(t)p1ku1k:
— - (X A, s &, n =1k = T (9)
1 =

g (pliy, - plicy + Mg (1 p iy - Zeg (1) p i) -

1 m o - m ~ o

k {Z dil;—]unk—lr + [enk—l + Z (di];—2 - (n - l)dtn 1 ]unk—l}’
k=1 i=1 i=1

k=1,k . n=2,3,... (10)

Summing up the equation (8) from 1 before kl, and the equation (9)- from 1 before kn, and then
adding the resulting expressions together with (7), come to the equation (6).

It follows that if {ﬁnk},k =1, k,,,n =0,L,.... system solution (7)-(9), then it is a solution to the
equation (6).
It is easy to see that each equation of system (7) - (9) can be represented as

g, + "~ 2 -l = T ), (11)

where fnk (7,1) are determined from the previous equations of this system, while fol (r,t)=0.
Further, from the boundary condition (3), by virtue of (6), we will have

uy(r,f)=),(r), uf(Lt)=y; (1), k=Lk,n=0,1,.. (12)
In (11), (12) replacing lgnk(’” D =u;(r, t)_l//fn(t)a will get

g0 + "5 -2 -

= fr(r,t), (13)

nrr
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Sx(r, )=t (r), $5(1,t)=0, k=1k , n=0,1,...

A,8(t)

frr )= frrt) +yh + Ve (r) =@k (r) =yt ().

2
(1=m)

(14)

Replacing the variable GE(r,t)=r 2 3(r,0) samauy (13), (14) we will lead to the following

problem

L8: = g%, + 2280 - % = [ (),
r

G(r. ) =7, (r), (L1)=0, 9 (L1)=0,

Z7 = [(m - 1)(3 ; M) - 42{’7] 4 ‘;;’Ik (r’t) = r@f;k (r’ t)’

3 (1)
@y, (r)=r > @, (r).

The solution of the problem (15), (16) is sought in the form
G (r,t) =8 (r,t)+ 3 (r,1),
where @* (7,t) the solution of the problem

L, =1 (r0),
% (r.)=0, % (1) =0,
where ¥ (7,1) the solution of the problem
L =0,
&, (1, )= ¢,,(r)0, 8, (1,5) =0,
The solution to the above problems, we consider in the form

9 () =Y R (T (1),

at the same time let

Fr(rt) = za (OR(7), @, (r) = ZbR (r).

Substituting (22) into (18), (19), taking into account (23), we obtain

Rm,+ﬂ’”Rs+,u R =0,0<r<l,

rz s,no s
R()=0,|R (0)\ < o0,
T,—u,, g (t)=-al (1), p<t<0,
T.(B)=0.

A limited solution to problem (24), (25) is ([8])

92 ——

(15)
(16)

(17)

(18)
19)

(20)
21)

(22)

(23)

(24)
(25)
(26)
(27)
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R(r)=rJ (u,,1), (28)
where  v="FM=2) A, - zeros of the Bessel function of the first kind J (2), 4= 422,.
The solution to ;2>roblern (26), (27) is
T () = (exp(-2, [ g(O)dEN [ g(@)exp e, [g(E)dEIE). 09
Substituting (28) into (23) we get 0 t O
FT) = S (0, (), G () = ST (1, ), 0<r <L Go)
Rows (30) - Foutier-Bassel scrics expansions ([9]), if ;
@ (=21, (us,,i)]zjﬁ (&0, (1, E)E. (1)
b =200 DV [VER ) (), )

where 42§ =1,2,... - positive zeros of the Bessel function J, (z), located

in ascending order of magnitude.
Of (22), (28), (29) get the solution to the problem (18), (19)

H(rt) = i\/ﬁ;n 0, (1,,7); (33)

where a¥ (¢) determined from (31).
Next, substituting (22) B (20), (21), taking into account (23), will have

I;t _Iquzng(t)]: :09 ﬂ<t<0’]:'(ﬂ) :brl;’

which solution is

B
T (1) =btexp(u?, [ g(£)dE. (34)
From (28), (34) we get t
© B
& (r.t) =Y bir(expu2, [ (E)dEN, (u,,1), (35)

where D are from (32).

Therefore, first solving the problem (8), (12) (n=0), and then (9) ,(12) (n=1) etc. let's find everything
G5 (r,t) of (17), where ¥ (r,t) are determined from (33),(35).

So, in the area Da , takes place

[ pP(6)LudH =0. (36)

Let f(r,0,t)=R(r)p(0)T(t), and R(r)eV,V, - tight in L,((0,1)),
p@)eC~(H)— tight in 8 L(H), T@)eV,V,— tigt in L ((S,0)). Then
f(r,0,)eV.,V =V,®@ H®V, - tightin L,(£2,)[10].
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From here and from (36), it follows that

[ f(r,0.0)LudQ, =0
and

Lu=0, V(r,0,t)eQ,.
Thus, by solving the problem (1), (3) in the field 2 s is the function

ok, (1-m)
u(r,0,0)=2> Wi, +r >[40+, (01, 0), (37)
n=0 k=1
where @ (7,¢), 9% (r,t) are from (33), (35).
Given the formula ([9]):

2J.(z)=J, (2)—J,,,(2), ratings[11,4]

2 T 1
— — - — >
J,(2) cos(z v )+ 0( %), v2>0,

nz
i m -
k,|<enm?, %Yn’fm(ﬁ) ScznTH,j =1m-1/=0,1,..., (38)

as well as lemmas, restrictions on the coefficients of equation (1) and on given functions
o (r,0),0,(r,0), v, (t,0),y,(¢,0) can be shown that received solution (37) belongs to the class
C(Q,)NCHQ,).

u(r,0,0)=(r0) =3 3 2 (1Y" (8),

n=0 k=1 ’ (39)

o (2-m) B ¢ s
e (1) =y O+ 7 ([ a(E)exp i, [(E)dENAE + bl expe, [ 9 ENIEW (u,1)

3m
From (30) - (33), (35), and also from the lemmas, it follows that T(I’, 9) € W;l (S), [ > 7

Thus, taking into account the boundary conditions (2) and (39), we arrive at {2 5 to the Dirichlet
problem for an elliptic equation.

Lu=p®)Au+p,(u, + iai (r,0,0)u, +b(r,0,0u, +c(r,0,0)u=0, (40
i=1

with data

ul,=7(r,0), ul. =y, (t,0),u

o_a:§0l(7",9), (41)
having a solution ([12]).

Hence the solvability of the problem 1 is established.
The uniqueness of the solution to problem 1. First, we consider problem (1), (3) in the area {2 2

and prove its uniqueness of the solution. To do this, we first construct the solution of the first boundary
value problem for the equation

— g4 ——
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L9=g(t)A 9+ 8 -3 d 9. +d9=0, 5"
i=1
with data

ok,
9|, =2(r,0)2. Y. THNYE(O), I, =0, (“2)

n=0 k=1
where d(x,t)=e— idix, , TF(r)eG,G - many functions 7(7) from the class

i=1

C([0,1)) m C'(0,1)). Lots of G tight everywhere in L, ((0,1)) [10]. The solution to the problem (5
*), (42) will be sought in the form (6), where the functions .9n"(r,t ) will be defined below. Then,

k. d* replaced

in%"in

similarly to item 2. functions gﬂ k (I’,t ) satisfy the system of equations (8)-(10), where d

F—di ad ondt,i=1,..,mk=1k,n=0,1,....

in? in?

respectively by —d
Further, from the boundary condition (42), by virtue of (6), we obtain
95(r,0)=74(r), 3:(1,t)=0, k=1k ,n=0,1,.... (43)

As previously noted, each equation of system (8) - (10) is represented as (11). Problem (11), (43) we
will result in the following problem.

L8 = g8, + 281+ 8, = ]2 (), (15)
r
9+ (r,0) =75 (r), 9 (1,¢) =0, (44)

1) 8 =) _ (n-1)
Gi(r)y=r 2 9kr.0), fir.t)=r > fi(r1), r;(r)=r > 7} (r).
The solution to problem (15), (44) will be sought in the form (17), where $*(L,¢) - solution of the
problem for equation (18) with the data 3¢ (7,¢)

19k

1n

(r,0)=0, 8 (1,) =0, (45)
a - .92"n (7,) solution of the problem for equation (20) with the condition
'92kn (F’O) = O’ '92](;1 (1’t) = O’ (46)

The solution of problems (18), (45) and (20), (46) respectively I have the form
e t t 3
G (r,0) = Y Nr(exp(+p2, [ g(E)dEN [ a (E)exp(u2, [ g(£)dENT (u,, 1),
s=1 0 0 0

where
N . n+(m-2)
= 2 )P N (1, S, v="D =
0
Thus, solving the problem (5 *), (42) in the form of a series
©  k, (1-m)
u(r,0,0=2 % r > [& 0+ r0lr},0),

n=0 k=1

built, which by virtue of estimates (38) belongs to the class C (f_l ﬁ) N C*(Q P ).
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As a result of integration by area €2 2 identity [13]
GLu —ul:9 =—-9P(u) +uP(%) - uS0,
where
P(u)=g(t)>u, cos(N*,x,), O =cos(N*,0) = d cos(N*, ),
i=1 i=1

but N - internal normal to the border OC2 2 according to the Green formula we get
[z(r,0)u(r,6,0)ds =0. (47)
S

Since the linear span of a system of functions {Z_'nk (}’)Yn /fm (9)} tight Lz(S ) ([10]), hen from (47)
we conclude that u(7,8,0) =0, V(r,0) € S.. So on the principle of extremum for a parabolic equation
$)[141u=08Q .

Next, from the Hopf principle ([15]) # =0 » Q

The theorem is proven completely.

e

VK 517.956
MPHTHU 27.31.15
C.A. Anpames, M.H. MaiikoToB

' AGait arpiarsr Kazak ¥YarTsik [Te1arorukaibik Yuusepcureri, Anmarel, Kazakcran
? AGaii arpiaarsl Kaszak ¥YarTsik [Tearornkanbik Yuusepcureri, Anmarel, Kazakcran

KOII-OJIIIEM/I 2JIJIMIITUKO-ITAPABOJIAJIBIK TEHJIEYJIEPIHIH
BIP KJIACBI BOUBIHINA HNUJINHAPJIK OBJBICBIHIA JUPUXJIE ECEBI

AnHoTanusi. JKa3bIKTBIKTaFbl 3JUTUIITHKO-IAPA0ONIMKANBIK TEHJAEYJIep YVIIIH IIeTTIK ecenTtep oTe >KaKChl
seprreared ([1]). Jupuxie eceOiHIH KOPPEKTUIrT Typi MEH PETTi ajbll TYPAThIH KON OJIIEeMIl 3JUIHIITHKO-
napabosanblK TeHAeyiep yiniH opHaThuirad [3]. Kem-emmmeM i 3/udnTHKO-IApabOIaibIK TCHISYICp YIIiH KYMBIC
iCTey Typi MEH PETTi ©3repTyMeH pYKCaT eTiIreH jkoHe [lupuxje eceOiH KIIACCHKANBIK IICHIYIiH alKbIH TYpi
aJIbIHFaH.

Tyiiin ce3mep: mIemimMaiNiri, apamac ecer, KeIl eJIIIeMJI 3JUIMITHKO-TIapadosanblK TeHaeynep, beccenb
(yHKIUSCEL.
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3ATAYA TUPUXJIE B IAWINHIPHYECKOM OBJIACTH JJI51 OJTHOT'O KJTACCA MHOTI'OMEPHBIX
VI TUKO-MIAPABOJIMYECKAX YPABHEHU

Annotanusi. Kpaesble 3a1aun 711 BBIPOXKIAIOIIMXCS 3JUIMIITHKO-TIapa0b0JIMIECKIX YPaBHEHUH Ha IUIOCKOCTH
noctatoyHo xopoiuo nzydensl ([1]). KoppekrHocTs 3amaun Jupuxie 1uist BBIPOKAEHHBIX MHOTOMEPHBIX JUIMITHKO-
mapaboIMYecKX YpaBHEHUH C BBIPOXKICHHEM THIIA W TOpsaka Oputa ycranoBieHa B [3]. B pabore mns
MHOTOMEPHBIX JUIMITUKO-NapaboIniecKuX YpaBHEHUH ¢ BBIPOXKICHHEM TUIIA U MOPSAKA MMOKa3aHa Pa3peliuMOCTb
Y TIOJTy4eH SIBHBII BUJ KJIACCHYECKOTO PelleHus 3axaun Jupuxie.

KnroueBble cJIoOBa: pa3peliMMOCTh, CMENIaHHAs 3ajadya, MHOTOMEpHbBIE OSJUIMNTHUKO-Tapaboinyeckue
ypaBHeHus1, pyHKIMs beccens.
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