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ON SOME EFFECTS IN THE STRUCTURE OF WHITE DWARFS

Abstract. We review the effects of general relativity, finite temperatures, nuclear composition and rotation
which make a substantial contributionto the structure of white dwarfs.First, the mass-radius, mass-central density
relations and mass, density profiles of a white dwarf with total mass1.415 Mg, are constructed both in Newtonian
gravity and general relativity, which clearly show that the general relativistic effects are significant for massive white
dwarfs close to the Chandrasekhar mass limit, consequently, in strong gravitational fields.Second, hot white dwarfs
are studied in the framework of general relativity. Basic parameters of white dwarfs such as the central density,
pressure, mass, radius and etc. are calculated. It is shown that the effects of finite temperatures play a key role in low
mass white dwarfs. Third, cold white dwarfs are investigated within general relativity employing the Salpeter
equation of state. Finally, we investigate the equilibrium configurations of uniformly rotating white dwarfs, using
Chandrasekhar and Salpeter equations of state in Newtonian gravity and plot mass-radius, mass-central density
relations. It is demonstrated that the effects of rotation are essential in the structure of white dwarfs in allmass range.
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1. Introduction

A white dwarf or degenerate dwarf is the final stage in the evolution of normal (main sequence) stars
with masses from 0.08 Mg to 8 Mg[1, 2, 3] (even to 12 Mgaccording to some studies [4]), on the other
hand, it is one of the classes of compact objects. The lower limit of a main sequence star mass is
associated with the impossibility of the occurrence of a thermonuclear helium synthesis reaction. There are
two forces which are counterbalanced with each other in the hydrostatic equilibrium configuration of a
non-rotating white dwarf: the outward force of interior pressure gradient and the inward force of gravity.
In the case of a rotating white dwarf, the centrifugal force is included.

There is no nuclear fusion in the interior of the white dwarf like a normal star. Consequently, it is not
the thermal pressure force keeping the white dwarf in hydrostatic equilibrium.The pressure support in the
white dwarf is provided by a degenerate electron gas, whereas most of the mass density is due to a
nondegenerate gas of ions[3].

The maximum mass of a non-rotating white dwarf cannot exceed the Chandrasekhar mass limit of
1.44Mgbeyond which even the degenerate electron gas cannot prevent the white dwarf from gravitational
collapse [2] or type lasupernova explosion[5], whichtakes place as a result of accretion or merger.In turn,
type la supernova explosion is used as a standard candle to measure intergalactic distances, understand the
past and future expansion of the universe and study the nature of dark energy. From this point of view, it is
relevant to study properties of white dwarfs and construct their realistic model.




ISSN 1991-346X 6. 2019

The paper is organized as follows. We introduce the equations of stellar structure in Sec. 2, namely
the equation of hydrostatic equilibrium, mass balance equation for static (non-rotating)white dwarfs in
Einstein’s relativistic theory of gravity and Newtonian gravity, respectively; with the Hartle’s approach
that describes the equilibrium configuration of rotating white dwarfs. In Sec. 3, we consider some crucial
effects such as the effects of general relativity, finite temperatures, nuclear compositions and rotation.The
conclusions are given in Sec. 4. The material and results which were considered here can be used in
further studies of astrophysics, cosmology and astronomy.

2. Equations of stellar structure

One can derive the Tolman-Oppenheimer-Volkoff (TOV)equation [6] of hydrostatic equilibrium and
mass equation for a non-rotating (spherically symmetric configuration) star within the framework of
general relativity in the following form

dP(r) _ _ Gm@)p(r) P(r) 4nr3p(r) _26m@r)\"!
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whereG is the gravitational constant, ¢ is the speed of light andP (r),m(r)andp(r)are the pressure,
mass and density profiles, respectively, which depend on the radial coordinate of r.Egs. (1) and (2)
reduces to the expressions

ar(r) _  Gm(r)

e e p(r), 3)
d

—723) = 4mr?p(r) 4)

in their Newtonian limit.

The equations of stellar structure of slowly and uniformly rotating axially symmetric configurations
of white dwarfs can be obtained by using the Hartle’s approach in Einstein’s relativistic theory of gravity
and Newtonian gravity [7-9]. In the Hartle’s approach, the axially symmetric configuration is given for a
uniform angular velocity sufficiently slow so that the changes in pressure(P,,; = Ps; + 6P), energy
density(&,.o¢ = &5 + 0¢), and gravitational field(®,,; = @g + d®@)are small. These small changes are
considered as perturbations of the known non-rotating solution. The field equations are expanded in
powers of the angular velocity and the perturbations are calculated by retaining only the first- and second-
order terms|[7, 8].

The equation of hydrostatic equilibrium and mass balance equation is supplemented by the equation
of state and boundary condition to determine the stellar structure. The equation of state is necessary to
describe the properties of the interior matter of a white dwarf. It determines the dependence of the total
pressure on the total density for the case of a one-parameter equation of state, P = P(p), where P is the
pressure and p is the density of matter. This form of the equation of state is appropriate when the
temperature is a known function of the density inside the star [7]. In this work, we have used the
Chandrasekhar equation of state at zero and finite temperatures and the Salpeter equation of state, which
takes into account the nuclear composition, electrostatic interaction, Thomas-Fermi correction, and inverse
beta decay threshold. Details of these equations of state can be found in Refs. [10-13].

2.Results and Discussions

Effects of general relativity.We solve numerically the equations of stellar structure employing the
Chandrasekhar EoS (u = A/Z = 2)with given boundary conditions and obtain the main parameters of
white dwarfs, for instance, mass, radius etc. We also construct the dependence of the mass on the radius in
Fig. 1 as well as the dependence of the mass on the central density in Fig. 2.The solid curve indicates
mass-radius relation in Newtonian gravity, the dashed curve in general relativity. As it can be seen from
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Figure 1, the masses of white dwarfs increase by decreasing their radii, which is the main difference of
white dwarfs from the main sequence stars. This feature shows the contribution of relativistic and quantum
corrections in the EoS.
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Figure 1 — Mass-radius relations

The mass of a white dwarf also increases by increasing the central density (see Fig. 2). However, it
cannot increase infinitely and exceed the Chandrasekhar mass limit M, = 1.44 Mg[5, 6]. The difference
between Newtonian and Einstein’s gravity is clearly seen for the case of massive white dwarfs. It is related
to the presence of general relativistic corrections in the equations of stellar structure.
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Figure 2 — Mass-central density relations

The growth of mass strengthens gravitational field of white dwarfs. This, in turn, increases pressure,
hence in general relativity the maximum mass is less than in Newtonian gravity and it is achieved at finite
density. That central density defines stability of white dwarfs in general relativity.

In Newtonian gravity, a white dwarf reaches the maximum mass when the radius tends to zero and the
central density and pressure tend to infinity. But, it is impossible, because there is a critical value of
central density and central pressure, and consequently, a critical value for the maximum mass. If the value
of the central density exceeds this critical value, the white dwarf collapses to a neutron star, or explodes as
a type la supernova depending on the nuclear composition, temperature etc.The neutronization threshold
density is chosen as a critical central density, and the corresponding maximum mass was calculated for
white dwarfs composed of '’C in Ref. [14]. The maximum mass M,,,, of a static white dwarf is
1.447 Mg in Newtonian gravity, and 1.425 Mg, in Einstein’s relativistic theory of gravity.

The significance of general relativity for stars can be described by the compactness parameter
z =1,/R, whereR is the radius of a star, 7y = 2GM/ c? is the gravitational radius (or the Schwarzschild

radius), M is the total mass of the star. The compactness parameter of massive white dwarfs close to the

— g2 ——
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Chandrasekhar mass limit is roughly equal to z~0.001 [14]. One has z~0.3 for neutron stars, z = 1 for
black holes [15]. That is, the more compactthe object, the more noticeable the role of general relativity
[14, 16-18].

We have also reproduced independently the results obtained in the work of Carvalho et al, where they
have shown the importance of general relativistic effects for white dwarfs. Following the work [19], in
Fig. 3, we show the mass profile of the white dwarf for a fixed total mass M = 1.415 Mg, where the
importance of general relativistic effects is conspicuous. The total radius of the white dwarf for a fixed
total mass1.415 Mg, is 938.65 km in general relativity, and 1558.78 km in Newtonian gravity. In Fig. 3
the bluehorizontal dotted line indicates the fixed total massM = 1.415 Mg,; the red solid curve indicates
the mass profile in Einstein’s relativistic theory of gravity; the red dashed curve indicates the mass profile
in Newtonian gravity.
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Figure 3 — Mass profiles for a fixed total mass M = 1.415 Mg,

0 200 400 600 800 1000 1200
r [km]

Figure 4 — Density profiles for a fixed mass ofM = 1.415 Mg

In Fig. 4 we plot the density profile of a white dwarf with fixed mass M = 1.415 Mg. The red solid
curve denotes the general relativistic density profile; the red dashed curve denotes the Newtonian density
profile. From Fig. 4, one can notice that the mass density of the general relativistic white dwarf is larger
than the Newtonian one in the central region, where the major part of the white dwarf mass is
concentrated. The central density of the white dwarf with a fixed mass 1.415 Mgis pSR = 1.61 X
10'%/cm? in general relativity, pXS = 4.08 X 10°g/cm? in Newtonian Gravity [19].

Effects of finite temperatures.In Fig. 5, we have constructed the mass-radius relations of general
relativistic non-rotating white dwarf cores at finite temperaturesT = (10%,10°,10°,107,4 x 107,10%) K
using the Chandrasekhar equation of state (u = 2)at finite temperatures [20, 21]. From Fig. 5, it can be
seen that the effect of finite temperatures increases with decreasing mass and it is significant for low-mass
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white dwarfs. This indicates that the substance of low-mass white dwarfs cannot be considered completely
degenerate.
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Figure 5 — Mass-radius relations at finite temperatures

Figure 6 shows the radius-central density and mass-central density relations at selected temperatures,
where the effects of finite temperatures are more pronounced with a decrease in the central density, and
with increasing central density, these effects weaken. That is, the effects of finite temperatures are
especially important for white dwarfs with low central densities.
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Figure 6 — Radius-central density (a) and mass-central density(b)
relationsat finite temperatures

Effects of nuclear composition.We have considered static white dwarfs by employing the Salpeter
equation of state in general relativity and compared them with the results of the Chandrasekhar equation of
state.

The Salpeter equation of state allows one to take into account the electrostatic interaction, the
Thomas-Fermi correction, and the nuclear composition of white dwarfs. In Figures 7-8, mass-radius,
mass-central density and central density-radius ratios were constructed for cold white dwarfs in the
general theory of relativity (TOV equation). The plots were constructed for different nuclear compositions
of 4He, 12C, 180, 29Ne, 24Mg, 28Si, 5SFe (for the Salpeter EoS) and u = 2 (for the Chandrasekhar EoS)
[22]. The figures show that the heavier the element, the lower the upper limit of the mass of white dwarfs.

— 84 ——
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Figure 7 — Mass-radius relations for different nuclear compositions
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Figure 8 — Central density-radius (a) and mass-central density (b) relations
for different nuclear compositions
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In addition, it should be noted that in the Salpeter equation of state, the effect of neutronization
(inverse beta decay) for a white dwarf with a uniform nuclear composition was taken into account. This
effect sets a limit on the upper limit of the central density(1.37 x 10'1g/cm? for 3He, 3.90 x 10*°g/cm3
for 12C, 1.90 x 10°g/cm? for 180, 6.21 x 10%g/cm3 for 29Ne, 3.16 x 10°g/cm3 for 23Mg, 1.97 x
10%g/cm3 for 28Si, 1.14 x 10%g/cm? for 3¢Fe) and, therefore, on the mass of white dwarfs[1].

Effects of rotation. There are three forces that act on any rotating star: the outward force pressure, the
inward force of gravity and the centrifugal force. We follow the Hartle approach [7] and [9, 23], in order
to derive the main equations of stellar structure of a rotating star in the case of uniform and slow rotation.
The point of Hartle’s approach consists in considering a spherically symmetric non-rotating compact
object as starting point to construct a rotating star model. The structure equations are obtained up to the
second order in the angular velocityQ = /G M. /7. ,G is the gravitational constant, M,,; is the total of
the star, and 7, is the equatorial radius of the star. Afterwards, we calculate the main parameters of a slow
and uniform rotating configuration and plot the relations of the main parameters. We show the
significance of the rotation effects for the entire range of mass.
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Figure 9 — Mass-equatorial radius relations
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Figure 10 — Mass-central density relations

Fig. 9 shows the mass and equatorial radius relation. We have selected two equations of state: the
Chandrasekhar equation of state with average molecular weight 4=2, and the Salpeter equation of state for
86
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pure helium *He, carbon '°C, oxygen '°O and iron *°Fe white dwarfs, as limiting cases [23]. The equatorial
radius for a static case reduces to the static radius. All solid curves indicate non-rotating (static) white
dwarfs, whereas all dashed curves indicate rotating white dwarfs at the mass shedding rate. One can see
that depending on the equation of state and nuclear composition, white dwarfs display different mass-
radius relations.

In Fig. 10, the mass of a white dwarf is shown as a function of the central density. The mass is given
in units of one solar mass and the central density is given in g/cm3. As expected, rotating white dwarfs
have larger masses with respect to their static counterparts. In all our computations we restricted the
maximum values of the central density to the values of inverse f-decay density to fulfill the stability
condition of white dwarfs [17, 24, 25].

5. Conclusions

We considered the structure of non-rotating and slowly rotating, cold and hot, classical and general
relativistic white dwarfs in hydrostatic equilibrium. In particular, the mass-radius, mass-central density,
radius- central density etc. relations were constructed for white dwarfs using the Chandrasekhar and
Salpeter equations of state. We studied the effects of general relativity, finite temperature, nuclear
compositions and rotation inthe structure of an equilibrium configuration of white dwarfs. We concluded
that:

o the effects of Einstein’s general relativity are significant for massive, high density and small
radius white dwarfs close to the Chandrasekhar mass limit;

e the finite temperatures considerably affect the structure of white dwarfs at low densities, that is,
they play a major role for low-mass white dwarfs;

e the nuclear composition, electrostatic interaction andThomas-Fermi correction are importantfor
white dwarfs in all mass range;

e the neutronization threshold is critical near the Chandrasekhar mass limit;

o the uniform rotation are crucial for all white dwarfs in the entire range of mass.

It would be interesting to compare and contrast the observational data for white dwarfs with the
theoretical results presented here in analogy to Ref. [26]. In addition, it would be fascinating to investigate
the spectral features of white dwarfs in a wide range of X-rays, optical and ultraviolet etc. variabilityfound
in symbiotic binary systems in analogy to Ref. [27]. That will be the issue of future studies.

Acknowledgement. The authors acknowledge the Ministry of Education and Science of the Republic
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AK EPTEKEJII KYJIIBI3JAPIBIH KYPBLIBIMBIHJIAFBI
KEWUBIP Y®PEKTTEP TYPAJIbI

B.A. )KeMn"*, K.A. BomxaeB"z"", 3.KeBe)10"4, KA. KaJIBIMOBal’z

18J1—CDapa61/1 aTeiaarel Kazak ¥JITTHIK YHHUBEPCHUTETI,
2ATYH3, On-Dapabu gaH. 71, 050040, Anmatsl, Kazakcran;
*Sueprusutsik Fapeim 3eprxanacer, Hasap6aes Yuusepcureri,
Kabanb6aii bareipnan.53, 010000, Hyp-Cynran, Kazakcran;
4ﬂapom,n< Frutbimmap MHCTUTYTHI, MeKcrKa ¥ITTHIK ABTOHOMIIBIK Y HUBEPCHUTETI,
AP 70543, Mexuko, DF 04510, Mekcuka

AHHOTAIMS. AK eprexeini >KYIIbI3AapAblH KYPbUIBIMBIHA YJIEC KOCATBIH JKalIbl CAJIBICTHIPMAIBUIBIK
TEOPHSCHI, IIEKTI TeMIlepaTypa, SOPOJBIK KypaM >XKoHE aiHally[blH ocepliepikapacTeIppuiabl. bipiHmineH, macca-
paiMyc, Macca-opTalblK THIFBI3ABIK KAaThIHACTAPHI JKOHE Macca, THIFBI3ABIK Npoduiibaepi TonblK Maccacel 1.415
Mgpak eprexeitni xyaasi3 yiriH Hpl0TOH rpaBUTalUACHIHAA, COHIOAN-aK MKaNIbl CadbICTRIPMATIBIIBIK TEOPUSICHIHIA
TYpFBI3BULABL. Onap >Kaimbl CajJbICTHIPMANIBUIBIK TEOPHUSCHIHBIH acepiepl YaHmpacekap MaccajblK IIeriHe KaKblH
YJIKEH MaccaJarbl aK epreKeiyii sKyJIIbl3ap YIIiH, IeMeK, KYIUTI IPaBUTAlMSUIBIK OPICTep YIIiH MaHBI3bl eKeHIH
alikplH Kepcereli. EKIHINIJIEH, BICTBIK aK EPreeiyii KYIAbI3Aap >Kallbl CalBICTHIPMAJIbUIBIK TEOPHSICHIHBIH
meHOepinae 3eprreneni. OpTaibIK THIFBI3ABIK, KBICBIM, Macca, paguyc »oHe T. 0. CHIKTBI aK eprexeiini




News of the National Academy of sciences of the Republic of Kazakhstan

KYIABI3OAPABIH  HETI3ri mapaMeTrpiiepi ecemTemiHmi. Maccachl a3 aK eprexeil  Kyigsi3gapia IIeKTi
TeMIepaTypaHBIH dCEPiH eCKepy KaKeTTUTITi KepceTinai. YIIiHIIIAeH, CYBIK aK eprexeiini xyinsnaap Canrnurepaiy
KYH TeHJAEyiH KOJIaHa OTBIPHIN, >KaJIlbl CANBICTHIPMANBLIIBIK TCOPHUSCHIHBIH IeHOepiHae 3eprreneni. CoHBIHAA,
HobtotoH rpaButanusceiHaa Yanzapacekap MeH CannuTeplHiH KyH TeHIEYiH KOJZaHAa OTBIPHIN, OipKasbIITHI
aiffHaNaThIH aK epreXXeinl >KYIObI3apAbIH Tele-TeH KOH(QHUIypauusulapblH 3epTTeNli XKoHEe Macca-paanyc, mMacca-
OPTAJIBIK THIFBI3ABIK KAaTBIHACTAPBIH TYPFBI3BUIABL. AMHAMyABIH ocepiepi MaccaHblH OapiblK MOHAEpIHIE aK
ePreKeiIl KYJIIBI3IAPIBIH KYPHUIBIMBI YIIIIH MaHBI3/IBL.

Tyiiin ce3mep: aK eprexeiiii KyJIapI3aap, JKabl CaabICTHIPMAIBIK TCOPUSCHI, IIEKTI TEMIIEPATypa, SIPOIIBIK
Kypamsl, aliHaILy.

B.A. Kamu"", K.A. Bomkaes", J. Keseno' u 7K.A. Kaabimosa'?
O HEKOTOPBIX D®PEKTAX B CTPYKTYPE BEJIBIX KAPJINKOB

'Kasaxckuit HanmonanbHblil YHuBepcuTeT M. anb-Dapabu,"HHJIOT,
mp. anb-Dapadu 71, 050040, Anmatser, Kazaxcran
3JTaGoparopust DHepreriueckoro Kocmoca, HasapGaes YHusepenrer,
mp. Kaban6aii batsipa 53, 010000,Hyp-Cynran, Kazaxcran
4I/IHCTI/lTyT SAnepusix Hayk, HartmonanbHeli ABTOHOMHBIHY HUBEpCUTET MeKCHKH,
AP 70543, Mexuko, DF 04510, Mekcuka

AnHoTtanusi. PaccMoTpeHO BiusiHME 00LIeH TEOPUM OTHOCHTEIBHOCTH, KOHEYHBIX TEMIIEPaTyp, SIEPHOTO
COCTaBa M BpAaLIEHHs, KOTOpble BHOCST CYIIECTBEHHBIH BKJIaJ B CTPYKTYpY O€JbIX KapiMKOB. Bo-mnepBbIX,
MIOCTPOEHBI COOTHOIIEHHS Macca-paanyc, Macca-leHTpanbHast TNIOTHOCTh U MPOQUIN IMIIOTHOCTH OEI0ro Kapinka ¢
mosHOH Maccort 1,415 M@ Kak B HPIOTOHOBCKOI TpaBHUTAIlMU, TaK W B OOMIEH TEOPHH OTHOCHUTEIFHOCTH, KOTOPHIE
YETKO ITOKA3bIBAIOT, YTO OOIINE PEIATUBUCTCKUE 3G (OEKTh! BaXKHBI U1 MACCHBHBIX GEJIbIX KapiIHKOB OKOJIO Iperena
Mmaccel YaHpacekapa, ClIeI0BaTeNIbHO, B CHIIBHBIX I'DaBUTAIIMOHHBIX MOJSIX. BO-BTOPBIX, ropsune Oenble Kapiauku
U3y4YeHBl B PaMKaX OOILIEH TEOPUH OTHOCUTEIBHOCTH. BBIYNCIIEHBI OCHOBHBIE MAapaMeTphl OEJbIX KapiIWKOB, TaKHe
KaK HCHTpajJbHasA IJIOTHOCTb, JAaBJICHHC, Macca, paauyCc U T. . HOKa3aHO, YTO BJIMSAHUC KOHEYHBLIX TEMIICPATYpP
HUIpacT KJIOYCBYIO POJIb B MaJIOMaCCUBHBIX 66.]'1])1)( KapJIMKax. B-TpeTbI/lX, XO0JIOOAHBIC Oenble KapJIMK1 UCCIIEAYIOTCA B
paMkax oOIieii Teopuu OTHOCHUTEIHHOCTH C MCIIOJBb30BaHHEM ypaBHeHus coctosHus Cannutepa. B 3aximoueHue
UCCIIEJOBaHbl PaBHOBECHBIE KOH(PHIYpallMd PaBHOMEPHO BPAIIAFONIMXCS OCNIBIX KapJIMKOB, MCIOJB3Ys YpaBHEHUS
cocrosiHuss Yanapacekapa u Cannurepa B HBIOTOHOBCKOW IPaBUTAllMM M IOCTPOEHBI 3aBUCHUMOCTU Macca-paauyc,
Macca-LIeHTpaIbHas TIOTHOCTh. [lokazano, uyto 3¢dexTs! BpameHns He0OX0IUMBI B CTPYKTYpe OENBIX KapJINKOB BO
BCEM JMana3oHe Macc.

KiroueBble cjioBa: Oenble KapiWkd, oOmIas TEOpHs OTHOCHTENBHOCTH, KOHEYHas TeMIleparypa, SACpHBIH
COCTaB, BpaIllCHHE.
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