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NUMERICALLY APPROXIMATE METHOD FOR SOLVING
OF A CONTROL PROBLEM FOR INTEGRO-DIFFERENTIAL
EQUATIONS OF PARABOLIC TYPE

Abstract. A linear boundary value problem with a parameter for integro-differential equations of parabolic type
is investigated. Using the spatial variable discretization, the considering problem is approximated by a linear
boundary wvalue problem with a parameter for a system of ordinary integro-differential equations.The
parameterization method is used for solving the obtained problem. The approximating problem is reduced to an
equivalent problem consisting of a special Cauchy problem for the system of Fredholm integro-differential
equations, boundary conditions, and continuity conditions of the solution at the partition points. The solution of the
Cauchy problem for the system of ordinary differential equations with parameters is constructed using the
fundamental matrix of the differential equation. The system of a linear algebraic equations with respect to the
parameters are composed by substituting the values of the corresponding points in the boundary condition and the
continuity conditions. Numerical method for solving of the problem is suggested, which based on the solving of the
constructed system and method of Runge-Kutta 4-th order for solving of the Cauchy problem on the subintervals.
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Control problems, which are also called boundary value problems with parameters and the problem
of parameter identification for a system of ordinary differential and integro-differential equations with
parameters, have been actively investigated in recent decades. Models describing reaction-diffusion
processes lead to control problems for integro-differential equations of parabolic type [1-17].Questions
of existence, uniqueness and stability of solving problems with parameters are very important for
development of numerical methods of identification of parameters of the mathematical models described
by integro-differential equations of parabolic type [1-17].

In the present paper, linear problem with a parameter for an integro-differential equation of parabolic
type is investigated. By discretizing a spatial variable, the considering problem is approximated by a two-
point boundary value problem with parameters for a system of Fredholm integro-differential equations
with a degenerate kernel.By introducing additional parameters [18-23] as the values of the desired solution
at some points of the interval [0, T], where the problem is considered, the obtained problem is reduced to
the equivalent problem consisting of a special Cauchy problem for the system of Fredholm integro-
differential equations, boundary conditions, and continuity conditions for the solution at the points of
partition.Using the integral equation, that equivalent to the special Cauchy problem for the system of
Fredholm integro-differential equation and the property of the degeneracy of kernel of the integral term,
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we obtained a representation of the solution of the special Cauchy problem using the entered parameters at
the assumption of invertibility of a some matrix. Based on this representation, a system of algebraic
equations with respect to the parameters is constructed from the boundary conditions and the continuity
conditions of the solution. We offer algorithm for solving the linearboundaryvalue problem for the
equation with degeneratekernel,anditsnumerical implementation.

We consider a linear boundary value problem with a parameter for an integro-differential equation of

parabolic type
2

d d
& a(x,t) % +c(x,)u + b(x, Hulx) +

ot
+p(x,t) fOTl/J(x, sulx,s)ds + f(x,t), (x,t) €Q=(0,w) x (0,T), (1)
u(x,0) =0, x € [0,w], 2)
u(x,T) =0, x € [0,w], 3)
u(0,t) = h1(8), w(w,t) =,(8), t€[0,T], “)

where u(x,t)issought function, p(x)isunknown functional parameter, functionsa(x,t) = a, > 0,
c(x,t) <0, b(x,t), @l t)Y(xt), f(x,t)are continuous in tand Holder continuous inx on(Q;
functionsy, (t), Y, (t)are continuous on [0, T]. It is assumed that the boundary functions are sufficiently
smooth and satisfy the matching conditions.

The solution of the boundary problem (1)-(4) is a pair of functions(u*(x, t), u*(x)),where function
u*(x,t) is continuouson(l, that has continuouspartial derivatives with respect to x of first order, with
respect to t of second order, satisfies the integro-differential equation (1) at u(x) = u*(x), x € [0, w],and
boundary conditions (2)-(4).

In view of condition (2)-(4), from (1) we obtain two groups of equations for determining
p(0)andu(w):

T
b(0,0)1(0) = §,(0) — 9(0,0) f (0, )P, (s)ds — £(0,0),
OT
b(w, (@) = #2(0) — p(w,0) f ¥(w, ), (5)ds — (@, 0),
OT
b(0, T)u(0) = $1(T) — 9(0,T) j (0, )P (s)ds — £(0,T),
0

T
b(w, i) = §2(T) — 9(@,T) f W(@,$)B(s)ds — f(,T).
0

These relations also are the matching conditions with respect to initial data.

We take Vh > 0 and produce a discretization by x: x; = ih,i = 0,P, Ph = w.

We introduce the notationsu;(t) = u(ih,t), u; = u(ih), a;(t) = a(ih,t),c;(t) = c(ih,t), b;(t) =
b(ih, t), 9;(t) = @(ih,t), () = Y(ih, 1), fi(t) = f(ih,t),i =0, P.

Problem (1) - (4) is replaced by the following linear boundary value problem with a parameter for an
integro-differential equation

= (T e+ by O+
+9:(0) fy Yi(u(s)ds + fi,(1), i=LP—1, 5)
u;(0)=0,i=0,P, (6)
3 u;(T)=0, i =~0,—P, (7)
uo(t) = P1 (1), up(t) = P, (t), t €[0,T]. ®)




News of the National Academy of sciences of the Republic of Kazakhstan

The functionsu,(t), up(t), and parameters pg,up are known.
Problem (5)-(8) will be rewritten in vector-matrix form

S = A+ B+ Ot) [; W(u(s)ds + F(), wu€R"™,  te(0T), 9)
u(0) = 0, (10)
u(T) =0, (11)

whereu (t) = (uy (t), uy(t), ..., up_1(t)), u = (U, Uy, ..., Up—1)-unknown function and parameter,

Zal(t) 1(t) a;l(zt) 0 0
az(t) Zaz(f) (t) ax(t) 0
h? h2
A(t) =
® 0 a;(;) 2a3(t) () 0 ;
0 0 0 Z“P_l(t) +cp_q(b)

B(t) = diag{b;(t), by(t), ..., bp_1 ()},
(1) = diag{p,(t), p2(t), ..., pp_1 (D)},
W(s) = diag{y,(s), P2 (s), ..., Yp_1(s)},

PO = (290,0 + AO LD, . Z2D5,0 + fra )

Here (P — 1) X (P — 1)-matricesA(t), B(t), ®(t), W(s)and(P — 1)-vectorF (t)are  continuous
on[0, T].

The solution to problem (9) - (11) is a pair(u*(t), u*), where continuous on [0, T]and continuously
differentiable on (0,T)a function u*(t)satisfies the integro-differential equation (9) at u = u*and
conditions (10), (11).

To solve the problem with parameter (9)-(11), the approach developed in [24-26] is used, based on
the algorithms of the parameterization method and numerical methods for solving Cauchy problems.

Scheme of the method.Points0 = t; < t; < -+ < ty_; <ty =T are taken and the interval[0,T) is
divided into Nsubintervals:[0,T) = UN_[t,_1,t,), which is denoted byAy[20]. The restriction of the
function u(t) to the r —th interval [t,_q,t,) is denoted by x,.(t), i.e. u,.(t) = u(t)for t € [t,_4,t),
r=1,N.

LetC([0,T], RP~1)be the space of continuous on [0, T]functionsu: [0, T] — RF~1with norm||u||; =

max;efo.rllu(®)ll; C([0,T], Ay, RE~DN) - the space of systems of
functionsu[t] = (uq (£), uy(t), ..., uy(t)), where u,:[t,_q,t,) = RP~1 are continuous on[t,_q,t,) and
have finite left-sided limitslim,_,; _o u,-(t) for allr=1, N, with

norm||u[-]|l; = max,—1x suprere, ) llur (Ol

We introduce additional parameters A, = u,.(t,_;), =2,N, 1; = u.Making the substitution u,(t) =
z1(t), u,(t) = z.(t) + A,on every r-th interval [t,_q,t,), =2, N,we obtain multipoint boundary value
problem with parameters

tj
d— = A()z, + B(D)A, + (E) z j w(s)z(s)ds +
J=1t; 4
+@(t) X Zf j lP(s)/l ds + F(t), tE€ [ty ty), (12)
Zl(tO) = 0: (13)

— 16 ——
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N U
dz
S MO+ A+ BOA + 00 Y f W(s)z(s)ds +
j=1 tji—1
+q)(t) Z?’=2 fti'j_l ‘P(S)A]ds + F(t)l t e [tT—lJ tr): (14)
z(ty—1) = 0, =2, N, (15)
Ay +1limep o zy () = 0, (16)
limep, 02:(8) = 2y, (17)
AS + limtﬁts_o Zs(t) = AS+1' S = Z,N - 1 (18)

The solution of the problem with parameters (12)-(18) is a pair (z*[t], 1*)where the functionz*[t] =
(zi(t), 23 (L), ...,z (1)) € C([0,T], Ay, RP~DN)with  continuously  differentiable ~ components
zi(t)on[t,_q, t,)and A* = (3,45, ..., Ay) € RC~DN  gatisfies the integro-differential equation with
parameters (12), (14), initial conditions (13), (15), relations (16)-(18) atd; = /'lj-,j =2,N.

If the pair(u*(t), u*) is a solution of problem (9)-(11), then the pair (z*[t], A*)with elements z*[t]
(Zi (), z3(L), ...,z () € C([0,T], Ay, RP~DNY A* = (A%, 25, ..., A) € RP™DN  where A% = p*
R, zi(6) = uj(t), tE€ [ty ty), A =up(troq), z2 (@) = up(®) +up(t,—y), t € [trog,t), T
2,N,is the solution of problem (12)-(18). Conversely, if a pair (Z[t],A)with elements Z[t] =
(Z,(1), Z,(t), ..., Zy () € C([0,T], Ay, RPN 1= (1,15, ..., Ay) € R®™DN is a solution of (12)-
(18) , then the pair (7i(t), i)defined by the equalities #(t) = 2,(t), t € [to,t1),0i(t) = Z.(t) + At €
[ty_1,ty), 1 =2,N,ii(T) = limy,r_o Zy(t) + Ay and  ji = A;, will be the solution of the original
boundary value problem with parameter (9) - (11).

Using the fundamental matrix X,.(t)of the differential equation% = A(t)x,t € [t,_1,t.), r=1,N,
we reduce the solution of a special Cauchy problem for an integro-differential equation with parameters
(12)-(15) to an equivalent system of integral equation

m

t N tj N tj
2,(6) = X, () f OO f W(s)z()ds + » f W(s)Ads b dr +
to J=1t;_4 J=2tj_4
+X,(6) [, XT @B@dr \+X,(0) [ X7 (©F (D), ¢ € [to, 1), (19)
t N tj N tj
2.(t) = X, () f X1 (DD (0) z f W(s)zj(s)ds+z f W(s)Ads | dr +
tro1 J=1¢j4 J=2tj_4

t t
X, (D) f X1A@ AT A, + X, () f X=1(0)B(D)dT A, +
t t

r—1 r—1

+X,(t) fti_er_l(r)F(T)dT,t €[t,_1,t,), r=2N. (20)

Let& =X, ftt]’_ . W(s)z;(s)dsand rewrite the system of integral equations (19), (20) in the form

t N tj
z1() = X{(t) | X{T ()P (1) € + Y(s)Ads pdt +
1 1 t-{ 1 JZ=2 tjfl ]
+X,(6) [, XT @B@dr A +X,(0) [ X7 ©F (D), ¢ € [to, tr), @1
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N

t
2.(6) = X, () f X1 D)€ + f W(s)Ads b dr +
ty_

J=2tj_4

+X,.(t) f XY (@A@dT A + X, () f XY (B(t)dT A +
t t

+X,.() fti_er‘l(T)F(T)dr, t €[t,_4,t.), r=2N. (22)

Multiplying both parts of (21), (22)by W(t), integrating on[t,_4, t,], and summing byr, we obtain a
system of linear algebraic equations with respect tof € RP~1

§ =GN + Eroy V(Ay) A+g(FAy), (23)

with (P — 1) X (P — 1)-matrices

N

G(Ay) = f W(o)X, (2) f ~1(5)d(s)dsdr,
T=1t,_4
N

Vi(Ay) = f W()X, (1) f ~1(5)B(s)dsdx,
r= 1151, 1

V. (ay) = f W)X, (1) f X71()A(s)dsdr +
t treq

[
S
=

=1 Z?’=1 ftt:_l Y(0) X, (1) f;_l X (1)@ (ry)drydr fttj.{l W(s)ds, r
and(P — 1)—vectors

eF.Ay)=Z0 [ W@X @) [0 X ()F(s)dsdr.
We write the system (23) in the form
[1 = G(AW]E = X7=1 Ve (A) A +g(F.Ay), (24)

wherelis the identity matrix of (P — 1)dimension.

The special Cauchy problem (12) - (15) is equivalent to the system of integral equations (19) - (20).
This system, due to the degeneracy of the kernel, will be equivalent to the system of algebraic equations
(23) with respect tof € RP~1. The unique solvability of the special Cauchy problem was investigated in
[19, 20]. It has been established that with a sufficiently small steph > 0: Nh =T partitioning a
segment[0, T] the special Cauchy problem will be unique solvable.

Let the matrix I — G(Ay)be invertible, i.e. exists [I — G(4y)]~L. Then, according to (24), the vector
& € RP1is determined by the equality

§=[1—-GUIT 221 Ve (Aw) AT — G(AN)] 7 g(F.Ap). (25)

In (21), (22), instead of & substituting the right-hand side of (25), we obtain the representation of the
function z,.(t)in terms ofd,, r = 1,N + 1:

— 18 ——
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tj

N t
ACEDY {xlm [ xr@omar [[1 —GUDIT () + | W(s)ds
t.

»

+X31(t) ftto XU @@ - G(AN] " g(F, Ay) + F(D)]dr, t € [to, 1),

j=2 to j—1
t

1X,(0) f X @IS — 6]V (Ay) + B@]dr Ay +
to

(26)

tj

N t
Z®) =) {mt) [ xr@ew@ar l[l —GUIT @ + | w(s)ds

b

t t
X, () j X (@A@dTA, + X, (D) j X P - 6]V (Ay) + BTy +

tr—1 tr—q
X0 f_ X @I~ 6] g(F, &) + FOMT L€ [trop,t), r=Z N @7)

t]—l

j=2 tr—1

We introduce the notations

tr tj
D, j(Ay) = X, (t;) f X7 (D)@ (r)dr l[l - GUAN] V(AN + f Y(s)ds|, r#j, r1j=2N,
tr—q N tj—1 .
D,y () = X, (t,) f X (D) P(D)dr [[1 — GV (A) + f W(s)ds
tr—1 . tj-1
+ +X,.(t,) f X7 (D)A(r)dr,r = 2,N,
N tr-1 .
Dy1(An) = X,(t,) f X @D ®@dT [ — GV () +X, () j X (B@dr,r =TT,
t;_l tr;:
F.(dy) = X,(t,) f X @@ — U g(F, Ay)dr +X,.(t,) f X (F(@dr,r = TN.
Then from (26), (27) we obtain
28)

limep o2 (t) = Z?]=1 D, j(AN) N + F.(4y), r=T1N.

Substituting the corresponding right-hand sides of (28) into the conditions (16) — (18), we obtain a
system of linear algebraic equations with respect to the parametersAd,, r = 1, N + 1:
[I + Dy n(4W)]An + Z?’Qf Dy j(An) A = —Fn(4p), (29)

I}I=1 Dl,j(AN) 7\j - [1 - Dl,Z(AN)]AZ = _Fl(AN): (30)

j#2
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[I + DS,S(AN)]AS - [1 - Ds,s+1(AN)]/15+1 +

+3V o1 Ds;jW)A =-Fdy), s=2,N-1. (31)

Jj#S,j#s+1

We denote the matrix corresponding to the left side of the system of equations (29) - (31) by
Q.(4y)and write the system in the form

Q.(4\)A = —F.(4y), 2 € RPNV, (32)
where F.(4y) = (Fy(4y), F1(4y), ..., Fy—1(4y)) € RP~DN,

Cauchy problems for ordinary differential equations on subintervals
% =A®x+P®), x(t,1) =0, t€[typ,t;], r=1LN (33)
are a significant part of proposed algorithm. Here P(t)is either (n X n) matrix, or n vector, both
continuous on [t,_q,t.], r = 1, N. Consequently, solution to problem (33) is a square matrix or a vector
of dimension n.
Denote by a(P, t) the solution to the Cauchy problem (33). Obviously,
t

a(P,t) = X, (6) f X @P@dr, tE [t t],
tr—1
where X,.(t) is a fundamental matrix of differential equation (33) on the r-th interval.

We offer the following numerical implementation of algorithm based on the Runge — Kutta method of
4™ order and Simpson’s method.

1. Suppose we have a partitionAy:0 =1y <ty <- <ty <ty=T. Divide each r-th
interval [t,_q,t.], r=1,N, intoN, parts with step h, = (t, —t,_,)/N,. Assume on each
interval [t,_;,t,] the variable f takes its discrete values: f=t,._y,t=t,_q+h. .., E=t_1 +
(N, — Dh,.,t = t,, and denote by {t,_, t,} the set of such points.

2. Using the Runge Kutta method of 4™ order, we find the numerical solutions to Cauchy problems

dx
Fri A)x + &(t), x(t,—1) =0, tE€[t,_q,t,]
and define the values of (n X n) matrices a’r(®, £)on the set{t,_4,t,}, r =1,N.

3. Using the values of (n X n) matrices W(s)and a"(®,£)on {t,_;,t,}, and Simpson’s method,
we calculate the(n X n)matrices

P (@) = [T ¥@at (@, 1)dr, r=T,N.

Summing up the matrices ‘T’Th "(®) over r, we find the (n X n) matrices GE(A N) = ?’zl@jhj (D),

where ii = (hli hz, ey hN) € RP.
4.  Solving the Cauchy problems

dx
i A)x + A(t), x(ty_1) =0, tE€ [ty_q,tr],
dx
T At)x + B(t), x(t,_1) =0, tE€ [t,_1,t]

dx
I =At)x +F(t), x(t,_1) =0, tE€[tr_q,t], r=1,N,

by using again the Runge—Kutta method of 4™ order, we find the values of (n X n) matrices
a(A,t),a(B,t) and n vector a(F,t) on {t,_4,t,.}, r=1,N.
5. Applying Simpson’s method on the set {t,_1, t,.}, we evaluate the definite integrals
= [ Wdr,  PTQA) = [ W@a(a1)dr,

— 20 ——
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BB = [ Y@aBd,  PE) = [ W@a(F,1)dr,r =T N.
By the equalities

~ ~h;
Vlh(AN) = 7:11111- "(B),

. - _h; -
Fay) = B (A) + 2, 9 (@) - 9 r = 2N,

~ ~h;
g"(F,Ay) = XL, 97 (F).

we define the (n X n) matrices V,"(4y) and n vectors g"(F, 4y), r = 1, N.

6.  Construct the system of linear algebraic equations with respect to parameters

Q}4n)A = ~EM4y), 1€ RPDN (34)

Solving the system (34), we find A", As noted above, the elements of /'lrl:(/ﬁ,)lﬁ, ...,/1%) are the
values of approximate solution to problem (12)-(18)at the left-end points of subintervals.

7. To define the values of approximate solution at the remaining points of set {t,_q, t,-}, we first
find

£ = [1 - GR(ay)] " Ty VW) [T — G| gR(F.A).

and then solve the Cauchy problems

N

d . g 7

d_1: =Au+ o) | "+ Z leh’ ‘A |+ BOAM + F(1),
j=2

u(ty) =0, teE /|ty t],
N
du _ ADu+ o) | " + Z @jhj AP |+ BOA} + F(D),

dt
=2

u(t,_) =A% te(t,_y,t], r=2N.

And the solutions to Cauchy problems are found by the Runge—Kutta method of 4th order. Thus,the
algorithm allows us to find the numerical solution to the problem (9)-(11).
So, we propose the numerically approximate method for solving of the original problem (1)-(4).
Example. We consider a linear boundary value problem with a parameter for an integro-differential
equation of parabolic type
ou %u
— =a(x,t) F) +clx,t)u+ b(x, t)ulx) +

ot
+o(x,t) fOTw,l)(x, sulx,s)ds + f(x,t), (x,t) € Q= (0,w)x(0,7T), (39)
u(x,0) =0, x € [0, w], (36)
u(x,T) =0, x € [0, w], 37)
u(0,8) = P1(8), u(w, ) =P,(t), t €0,T], (38)

where w = 0.5, T = 0.1, a(x,t) = 1,c(x,t) =0, b(x,t) =t? + Lo(x, t) = x2(x,5) = s, f(x,t) =
xe*t sin(10mt) + 10me*t cos(10mt) — t2e*t sin(10mt) — (2 + D(x3 + 1) —

0.1 2_ 3\ 2 ~ ~
S (zgffffolotfgz) 25, (6) = sin(10me), P, (£) = e®Stsin(10me).

We take h = 0.1 and produce a discretization by x: x; = ih,i = 0,5.

We introduce the notationsu; (t) = u(ih, t), u; = u(ih), f;(t) = f(ih,t),i = 0,5.

Problem (35) - (38) is replaced by the following linear boundary value problem with a parameter for
an integro-differential equation
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% = % + (% + Dy + (0.1 0)? foo'ls ‘u;(s)ds + f;(t), 1,4, (39)
u;(0)=0, i =0,5, (40)

4;(0.1) =0, i =0,5, (41)

uy(t) = sin(10mt), us(t) = e®tsin(10mt), t € [0,0.1]. (42)

In view of condition (40)-(42), from (39) we obtain two groups of equations for determining pyandgs:
= T ~
by (0o = 11 (0) — ¢, (0) fo Yo (s)P1(s)ds — f,(0),thenyy = 1,

bs(0)ps = P2(0) — 95(0) [ P5(s)t,(s)ds — f5(0)thenps = 1.125.

The functionsu,(t), ug(t), and parameters pg,us are known.

Problem (39)-(42) will be rewritten in vector-matrix form

% = A(Du+BMOu+ &) [T W(s)u(s)ds + F(t), wu€eR* t€(001),  (43)
u(0) =0, (44)
u(0.1) = 0, (45)

where u(t) = (uy (), up (), uz (t), ug (£)), & = (i1, ta, i3, 144 -unknown function and parameter,

—200 100 0 0 t2+1 0 0 0
[ 100 -200 100 0 _ 0 t2+1 0 0
A = 0 100 —200 100 » B() = 0 0 t2+1 0 ’
0 0 100 —200 0 0 0 t2 +10
001 0 0 0 s 0 0 0
[ 0 004 O 0 [0 s 0 O
*@W=\9 o 009 o [*O=lo 0 s o)
0 0 0 0.16 0 0 0 s
/ f£(0.1,t) + 100 sin(10mt)
_ f(0.2,¢t)
FO = \ £(03,1)
£(0.4,t) + 100e%5tsin(10mt)

Here we use thenumerical implementation of algorithm. Accuracy of solution depends on the
accuracy of solving the Cauchy problem on subintervals andevaluating definite integrals. We provide the
results of the numerical implementation of algorithm by partitioning theinterval [0, 0.1] with step
h=0.002.

Solution to problem (35)-(38) is pair (u*(x,t), u*(x)), where u*(x,t) = eXsin(10mt), p*(x) =

e%1tsin(10mt)

x3 4+ 1. Then solution to problem (43)-(45) is pair (u*(t),u*), where u*(¢t) :(

e%2tsin(10mt)
e%3tsin(10mt) |
\eo"”sin(lOnt)
1.001
w= 183? and the following estimates max||u* — fi|| < 0.00009, and maxj=m||u*(tj) - ﬁ(tj)” <
1.064

0.000004 is true.
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IMAPABOJIAJIBIK TEKTEC MHTETPAJIIBIK-IA®®EPEHIAAJIBIK TEHAEYJIEP YIITH BACKAPY
ECEBIH WIELTYITH CAHJIBIK KYBIKTAJIFAH 9ICI

AnHoTanus. ITapaGonanslK TeKTeC MHTErpaIIbIK-Iu(depeHIMaIABIK TeHaeyIep YIIiH mapamerpi 6ap CBHI3BIKTHIK
HIETTIK ecemn 3epTreneni. KeHiCTIKTIK aiHBIMAJbIHBI TUCKPETTEY KOMETIMEH KapacCTBIPBUIATBIH €Cell JKoi MHTErpal/IbIK-
muddepeHnmanaplk  TeHASylep Kydeci yImIiH mapaMeTpi  0ap  CBI3BIKTBIK €Ki HYKTENi MIETTIK  €celIeH
anMpoKCHMAaNUsUIaHaAbl. AJBIHFaH €CeNTi MIeNly YIIiH MapameTpliey 9Iici KONIaHBUIAABL. ANNPOKCHMANUSUIAHFaH ecell
OpenronsM HHTErpanablk AuddepeHuanibpK TeHaeyep xKyieci yirin apHaiisl Komu ecenTepines, mMeTTIK mapTTapiaH
JKoHe Oelly HYKTeNlepiHe IICIIIMHIH Y31iCCi3 mapTTapblHaH TYpaThiH Mapa-napecenke kentipineni. [Tapamerpnepi 6ap
xoi nuddepenmanabik Tenaeynep xyieci yuin Komm ecebin memy muddepeHunanapK TeHAeYAiH (yHIaMEeHTaIIbIK
MaTpHIackl KeMeriMeH Kypbuiapl. [lapaMeTpiepre KaThICTHI CHI3BIKTHI alreOpalibIK TeHACYIIep KyHeci THICTI HYKTenepaiy
MOHJIEPiH IIETTIK IIAPT MEH Y3UIiCCi3 mapTTapbiHa KOK apKbUIbl KYpbUTasl. EcenTi menryaiH KypbuFaH Kyie MeH imkKi
apanbikrapaKomu ece0in memrynin4-mi perti Pynre-Kytraoaicine Heri3enret canblK 9/ici YChIHbLIAbL.

Kinrrik ce3nep: mapabonukanblk TekTec aepOec TYBIHABUIBI HMHTErpaIabIK-TuddepeHInanabK TeHaeyIep,
napameTpi 6ap ecerr, almPOKCHMANUs, CAHIBIK XKYBIKTaTFaH MiC, alTOPUTM.
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YUCJEHHO MPUBJNKEHHBIA METO/I PEINEHUSA 3AIAYA YIIPABJIEHUSI
JJIA UHTEI'PO-JUOOEPEHIMAJIBHBIX YPABHEHHUU ITAPABOJIMYECKOI'O TUIIA

AnHoTtanus. Mccnenyercs nuHelHas kpaeBasl 3a7ada ¢ IapaMeTpoM Ul MHTErpo-Aud@epeHINalbHbIX YPaBHEHUH
napabonuyeckoro Tuna. C IOMOIIBIO IUCKPETU3ALUM IPOCTPAHCTBEHHOH IEPEMEHHOIl paccMaTpuBaeMas 3anada
aNMNpoOKCUMHUPYETCsl JIMHEWHOM JBYXTOYEUHOM KpaeBOWM 3ajadeil C [apaMeTpoM Jjsl  CUCTEMBI  MHTErpo-
muddepeHINaNbHbIX  ypaBHeHni. [lIsf pelreHns NOMYYeHHOH 3aJadd IPHMEHSACTCS MeTOJ IapaMeTpPH3allni.
AnmnpoxkcuMupymomas 3ajJada cBeleHa K SKBUBAJIEHTHOU 3a/iaue, cOCTOsIIEeH U3 crenraibHoi 3agaun Komm ams cucteMsl
HHTETpo-THuGepeHIaNbHEIX ypaBHeHIH D penronbma, KpaeBbIX YCIOBHH U YCIOBHIT HETIPEPHIBHOCTH PEIICHHS B TOUKAX
pasouenus.Pemenne 3amaun Komm a1 cucTeMbl OOBIKHOBEHHBIX AM(GEpEHIMANbHBIX YPaBHEHUH C IapaMeTpamu
CTPOHTCA C HCIONB30BaHMEM (yHAAMEHTaTbHON MaTpHIsl IuddQepeHuansHoro ypaBHeHus. CuHcTeMa IJTHHEHHBIX
anreOpandecKux ypaBHEHUN OTHOCHUTENILHO MapaMeTPOB COCTABILIETCS IIyTE€M HMOACTAHOBKU 3HAYEHHH COOTBETCTBYIOIIUX
TOYEK B KPacBO€ yCJIOBHE U yCIO0BHs HEIPepbIBHOCTHU. [Ipeanaraercsa 4ucieHHbI METO/ pellieHus 3aa4l, OCHOBAHHBIH Ha
pelLIeHNH IOCTPOEHHOI cucTeMbl 1 MeTofa Pynre-KyTTs! 4-ro nopsiaka mis pemenus 3agaun Komu Ha mouHTepBaiax.

KnaroueBnle cioBa: HHTErpo-audepeHIHanbHble YPAaBHEHNS C YaCTHBIMH IPOM3BOJHBIMH TapabOIMYecKoro THIa,
3a/1a4a ¢ MapaMeTpoM, alllPOKCUMAIIHS, YUCTEHHO IPHOIMKEHHBIH METO I, alTOPUTM.
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