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NUMERICALLY APPROXIMATE METHOD FOR SOLVING  
OF A CONTROL PROBLEM FOR INTEGRO-DIFFERENTIAL 

EQUATIONS  OF PARABOLIC TYPE 
 
Abstract. A linear boundary value problem with a parameter for integro-differential equations of parabolic type 

is investigated. Using the spatial variable discretization, the considering problem is approximated by a linear 
boundary value problem with a parameter for a system of ordinary integro-differential equations.The 
parameterization method is used for solving the obtained problem. The approximating problem is reduced to an 
equivalent problem consisting of a special Cauchy problem for the system of Fredholm integro-differential 
equations, boundary conditions, and continuity conditions of the solution at the partition points. The solution of the 
Cauchy problem for the system of ordinary differential equations with parameters is constructed using the 
fundamental matrix of the differential equation. The system of a linear algebraic equations with respect to the 
parameters are composed by substituting the values of the corresponding points in the boundary condition and the 
continuity conditions. Numerical method for solving of the problem is suggested, which based on the solving of the 
constructed system and method of Runge-Kutta 4-th order for solving of the Cauchy problem on the subintervals. 

Key words:partial integro-differential equations of parabolic type, problem with parameter, approximation, 
numericallyapproximate method, algorithm. 
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Control problems, which are also called boundary value problems with parameters and the problem 

of parameter identification for a system of ordinary differential and integro-differential equations with 
parameters, have been actively investigated in recent decades. Models describing reaction-diffusion 
processes lead to control problems for integro-differential equations of parabolic type [1-17].Questions 
of existence, uniqueness and stability of solving problems with parameters are very important for 
development of numerical methods of identification of parameters of the mathematical models described 
by integro-differential equations of parabolic type [1-17]. 

In the present paper, linear problem with a parameter for an integro-differential equation of parabolic 
type is investigated. By discretizing a spatial variable, the considering problem is approximated by a two-
point boundary value problem with parameters for a system of Fredholm integro-differential equations 
with a degenerate kernel.By introducing additional parameters [18-23] as the values of the desired solution 
at some points of the interval ሾ0, ܶሿ, where the problem is considered, the obtained problem is reduced to 
the equivalent problem consisting of a special Cauchy problem for the system of Fredholm integro-
differential equations, boundary conditions, and continuity conditions for the solution at the points of 
partition.Using the integral equation, that equivalent to the special Cauchy problem for the system of 
Fredholm integro-differential equation and the  property of the degeneracy of kernel of the integral term, 



ISSN 1991-346X                                                                                                                                                    6. 2019 
 

 
15 

we obtained a representation of the solution of the special Cauchy problem using the entered parameters at 
the assumption of invertibility of a some matrix. Based on this representation, a system of algebraic 
equations with respect to the parameters is constructed from the boundary conditions and the continuity 
conditions of the solution. We offer algorithm for solving the linearboundaryvalue problem for the 
equation with degeneratekernel,anditsnumerical implementation. 

We consider a linear boundary value problem with a parameter for an integro-differential equation of 
parabolic type 

ݑ߲
ݐ߲

ൌ ܽሺݔ, ሻݐ
߲ଶݑ
ଶݔ߲

൅ ܿሺݔ, ݑሻݐ ൅ ܾሺݔ, ሻݔሺߤሻݐ ൅ 

 ൅߮ሺݔ, ሻݐ ׬ ߰ሺݔ, ,ݔሺݑሻݏ ݏሻ݀ݏ
்
଴ ൅ ݂ሺݔ, ,ݔሺ					ሻ,ݐ ሻݐ ∈ Ω ൌ ሺ0, ߱ሻ ൈ ሺ0, ܶሻ,   (1) 

,ݔሺݑ  0ሻ ൌ 0, ݔ ∈ ሾ0, ߱ሿ,   (2) 

,ݔሺݑ  ܶሻ ൌ 0, ݔ ∈ ሾ0, ߱ሿ,      (3) 

,ሺ0ݑ  ሻݐ ൌ ෨߰ଵሺݐሻ,			ݑሺ߱, ሻݐ ൌ ෨߰ଶሺݐሻ,			ݐ ∈ ሾ0, ܶሿ,     (4) 
 
where ݑሺݔ, ,ݔሻisunknown functional parameter, functionsܽሺݔሺߤ ,ሻissought functionݐ ሻݐ ൒ ܽ଴ ൐ 0, 
ܿሺݔ, ሻݐ ൑ 0, ܾሺݔ, ,ݔሻ,  ߮ሺݐ ,ݔሻ,߰ሺݐ ,ݔሻ, ݂ሺݐ  ;onΩ ݔand Holder continuous inݐ ሻare continuous inݐ
functions ෨߰ଵሺݐሻ,  ෨߰ଶሺݐሻare continuous on ሾ0, ܶሿ. It is assumed that the boundary functions are sufficiently 
smooth and satisfy the matching conditions. 

The solution of the boundary problem (1)-(4) is a pair of functionsሺݑ∗ሺݔ, ,ሻݐ  ሻሻ,where functionݔሺ∗ߤ
,ݔሺ∗ݑ  of first order, with ݔ ሻ is continuousonΩ, that has continuouspartial derivatives with respect toݐ
respect to ݐ of second order, satisfies the integro-differential equation (1) at ߤሺݔሻ ൌ ݔ ,ሻݔሺ∗ߤ ∈ ሾ0, ߱ሿ,and 
boundary conditions (2)-(4). 

In view of condition (2)-(4), from (1) we obtain two groups of equations for determining 
 :ሺ߱ሻߤሺ0ሻandߤ

ܾሺ0,0ሻߤሺ0ሻ ൌ ෨߰ଵ
ሶ ሺ0ሻ െ ߮ሺ0, 0ሻන߰ሺ0, ሻݏ ෨߰ଵሺݏሻ݀ݏ

்

଴

െ ݂ሺ0, 0ሻ, 

ܾሺ߱, 0ሻߤሺ߱ሻ ൌ ෨߰ଶ
ሶ ሺ0ሻ െ ߮ሺ߱, 0ሻන߰ሺ߱, ሻݏ ෨߰ଶሺݏሻ݀ݏ

்

଴

െ ݂ሺ߱, 0ሻ, 

ܾሺ0, ܶሻߤሺ0ሻ ൌ ෨߰ଵ
ሶ ሺܶሻ െ ߮ሺ0, ܶሻන߰ሺ0, ሻݏ ෨߰ଵሺݏሻ݀ݏ

்

଴

െ ݂ሺ0, ܶሻ, 

ܾሺ߱, ܶሻߤሺ߱ሻ ൌ ෨߰ଶ
ሶ ሺܶሻ െ ߮ሺ߱, ܶሻන߰ሺ߱, ሻݏ ෨߰ଶሺݏሻ݀ݏ

்

଴

െ ݂ሺ߱, ܶሻ. 

These relations also are the matching conditions with respect to initial data. 
We take ∀݄ ൐ 0 and produce a discretization by ݔ   :ݔ௜ ൌ ݄݅, ݅ ൌ 0, ܲ,തതതതതത ݄ܲ ൌ ߱. 
We introduce the notationsݑ௜ሺݐሻ ൌ ,ሺ݄݅ݑ ,ሻݐ ௜ߤ ൌ ,ሺ݄݅ሻߤ ܽ௜ሺݐሻ ൌ ܽሺ݄݅, ,ሻݐ ܿ௜ሺݐሻ ൌ ܿሺ݄݅, ,ሻݐ ܾ௜ሺݐሻ ൌ

ܾሺ݄݅, ,ሻݐ ߮௜ሺݐሻ ൌ ߮ሺ݄݅, ,ሻݐ ߰௜ሺݐሻ ൌ ߰ሺ݄݅, ,ሻݐ ௜݂ሺݐሻ ൌ ݂ሺ݄݅, ,ሻݐ ݅ ൌ 0, ܲതതതതത. 
Problem (1) - (4) is replaced by the following linear boundary value problem with a parameter for an 

integro-differential equation  
 

௜ݑ݀
ݐ݀

ൌ ܽ௜ሺݐሻ
௜ାଵݑ െ ௜ݑ2 ൅ ௜ିଵݑ

݄ଶ
൅ ܿ௜ሺݐሻݑ௜ ൅ ܾ௜ሺݐሻߤ௜ ൅ 

 ൅߮௜ሺݐሻ ׬ ߰௜ሺݏሻݑ௜ሺݏሻ݀ݏ
்
଴ ൅ ௜݂ሺݐሻ,							݅ ൌ 1, ܲ െ 1തതതതതതതതതത,	   (5) 

௜ሺ0ሻݑ  ൌ 0, ݅ ൌ 0, ܲതതതതത,   (6) 

௜ሺܶሻݑ  ൌ 0, ݅ ൌ 0, ܲതതതതത,   (7)
ሻݐ଴ሺݑ  ൌ ෨߰ଵሺݐሻ,			ݑ௉ሺݐሻ ൌ ෨߰ଶሺݐሻ,			ݐ ∈ ሾ0, ܶሿ.     (8) 



News of the National Academy of sciences of the Republic of Kazakhstan 
  

 
16 

The functionsݑ଴ሺݐሻ,  ݑ௉ሺݐሻ, and parameters ߤ଴,ߤ௉ are known. 
Problem (5)-(8) will be rewritten in vector-matrix form 

 
ௗ௨

ௗ௧
ൌ ݑሻݐሺܣ ൅ ߤሻݐሺܤ ൅ Φሺݐሻ ׬ Ψሺݏሻݑሺݏሻ݀ݏ

்
଴ ൅ ,ݑ							,ሻݐሺܨ ߤ ∈ ܴ௉ିଵ,							ݐ ∈ ሺ0, ܶሻ, (9) 

ሺ0ሻݑ  ൌ 0,		      (10) 

ሺܶሻݑ  ൌ 0,	           (11) 
 

whereݑ	ሺݐሻ ൌ ሺݑଵሺݐሻ, ,ሻݐଶሺݑ … , ߤ ,ሻሻݐ௉ିଵሺݑ ൌ ሺߤଵ, ,ଶߤ … ,  ,௉ିଵሻ-unknown function and parameterߤ
 

ሻݐሺܣ ൌ

ۉ

ۈ
ۈ
ۈ
ۇ
െ

ଶ௔భሺ௧ሻ

௛మ
൅ ܿଵሺݐሻ

௔భሺ௧ሻ

௛మ
0 ⋯ 0

௔మሺ௧ሻ

௛మ
െ

ଶ௔మሺ௧ሻ

௛మ
൅ ܿଶሺݐሻ

௔మሺ௧ሻ

௛మ
⋯ 0

0
௔యሺ௧ሻ

௛మ
െ

ଶ௔యሺ௧ሻ

௛మ
൅ ܿଷሺݐሻ ⋯ 0

⋯ ⋯ ⋯ ⋯ ⋯
0 0 0 ⋯ െ

ଶ௔ುషభሺ௧ሻ

௛మ
൅ ܿ௉ିଵሺݐሻی

ۋ
ۋ
ۋ
ۊ

, 

ሻݐሺܤ ൌ ݀݅ܽ݃ሼܾଵሺݐሻ, ܾଶሺݐሻ, … , ܾ௉ିଵሺݐሻሽ,   

Φሺݐሻ ൌ ݀݅ܽ݃ሼ߮ଵሺݐሻ, ߮ଶሺݐሻ, … , ߮௉ିଵሺݐሻሽ,  

Ψሺݏሻ ൌ ݀݅ܽ݃ሼ߰ଵሺݏሻ, ߰ଶሺݏሻ, … , ߰௉ିଵሺݏሻሽ, 

ሻݐሺܨ ൌ ൬௔భ
ሺ௧ሻ

௛మ
෨߰ଵሺݐሻ ൅ ଵ݂ሺݐሻ, ଶ݂ሺݐሻ, … ,

௔ುషభሺ௧ሻ

௛మ
෨߰ଶሺݐሻ ൅ ௉݂ିଵሺݐሻ൰

ോ
. 

 
Here ሺܲ െ 1ሻ ൈ ሺܲ െ 1ሻ-matricesAሺtሻ,		Bሺtሻ,		Φሺݐሻ, Ψሺݏሻandሺܲ െ 1ሻ-vectorܨሺݐሻare continuous 

onሾ0, ܶሿ. 
The solution to problem (9) - (11) is a pairሺݑ∗ሺݐሻ, ,ሻ, where continuous on ሾ0∗ߤ ܶሿand continuously 

differentiable on ሺ0, ܶሻa function ݑ∗ሺݐሻsatisfies the integro-differential equation (9) at ߤ ൌ  and∗ߤ
conditions (10), (11). 

To solve the problem with parameter (9)-(11), the approach developed in [24-26] is used, based on 
the algorithms of the parameterization method and numerical methods for solving Cauchy problems.  

Scheme of the method.Points0 ൌ ଴ݐ ൏ ଵݐ ൏ ⋯ ൏ ேିଵݐ ൏ ேݐ ൌ ܶ are taken and the intervalሾ0, ܶሻ is 
divided into ܰsubintervals:ሾ0, ܶሻ ൌ ⋃ ሾݐ௥ିଵ, ௥ሻݐ

ே
௥ୀଵ , which is denoted by∆ே[20].  The restriction of the 

function ݑሺݐሻ to the ݎ െth interval ሾݐ௥ିଵ, ሻݐ௥ሺݑ .ሻ, i.eݐ௥ሺݔ ௥ሻ is denoted byݐ ൌ ݐ ሻforݐሺݑ ∈ ሾݐ௥ିଵ,  ,௥ሻݐ
r=1,ܰതതതതത. 

Letܥሺሾ0, ܶሿ, ܴ௉ିଵሻbe the space of continuous on ሾ0, ܶሿfunctionsݑ: ሾ0, ܶሿ → ܴ௉ିଵwith norm‖ݑ‖ଵ ൌ
max௧∈ሾ଴,்ሿ‖ݑሺݐሻ‖ ; ,ሺሾ0ܥ ܶሿ, ∆ே, ܴ

ሺ௉ିଵሻேሻ - the space of systems of 
functionsݑሾݐሿ ൌ ሺݑଵሺݐሻ, ,ሻݐଶሺݑ … , :௥ݑ ሻሻ, whereݐேሺݑ ሾݐ௥ିଵ, ௥ሻݐ → ܴ௉ିଵ are continuous onሾݐ௥ିଵ,  ௥ሻ andݐ
have finite left-sided limitslim௧→௧ೝି଴  ሻ for allr=1,ܰതതതതത, withݐ௥ሺݑ
norm‖ݑሾ∙ሿ‖ଶ ൌ max୰ୀଵ,ேതതതതത sup௧∈ሾ௧ೝషభ,௧ೝሻ‖ݑ௥ሺݐሻ‖. 

We introduce additional parameters ߣ௥ ൌ ଵߣ ,r=2,ܰതതതതത			௥ିଵሻ,ݐ௥ሺݑ ൌ ሻݐଵሺݑ Making the substitution.ߤ ൌ
,ሻݐଵሺݖ ሻݐ௥ሺݑ ൌ ሻݐ௥ሺݖ ൅ ,௥ିଵݐth interval ሾ-ݎ ௥on everyߣ  r=2,ܰതതതതത,we obtain multipoint boundary value		௥ሻ,ݐ
problem with parameters 

ଵݖ݀
ݐ݀

ൌ ଵݖሻݐሺܣ ൅ ଵߣሻݐሺܤ ൅ Φሺݐሻ෍ න Ψሺݏሻݖ௝ሺݏሻ݀ݏ

௧ೕ

௧ೕషభ

ே

௝ୀଵ

൅ 

 ൅Φሺݐሻ∑ ׬ Ψሺݏሻߣ௝݀ݏ
௧ೕ
௧ೕషభ

ே
௝ୀଶ ൅ ݐ					,ሻݐሺܨ ∈ ሾݐ଴,  ଵሻ,  (12)ݐ

଴ሻݐଵሺݖ  ൌ 0,		              (13) 
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௥ݖ݀
ݐ݀

ൌ ௥ݖሻሺݐሺܣ ൅ ௥ሻߣ ൅ ଵߣሻݐሺܤ ൅ Φሺݐሻ෍ න Ψሺݏሻݖ௝ሺݏሻ݀ݏ

௧ೕ

௧ೕషభ

ே

௝ୀଵ

൅ 

 ൅Φሺݐሻ∑ ׬ Ψሺݏሻߣ௝݀ݏ
௧ೕ
௧ೕషభ

ே
௝ୀଶ ൅ ݐ					,ሻݐሺܨ ∈ ሾݐ௥ିଵ,  ௥ሻ,  (14)ݐ

௥ିଵሻݐ௥ሺݖ  ൌ 0,		r=2, ܰതതതതത,  (15) 

ேߣ  ൅ lim௧→்ି଴ ሻݐேሺݖ ൌ 0,	                     (16) 

 lim௧→௧భି଴ ሻݐଵሺݖ ൌ                       (17)	ଶ,ߣ

௦ߣ  ൅ lim௧→௧ೞି଴ ሻݐ௦ሺݖ ൌ ݏ				,௦ାଵߣ ൌ 2, ܰ െ 1തതതതതതതതതത.	        (18) 
 
The solution of the problem with parameters (12)-(18) is a pair ሺݖ∗ሾݐሿ, ሿݐሾ∗ݖሻwhere the function∗ߣ ൌ

ሺݖଵ
∗ሺݐሻ, ଶݖ

∗ሺݐሻ, … , ேݖ
∗ ሺݐሻሻ ∈ ,ሺሾ0ܥ ܶሿ, ∆ே, ܴ

ሺ௉ିଵሻேሻwith continuously differentiable components 
,௥ିଵݐሻonሾݐ௥∗ሺݖ ∗ߣ ௥ሻandݐ ൌ ሺߣଵ

∗ , ଶߣ
∗ , … , ேߣ

∗ ሻ ∈ ܴሺ௉ିଵሻே, satisfies the integro-differential equation with 
parameters (12), (14), initial conditions (13), (15), relations (16)-(18) atߣ௝ ൌ ௝ߣ

∗ , ݆ ൌ 2,ܰതതതതത. 
If the pairሺݑ∗ሺݐሻ, ,ሿݐሾ∗ݖሻ is a solution of problem (9)-(11), then the pair ሺ∗ߤ ሿݐሾ∗ݖ ሻwith elements∗ߣ ൌ

ሺݖଵ
∗ሺݐሻ, ଶݖ

∗ሺݐሻ, … , ேݖ
∗ ሺݐሻሻ ∈ ,ሺሾ0ܥ ܶሿ, ∆ே, ܴ

ሺ௉ିଵሻேሻ, ߣ∗ ൌ ሺߣଵ
∗ , ଶߣ

∗ , … , ேߣ
∗ ሻ ∈ ܴሺ௉ିଵሻே,  where ߣଵ

∗ ൌ ∗ߤ ∈
ܴ௉ିଵ, ଵݖ				

∗ሺݐሻ ൌ ଵݑ
∗ሺݐሻ,				ݐ ∈ ሾݐ଴, ∗௥ߣ   ,ଵሻݐ ൌ ,௥ିଵሻݐ௥∗ሺݑ ሻݐ௥∗ሺݖ ൌ ሻݐ௥∗ሺݑ ൅ ,௥ିଵሻݐ௥∗ሺݑ ݐ ∈ ሾݐ௥ିଵ, ,௥ሻݐ r ൌ

2,ܰതതതതത,	is the solution of problem (12)-(18). Conversely, if a pair ൫̃ݖሾݐሿ, ሿݐሾݖ̃ ሚ൯with elementsߣ ൌ
ሺ̃ݖଵሺݐሻ, ,ሻݐଶሺݖ̃ … , ሻሻݐேሺݖ̃ ∈ ,ሺሾ0ܥ ܶሿ, ∆ே, ܴ

ሺ௉ିଵሻேሻ, ߣሚ ൌ ሺߣሚଵ, ,ሚଶߣ … , ሚேሻߣ ∈ ܴሺ௉ିଵሻே,  is a solution of (12)-
(18) , then the pair ሺݑ෤ሺݐሻ, ሻݐ෤ሺݑ  ෤ሻdefined by the equalitiesߤ ൌ ݐ				,ሻݐଵሺݖ̃ ∈ ሾݐ଴, ሻݐ෤ሺݑ,ଵሻݐ ൌ ሻݐ௥ሺݖ̃ ൅ ݐ,ሚ௥ߣ ∈
ሾݐ௥ିଵ, ,௥ሻݐ r ൌ 2,ܰതതതതത,ݑ෤ሺܶሻ ൌ lim௧→்ି଴ ሻݐேሺݖ̃ ൅ ෤ߤ   ሚே andߣ ൌ  ሚଵ, will be the solution of the originalߣ
boundary value problem with parameter (9) - (11). 

Using the fundamental matrix ܺ௥ሺݐሻof the differential equation
ௗ௫

ௗ௧
ൌ ݐ,ݔሻݐሺܣ ∈ ሾݐ௥ିଵ, ,௥ሻݐ r ൌ 1,ܰതതതതത, 

we reduce the solution of a special Cauchy problem for an integro-differential equation with parameters 
(12)-(15) to an equivalent system of integral equation 

ሻݐଵሺݖ ൌ ଵܺሺݐሻ න ଵܺ
ିଵሺ߬ሻΦሺ߬ሻ ቐ෍ න Ψሺݏሻݖ௝ሺݏሻ݀ݏ

௧ೕ

௧ೕషభ

ே

௝ୀଵ

൅෍ න Ψሺݏሻߣ௝݀ݏ

௧ೕ

௧ೕషభ

ே

௝ୀଶ

ቑ݀߬

௧

௧బ

൅ 

 ൅ ଵܺሺݐሻ ׬ ଵܺ
ିଵሺ߬ሻܤሺ߬ሻ݀߬

௧
௧బ

λଵ൅ ଵܺሺݐሻ ׬ ଵܺ
ିଵሺ߬ሻܨሺ߬ሻ݀߬

௧
௧బ

, ݐ ∈ ሾݐ଴,  ଵሻ,   (19)ݐ

ሻݐ௥ሺݖ ൌ ܺ௥ሺݐሻ න ܺ௥ିଵሺ߬ሻΦሺ߬ሻ ቐ෍ න Ψሺݏሻݖ௝ሺݏሻ݀ݏ

௧ೕ

௧ೕషభ

ே

௝ୀଵ

൅෍ න Ψሺݏሻߣ௝݀ݏ

௧ೕ

௧ೕషభ

ே

௝ୀଶ

ቑ݀߬

௧

௧ೝషభ

൅ 

൅ܺ௥ሺݐሻ න ܺ௥ିଵሺ߬ሻܣሺ߬ሻ݀߬

௧

௧ೝషభ

λ୰ ൅ ܺ௥ሺݐሻ න ܺ௥ିଵሺ߬ሻܤሺ߬ሻ݀߬

௧

௧ೝషభ

λଵ ൅ 

 ൅ܺ௥ሺݐሻ ׬ ܺ௥ିଵሺ߬ሻܨሺ߬ሻ݀߬
௧
௧ೝషభ

, ݐ ∈ ሾݐ௥ିଵ, ,௥ሻݐ r ൌ 2,ܰതതതതത.      (20) 

Let ߦ ൌ ∑ ׬ Ψሺݏሻݖ௝ሺݏሻ݀ݏ
௧ೕ
௧ೕషభ

ே
௝ୀଵ and rewrite the system of integral equations (19), (20) in the form 

ሻݐଵሺݖ ൌ ଵܺሺݐሻ න ଵܺ
ିଵሺ߬ሻΦሺ߬ሻ ቐߦ ൅෍ න Ψሺݏሻߣ௝݀ݏ

௧ೕ

௧ೕషభ

ே

௝ୀଶ

ቑ݀߬

௧

௧బ

൅ 

 ൅ ଵܺሺݐሻ ׬ ଵܺ
ିଵሺ߬ሻܤሺ߬ሻ݀߬

௧
௧బ

λଵ൅ ଵܺሺݐሻ ׬ ଵܺ
ିଵሺ߬ሻܨሺ߬ሻ݀߬

௧
௧బ

, ݐ ∈ ሾݐ଴,  ଵሻ,    (21)ݐ
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ሻݐ௥ሺݖ ൌ ܺ௥ሺݐሻ න ܺ௥ିଵሺ߬ሻΦሺ߬ሻ ቐߦ ൅෍ න Ψሺݏሻߣ௝݀ݏ

௧ೕ

௧ೕషభ

ே

௝ୀଶ

ቑ݀߬

௧

௧ೝషభ

൅ 

൅ܺ௥ሺݐሻ න ܺ௥ିଵሺ߬ሻܣሺ߬ሻ݀߬

௧

௧ೝషభ

λ୰ ൅ ܺ௥ሺݐሻ න ܺ௥ିଵሺ߬ሻܤሺ߬ሻ݀߬

௧

௧ೝషభ

λଵ ൅ 

 ൅ܺ௥ሺݐሻ ׬ ܺ௥ିଵሺ߬ሻܨሺ߬ሻ݀߬
௧
௧ೝషభ

, ݐ ∈ ሾݐ௥ିଵ, ,௥ሻݐ r ൌ 2,ܰതതതതത.      (22) 

 
Multiplying both parts of (21), (22)by Ψሺݐሻ, integrating onሾݐ௥ିଵ,  we obtain a ,ݎ௥ሿ, and summing byݐ

system of linear algebraic equations with respect toߦ ∈ ܴ௉ିଵ 
 
ߦ  ൌ ߦሺΔேሻܩ ൅ ∑ ௥ܸሺΔேሻ

ே
௥ୀଵ λ௥+g(F,Δே),	 (23) 

 
with	ሺܲ െ 1ሻ ൈ ሺܲ െ 1ሻ-matrices 

ሺΔேሻܩ ൌ ෍ න Ψሺ߬ሻܺ௥ሺ߬ሻ

௧ೝ

௧ೝషభ

ே

௥ୀଵ

න ܺ௥ିଵሺݏሻΦሺݏሻ݀߬݀ݏ

ఛ

௧ೝషభ

, 

ଵܸሺΔேሻ ൌ ෍ න Ψሺ߬ሻܺ௥ሺ߬ሻ

௧ೝ

௧ೝషభ

ே

௥ୀଵ

න ܺ௥ିଵሺݏሻBሺݏሻ݀߬݀ݏ

ఛ

௧ೝషభ

, 

௥ܸሺΔேሻ ൌ න Ψሺ߬ሻܺ௥ሺ߬ሻ න ܺ௥ିଵሺݏሻܣሺݏሻ݀߬݀ݏ

ఛ

௧ೝషభ

௧ೝ

௧ೝషభ

൅ 

 +∑ ∑ ׬ Ψሺ߬ሻܺ௥ሺ߬ሻ
௧ೝ
௧ೝషభ

׬ ܺ௥ିଵሺ߬ଵሻΦሺ߬ଵሻ݀߬ଵ݀߬
ఛ
௧ೝషభ

׬ Ψሺݏሻ݀ݏ
௧ೕ
௧ೕషభ

ே
௝ୀଵ

ே
௥ୀଵ ,			r ൌ 2, ܰതതതതത. 

andሺܲ െ 1ሻ–vectors 

 g(F,Δே)ൌ ∑ ׬ Ψሺ߬ሻܺ௥ሺ߬ሻ
௧ೝ
௧ೝషభ

ே
௥ୀଵ ׬ ܺ௥ିଵሺݏሻFሺݏሻ݀߬݀ݏ

ఛ
௧ೝషభ

. 

We write the system (23) in the form 

 ሾܫ െ ߦሺΔேሻሿܩ ൌ ∑ ௥ܸሺΔேሻ
ே
௥ୀଵ λ௥+g(F,Δே),	(24) 

whereܫis the identity matrix of ሺܲ െ 1ሻdimension. 
 
The special Cauchy problem (12) - (15) is equivalent to the system of integral equations (19) - (20). 

This system, due to the degeneracy of the kernel, will be equivalent to the system of algebraic equations 
(23) with respect toߦ ∈ ܴ௉ିଵ. The unique solvability of the special Cauchy problem was investigated in 
[19, 20]. It has been established that with a sufficiently small step݄ ൐ 0:݄ܰ ൌ ܶ partitioning a 
segmentሾ0, ܶሿ the special Cauchy problem will be unique solvable. 

Let the matrix ܫ െ ܫሺΔேሻbe invertible, i.e. exists ሾܩ െ  ேሻሿିଵ. Then, according to (24), the vector߂ሺܩ
ߦ ∈ ܴ௉ିଵis determined by the equality 

ߦ  ൌ ሾܫ െ ேሻሿିଵ߂ሺܩ ∑ ௥ܸሺΔேሻ
ே
௥ୀଵ λ௥+ሾܫ െ  ேሻሿିଵg(F,Δே). (25)߂ሺܩ

In (21), (22), instead of ߦ substituting the right-hand side of (25), we obtain the representation of the 
function ݖ௥ሺݐሻin terms ofߣ௥, ݎ ൌ 1,ܰ ൅ 1തതതതതതതതതത: 
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ሻݐଵሺݖ ൌ෍ቐ ଵܺሺݐሻ න ଵܺ
ିଵሺ߬ሻΦሺ߬ሻ݀߬

௧

௧బ

቎ሾܫ െ ேሻሿିଵ߂ሺܩ ௝ܸሺΔேሻ ൅ න Ψሺݏሻ݀ݏ

௧ೕ

௧ೕషభ

቏ቑ ௝ߣ

ே

௝ୀଶ

൅ 

൅ ଵܺሺݐሻ න ଵܺ
ିଵሺ߬ሻሾΦሺ߬ሻሾܫ െ ேሻሿିଵ߂ሺܩ ଵܸሺ	Δேሻ ൅ ሺ߬ሻሿ݀߬ܤ

௧

௧బ

λଵ ൅ 

 ൅ ଵܺሺݐሻ ׬ ଵܺ
ିଵሺ߬ሻሾΦሺ߬ሻሾܫ െ ,ேሻሿିଵgሺF߂ሺܩ Δேሻ ൅ ሺ߬ሻሿ݀߬ܨ

௧
௧బ

, ݐ ∈ ሾݐ଴,   (26)		ଵሻ,ݐ

 

ሻݐ௥ሺݖ ൌ෍ቐܺ௥ሺݐሻ න ܺ௥ିଵሺ߬ሻΦሺ߬ሻ݀߬

௧

௧ೝషభ

቎ሾܫ െ ேሻሿିଵ߂ሺܩ ௝ܸሺΔேሻ ൅ න Ψሺݏሻ݀ݏ

௧ೕ

௧ೕషభ

቏ቑ ௝ߣ

ே

௝ୀଶ

൅ 

൅ܺ௥ሺݐሻ න ܺ௥ିଵሺ߬ሻܣሺ߬ሻ݀߬

௧

௧ೝషభ

λ୰ ൅ ܺ௥ሺݐሻ න ܺ௥ିଵሺ߬ሻሾΦሺ߬ሻሾܫ െ ேሻሿିଵ߂ሺܩ ଵܸሺ	Δேሻ ൅ ሺ߬ሻሿ݀߬ܤ

௧

௧ೝషభ

λଵ ൅ 

 ൅ܺ௥ሺݐሻ ׬ ܺ௥ିଵሺ߬ሻሾΦሺ߬ሻሾܫ െ ,ேሻሿିଵgሺF߂ሺܩ Δேሻ ൅ ሺ߬ሻሿ݀߬ܨ
௧
௧ೝషభ

, ݐ ∈ ሾݐ௥ିଵ, ,௥ሻݐ r ൌ 2,ܰതതതതത. (27) 

 
We introduce the notations 
 

ேሻ߂௥,௝ሺܦ ൌ ܺ௥ሺݐ௥ሻ න ܺ௥ିଵሺ߬ሻΦሺ߬ሻ݀߬

௧ೝ

௧ೝషభ

቎ሾܫ െ ேሻሿିଵ߂ሺܩ ௝ܸሺΔேሻ ൅ න Ψሺݏሻ݀ݏ

௧ೕ

௧ೕషభ

቏ ݎ			, ് ݆, r, j ൌ 2, ܰതതതതത, 

ேሻ߂௥,௥ሺܦ ൌ ܺ௥ሺݐ௥ሻ න ܺ௥ିଵሺ߬ሻΦሺ߬ሻ݀߬

௧ೝ

௧ೝషభ

቎ሾܫ െ ேሻሿିଵ߂ሺܩ ௥ܸሺΔேሻ ൅ න Ψሺݏሻ݀ݏ

௧ೕ

௧ೕషభ

቏

൅ ൅ܺ௥ሺݐ௥ሻ න ܺ௥ିଵሺ߬ሻܣሺ߬ሻ݀߬

௧ೝ

௧ೝషభ

, r ൌ 2,ܰതതതതത, 

ேሻ߂௥,ଵሺܦ ൌ ܺ௥ሺݐ௥ሻ න ܺ௥ିଵሺ߬ሻΦሺ߬ሻ݀߬

௧ೝ

௧ೝషభ

ሾܫ െ ேሻሿିଵ߂ሺܩ ଵܸሺΔேሻ൅ܺ௥ሺݐ௥ሻ න ܺ௥ିଵሺ߬ሻܤሺ߬ሻ݀߬

௧ೝ

௧ೝషభ

, r ൌ 1,ܰതതതതത, 

ேሻ߂௥ሺܨ ൌ ܺ௥ሺݐ௥ሻ න ܺ௥ିଵሺ߬ሻΦሺ߬ሻሾܫ െ ,ேሻሿିଵgሺF߂ሺܩ Δேሻ݀߬

௧ೝ

௧ೝషభ

൅ܺ௥ሺݐ௥ሻ න ܺ௥ିଵሺ߬ሻܨሺ߬ሻ݀߬

௧ೝ

௧ೝషభ

, r ൌ 1,ܰതതതതത. 

 
Then from (26), (27) we obtain 

 lim௧→௧ೝି଴ ሻݐ௥ሺݖ ൌ ∑ ேሻ߂௥,௝ሺܦ
ே
௝ୀଵ λ୨ ൅ ேሻ,    r߂௥ሺܨ ൌ 1,ܰതതതതത.            (28) 

Substituting the corresponding right-hand sides of (28) into the conditions (16) – (18), we obtain a 
system of linear algebraic equations with respect to the parametersߣ௥, ݎ ൌ 1,ܰ ൅ 1തതതതതതതതതത: 

ܫൣ  ൅ ேߣேሻ൧߂ே,ேሺܦ ൅ ∑ ேሻ߂ே,௝ሺܦ
ேିଵ
௝ୀଵ λ୨ ൌ െܨேሺ߂ேሻ,	 (29) 

 ∑ ேሻ߂ଵ,௝ሺܦ
ே
௝ୀଵ
	௝ஷଶ

λ୨ െ ܫൣ െ ଶߣேሻ൧߂ଵ,ଶሺܦ ൌ െܨଵሺ߂ேሻ,			 (30) 
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ܫൣ ൅ ௦ߣேሻ൧߂௦,௦ሺܦ െ ܫൣ െ ௦ାଵߣேሻ൧߂௦,௦ାଵሺܦ ൅ 

 ൅∑ ேሻ߂௦,௝ሺܦ
ே

௝ୀଵ
௝ஷ௦,௝ஷ௦ାଵ

λ୨ ൌ െܨ௦ሺ߂ேሻ,				ݏ ൌ 2, ܰ െ 1തതതതതതതതതത.	      (31) 

We denote the matrix corresponding to the left side of the system of equations (29) - (31) by 
ܳ∗ሺ߂ேሻand write the system in the form 

 ܳ∗ሺ߂ேሻߣ ൌ െܨ∗ሺ߂ேሻ,			ߣ ∈ ܴ
ሺ௉ିଵሻே	, (32) 

where ܨ∗ሺ߂ேሻ ൌ ሺܨேሺ߂ேሻ, ,ேሻ߂ଵሺܨ … , ேሻሻ߂ேିଵሺܨ ∈ ܴ
ሺ௉ିଵሻே. 

Cauchy problems for ordinary differential equations on subintervals 

 
ௗ௫

ௗ௧
ൌ ݔሻݐሺܣ ൅ ܲሺݐሻ,			ݔሺݐ௥ିଵሻ ൌ ݐ				,0 ∈ ሾݐ௥ିଵ, ,௥ሿݐ r ൌ 1, ܰതതതതത (33) 

are a significant part of proposed algorithm. Here ܲሺݐሻ	is either (݊ ൈ ݊ሻ	matrix, or ݊	vector, both 
continuous on ሾݐ௥ିଵ, ,௥ሿݐ r ൌ 1, ܰതതതതത. Consequently, solution to problem (33) is a square matrix or a vector 
of dimension ݊. 

Denote by ܽሺܲ,  ,ሻ the solution to the Cauchy problem (33). Obviouslyݐ

ܽሺܲ, ሻݐ ൌ ܺ௥ሺݐሻ න ܺ௥ିଵሺ߬ሻPሺ߬ሻ݀߬

௧

௧ೝషభ

ݐ			, ∈ ሾݐ௥ିଵ,  		,௥ሿݐ

where	ܺ௥ሺݐሻ is a fundamental matrix of differential equation (33) on the r-th interval. 
We offer the following numerical implementation of algorithm based on the Runge – Kutta method of 

4th order and Simpson’s method. 
1. Suppose we have a partition	∆ே:	0 ൌ ଴ݐ ൏ ଵݐ ൏ ⋯ ൏ ேିଵݐ ൏ ேݐ ൌ ܶ. Divide each r-th 

interval	ሾݐ௥ିଵ, r			௥ሿ,ݐ ൌ 1, ܰതതതതത, into	 ௥ܰ parts with step ݄௥ ൌ ሺݐ௥ െ /௥ିଵሻݐ ௥ܰ. Assume on each 
interval	ሾݐ௥ିଵ, ݐ̂ :takes its discrete values ݐ̂ the variable	௥ሿݐ ൌ ,௥ିଵݐ ݐ̂ ൌ ௥ିଵݐ ൅ ݄௥, … , ݐ̂ ൌ ௥ିଵݐ ൅
ሺ ௥ܰ െ 1ሻ݄௥, ݐ̂ ൌ ,௥ିଵݐand denote by ሼ	௥,ݐ   .the set of such points	௥ሽݐ

2. Using the Runge Kutta method of 4th order, we find the numerical solutions to Cauchy problems 
ݔ݀
ݐ݀

ൌ ݔሻݐሺܣ ൅ Φሺݐሻ,			ݔሺݐ௥ିଵሻ ൌ ݐ				,0 ∈ ሾݐ௥ିଵ,  		,௥ሿݐ

and define the values of (݊ ൈ ݊ሻ matrices ܽ௛ೝሺΦ, ,௥ିଵݐሻon the setሼݐ̂ r			௥ሽ,ݐ ൌ 1, ܰതതതതത.  
 
3. Using the values of (݊ ൈ ݊ሻ matrices Ψሺݏሻand ܽ௛ೝሺΦ, ,௥ିଵݐሻon ሼݐ̂  , and Simpson’s method	௥ሽ,ݐ

we calculate the(݊ ൈ ݊ሻmatrices 

 Ψ෡௥
௛ೝሺΦሻ ൌ ׬ Ψሺ߬ሻܽ௛ೝሺΦ, ߬ሻ݀߬

௧ೝ
௧ೝషభ

, 	r ൌ 1, ܰതതതതത. 

Summing up the matrices Ψ෡௥
௛ೝሺΦሻ over ݎ, we find the (݊ ൈ ݊ሻ matrices ܩ௛෩ሺ߂ேሻ ൌ ∑ Ψ෡௝

௛ೕሺΦሻே
௝ୀଵ , 

where ෨݄ ൌ ሺ݄ଵ, ݄ଶ, … , ݄ேሻ ∈ ܴ௉. 
4. Solving the Cauchy problems 

ݔ݀
ݐ݀

ൌ ݔሻݐሺܣ ൅ ௥ିଵሻݐሺݔ			,ሻݐሺܣ ൌ ݐ				,0 ∈ ሾݐ௥ିଵ,  		,௥ሿݐ

ݔ݀
ݐ݀

ൌ ݔሻݐሺܣ ൅ ௥ିଵሻݐሺݔ			,ሻݐሺܤ ൌ ݐ				,0 ∈ ሾݐ௥ିଵ,  		,௥ሿݐ

ݔ݀
ݐ݀

ൌ ݔሻݐሺܣ ൅ ௥ିଵሻݐሺݔ			,ሻݐሺܨ ൌ ݐ				,0 ∈ ሾݐ௥ିଵ, ,௥ሿݐ r ൌ 1, ܰ,തതതതതത 

by using again the Runge–Kutta method of 4th order, we find the values of (݊ ൈ ݊ሻ matrices 
ܽሺA, ,ሻݐ̂ ܽሺܤ, ,ܨሻ  and ݊ vector ܽሺݐ̂ ,௥ିଵݐሻ on ሼݐ̂ r			௥ሽ,ݐ ൌ 1, ܰതതതതത. 

5. Applying Simpson’s method on the set ሼݐ௥ିଵ,  we evaluate the definite integrals		௥ሽ,ݐ

Ψ෡௥
௛ೝ ൌ ׬ Ψሺ߬ሻ݀߬

௧ೝ
௧ೝషభ

,          Ψ෡௥
௛ೝሺAሻ ൌ ׬ Ψሺ߬ሻܽ௛ೝሺA, ߬ሻ݀߬

௧ೝ
௧ೝషభ

, 
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Ψ෡௥
௛ೝሺBሻ ൌ ׬ Ψሺ߬ሻܽ௛ೝሺB, ߬ሻ݀߬

௧ೝ
௧ೝషభ

,           Ψ෡௥
௛ೝሺܨሻ ൌ ׬ Ψሺ߬ሻܽ௛ೝሺܨ, ߬ሻ݀߬

௧ೝ
௧ೝషభ

, r ൌ 1,ܰ.തതതതതത 

By the equalities 

ଵܸ
௛෩ሺ߂ேሻ ൌ ∑ Ψ෡௝

௛ೕሺBሻே
௝ୀଵ , 

௥ܸ
௛෩ሺ߂ேሻ ൌ Ψ෡௥

௛ೝሺAሻ ൅ ∑ Ψ෡௝
௛ೕሺΦሻ ∙ Ψ෡௥

௛ೝே
௝ୀଵ , r ൌ 2,ܰതതതതത, 

݃௛෩ሺܨ, ேሻ߂ ൌ ∑ Ψ෡௝
௛ೕሺFሻே

௝ୀଵ . 

we define the (݊ ൈ ݊ሻ matrices ௥ܸ
௛෩ሺ߂ேሻ and ݊	vectors	݃௛෩ሺܨ, r	 ேሻ,߂ ൌ 1, ܰതതതതത. 

6. Construct the system of linear algebraic equations with respect to parameters 
ܳ∗௛
෩ሺ߂ேሻߣ ൌ െܨ∗௛

෩ሺ߂ேሻ,			ߣ ∈ ܴ
ሺ௉ିଵሻே	,(34) 

Solving the system (34), we find ߣ௛෩. As noted above, the elements of ߣ௛෩=(ߣଵ
௛෩, ଶߣ

௛෩, … , ேߣ
௛෩ ) are the 

values of approximate solution to problem (12)-(18)at the left-end points of subintervals. 
7. To define the values  of approximate solution at the remaining points of set ሼݐ௥ିଵ,  ௥ሽ, we firstݐ

find 

௛෩ߦ ൌ ܫൣ െ ேሻ൧߂௛෩ሺܩ
ିଵ
∑ ௥ܸ

௛෩ሺΔேሻ
ே
௥ୀଵ λ௥௛

෩+ൣܫ െ ேሻ൧߂௛෩ሺܩ
ିଵ
݃௛෩(F,Δே). 

and then solve the Cauchy problems 

ݑ݀
ݐ݀

ൌ ݑሻݐሺܣ ൅ Φሺݐሻ ቌߦ௛෩ ൅෍Ψ෡௝
௛ೕ ∙ λ௝

௛෩
ே

௝ୀଶ

ቍ ൅ ሻλଵݐሺܤ
௛෩ ൅  			,ሻݐሺܨ

଴ሻݐሺݑ ൌ ݐ				,0 ∈ ሾݐ଴,  		,ଵሿݐ

ݑ݀
ݐ݀

ൌ ݑሻݐሺܣ ൅ Φሺݐሻ ቌߦ௛෩ ൅෍Ψ෡௝
௛ೕ ∙ λ௝

௛෩
ே

௝ୀଶ

ቍ ൅ ሻλଵݐሺܤ
௛෩ ൅  			,ሻݐሺܨ

௥ିଵሻݐሺݑ ൌ λ௥௛
෩,				ݐ ∈ ሾݐ௥ିଵ, ,௥ሿݐ r ൌ 2, ܰതതതതത. 

And the solutions to Cauchy problems are found by the Runge–Kutta method of 4th order. Thus,the 
algorithm allows us to find the numerical solution to the problem (9)-(11). 

So, we propose the numerically approximate method for solving of the original problem (1)-(4). 
Example. We consider a linear boundary value problem with a parameter for an integro-differential 

equation of parabolic type 

ݑ߲
ݐ߲

ൌ ܽሺݔ, ሻݐ
߲ଶݑ
ଶݔ߲

൅ ܿሺݔ, ݑሻݐ ൅ ܾሺݔ, ሻݔሺߤሻݐ ൅ 

 ൅߮ሺݔ, ሻݐ ׬ ߰ሺݔ, ,ݔሺݑሻݏ ݏሻ݀ݏ
்
଴ ൅ ݂ሺݔ, ,ݔሺ					ሻ,ݐ ሻݐ ∈ Ω ൌ ሺ0, ߱ሻ ൈ ሺ0, ܶሻ,     (35) 

,ݔሺݑ  0ሻ ൌ 0, ݔ ∈ ሾ0, ߱ሿ,                     (36) 

,ݔሺݑ  ܶሻ ൌ 0, ݔ ∈ ሾ0, ߱ሿ,                         (37) 

,ሺ0ݑ  ሻݐ ൌ ෨߰ଵሺݐሻ,			ݑሺ߱, ሻݐ ൌ ෨߰ଶሺݐሻ,			ݐ ∈ ሾ0, ܶሿ,                           (38) 

where  ߱ ൌ 0.5, ܶ ൌ 0.1, ܽሺݔ, ሻݐ ൌ 1, ܿሺݔ, ሻݐ ൌ 0, ܾሺݔ, ሻݐ ൌ ଶݐ ൅ 1,߮ሺݔ, ሻݐ ൌ ,ݔଶ,߰ሺݔ ሻݏ ൌ ,ݔሺ݂  ,ݏ ሻݐ ൌ
௫௧݁ݔ sinሺ10ݐߨሻ ൅ ௫௧݁ߨ10 cosሺ10ݐߨሻ െ ଶ݁௫௧ݐ sinሺ10ݐߨሻ െ ሺݐଶ ൅ 1ሻሺݔଷ ൅ 1ሻ െ

െ
ൣ௘బ.భ൫గ௫మିଶ଴గ௫ାଵ଴଴గయ൯ିଶ଴గ௫൧௫మ

ሺ௫మାଵ଴଴గమሻమ
,  ෨߰ଵሺݐሻ ൌ sinሺ10ݐߨሻ, ෨߰ଶሺݐሻ ൌ e଴.ହ୲sinሺ10ݐߨሻ. 

We take ݄ ൌ 0.1 and produce a discretization by ݔ   :ݔ௜ ൌ ݄݅, ݅ ൌ 0,5തതതത. 
We introduce the notationsݑ௜ሺݐሻ ൌ ,ሺ݄݅ݑ ,ሻݐ ௜ߤ ൌ ,ሺ݄݅ሻߤ ௜݂ሺݐሻ ൌ ݂ሺ݄݅, ,ሻݐ ݅ ൌ 0,5തതതത. 
Problem (35) - (38) is replaced by the following linear boundary value problem with a parameter for 

an integro-differential equation  
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ௗ௨೔
ௗ௧

ൌ
௨೔శభିଶ௨೔ା௨೔షభ

଴.଴ଵ
൅ ሺݐଶ ൅ 1ሻߤ௜ ൅ ሺ0.1 ∙ ݅ሻଶ ׬ ݏ ∙ ݏሻ݀ݏ௜ሺݑ

଴.ଵ
଴ ൅ ௜݂ሺݐሻ,			1,4തതതത,   (39)

௜ሺ0ሻݑ  ൌ 0, ݅ ൌ 0,5തതതത,     (40) 

௜ሺ0.1ሻݑ  ൌ 0, ݅ ൌ 0,5തതതത,                                   (41) 

ሻݐ଴ሺݑ  ൌ sinሺ10ݐߨሻ,			ݑହሺݐሻ ൌ e଴.ହ୲sinሺ10ݐߨሻ ݐ			, ∈ ሾ0,0.1ሿ.          (42) 
 
In view of condition (40)-(42), from (39) we obtain two groups of equations for determining ߤ଴andߤହ: 

ܾ଴ሺ0ሻߤ଴ ൌ ෨߰ଵ
ሶ ሺ0ሻ െ ߮଴ሺ0ሻ ׬ ߰଴ሺݏሻ ෨߰ଵሺݏሻ݀ݏ

்
଴ െ ଴݂ሺ0ሻ,thenߤ଴ ൌ 1, 

ܾହሺ0ሻߤହ ൌ ෨߰ଶ
ሶ ሺ0ሻ െ ߮ହሺ0ሻ ׬ ߰ହሺݏሻ ෨߰ଶሺݏሻ݀ݏ

்
଴ െ ହ݂ሺ0ሻ,thenߤହ ൌ 1.125. 

The functionsݑ଴ሺݐሻ,  ݑହሺݐሻ, and parameters ߤ଴,ߤହ are known. 

Problem (39)-(42) will be rewritten in vector-matrix form 

 
ௗ௨

ௗ௧
ൌ ݑሻݐሺܣ ൅ ߤሻݐሺܤ ൅ Φሺݐሻ ׬ Ψሺݏሻݑሺݏሻ݀ݏ

଴.ଵ
଴ ൅ ,ݑ							,ሻݐሺܨ ߤ ∈ ܴସ,							ݐ ∈ ሺ0,0.1ሻ,   (43) 

ሺ0ሻݑ  ൌ 0,		   (44) 

ሺ0.1ሻݑ  ൌ 0,	     (45) 
 

where	ݑሺݐሻ ൌ ൫ݑଵሺݐሻ, ,ሻݐଶሺݑ ,ሻݐଷሺݑ ߤ ,ሻ൯ݐସሺݑ ൌ ሺߤଵ, ,ଶߤ ,ଷߤ  ,ସሻ -unknown function and parameterߤ
 

ሻݐሺܣ ൌ ൮

െ200 100 0 0
100 െ200 100 0
0 100 െ200 100
0 0 100 െ200

൲,  ܤሺݐሻ ൌ ൮

ଶݐ ൅ 1 0 0 0
0 ଶݐ ൅ 1 0 0
0 0 ଶݐ ൅ 1 0
0 0 0 ଶݐ ൅ 10

൲, 

 

Φሺݐሻ ൌ ൮

0.01 0 0 0
0 0.04 0 0
0 0 0.09 0
0 0 0 0.16

൲,Ψሺݏሻ ൌ ൮

ݏ 0 0 0
0 ݏ 0 0
0 0 ݏ 0
0 0 0 ݏ

൲, 

 

ሻݐሺܨ ൌ

ۉ

ۇ

݂ሺ0.1, ሻݐ ൅ 100 sinሺ10ݐߨሻ
݂ሺ0.2, ሻݐ
݂ሺ0.3, ሻݐ

݂ሺ0.4, ሻݐ ൅ 100e଴.ହ୲sinሺ10ݐߨሻی

 .ۊ

 
Here we use thenumerical implementation of algorithm. Accuracy of solution depends on the 

accuracy of solving the Cauchy problem on subintervals andevaluating definite integrals. We provide the 
results of the numerical implementation of algorithm by partitioning theinterval [0, 0.1] with step                       
h = 0.002. 

Solution to problem (35)-(38) is pair  ሺݑ∗ሺݔ, ,ሻݐ ,ݔሺ∗ݑ ሻሻ, whereݔሺ∗ߤ ሻݐ ൌ e୶୲sinሺ10ݐߨሻ, ߤ∗ሺݔሻ ൌ

ଷݔ ൅ 1. Then solution to problem (43)-(45) is pair  ሺݑ∗ሺݐሻ, ሻݐሺ∗ݑ ሻ, where∗ߤ ൌ

ۉ

ۈ
ۇ
e଴.ଵ୲sinሺ10ݐߨሻ
e଴.ଶ୲sinሺ10ݐߨሻ
e଴.ଷ୲sinሺ10ݐߨሻ
e଴.ସ୲sinሺ10ݐߨሻی

ۋ
ۊ

, 

∗ߤ ൌ ቌ

1.001
1.008
1.027
1.064

ቍ and the following estimates ݉ܽߤ‖ݔ∗ െ ‖෤ߤ ൏ 0.00009, and max௝ୀ଴,ହ଴തതതതതതฮݑ∗ሺݐ௝ሻ െ ௝ሻฮݐ෤ሺݑ ൏

0.000004 is true. 
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ПАРАБОЛАЛЫҚ ТЕКТЕС ИНТЕГРАЛДЫҚ-ДИФФЕРЕНЦИАЛДЫҚ ТЕҢДЕУЛЕР ҮШІН БАСҚАРУ 
ЕСЕБІН ШЕШУДІҢ САНДЫҚ ЖУЫҚТАЛҒАН ƏДІСІ 

Аннотация. Параболалық тектес интегралдық-дифференциалдық теңдеулер үшін параметрі бар сызықтық 
шеттік есеп зерттеледі. Кеңістіктік айнымалыны дискреттеу көмегімен қарастырылатын есеп жəй интегралдық-
дифференциалдық теңдеулер жүйесі үшін параметрі бар сызықтық екі нүктелі шеттік есеппен 
аппроксимацияланады. Алынған есепті шешу үшін параметрлеу əдісі қолданылады. Аппроксимацияланған есеп 
Фредгольм интегралдық дифференциалдық теңдеулер жүйесі үшін арнайы Коши есептерінен, шеттік шарттардан 
жəне бөлу нүктелерінде шешімнің үзіліссіз шарттарынан тұратын пара-паресепке келтіріледі. Параметрлері бар 
жəй дифференциалдық теңдеулер жүйесі үшін Коши есебін шешу дифференциалдық теңдеудің фундаменталдық 
матрицасы көмегімен құрылады. Параметрлерге қатысты сызықты алгебралық теңдеулер жүйесі тиісті нүктелердің 
мəндерін шеттік шарт пен үзіліссіз шарттарына қою арқылы құрылады.Есепті шешудің құрылған жүйе мен ішкі 
аралықтардаКоши есебін шешудің4-ші ретті Рунге-Куттаəдісіне негізделген сандық əдісі ұсынылады. 

Кілттік сөздер: параболикалық тектес дербес туындылы интегралдық-дифференциалдық теңдеулер, 
параметрі бар есеп, аппроксимация, сандық жуықталған əдіс, алгоритм. 
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ЧИСЛЕННО ПРИБЛИЖЕННЫЙ МЕТОД РЕШЕНИЯ ЗАДАЧИ УПРАВЛЕНИЯ  
ДЛЯ ИНТЕГРО-ДИФФЕРЕНЦИАЛЬНЫХ УРАВНЕНИЙ ПАРАБОЛИЧЕСКОГО ТИПА 

Аннотация. Исследуется линейная краевая задача с параметром для интегро-дифференциальных уравнений 
параболического типа. С помощью дискретизации пространственной переменной рассматриваемая задача 
аппроксимируется линейной двухточечной краевой задачей с параметром для системы интегро-
дифференциальных уравнений. Для решения полученной задачи применяется метод параметризации. 
Аппроксимирующая  задача сведена к эквивалентной задаче, состоящей из специальной задачи Коши для системы  
интегро-дифференциальных уравнений Фредгольма, краевых условий и условий непрерывности решения в точках  
разбиения.Решение задачи Коши для системы обыкновенных дифференциальных уравнений с параметрами 
строится с использованием фундаментальной матрицы дифференциального уравнения. Система линейных 
алгебраических уравнений относительно параметров составляется путем подстановки значений соответствующих 
точек в краевое условие и условия непрерывности. Предлагается численный метод решения задачи, основанный на 
решении построенной системы и метода Рунге-Кутты 4-го порядка для решения задачи Коши на подинтервалах. 

Ключевые слова: интегро-дифференциальные уравнения с частными производными параболического типа, 
задача с параметром, аппроксимация, численно приближенный метод, алгоритм. 
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