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MULTIPERIODIC SOLUTIONS OF LINEAR SYSTEMS
INTEGRO-DIFFERENTIAL EQUATIONS WITH
p,-OPERATOR AND ¢ -PERIOD OF HEREDITARY

Abstract. The article explores the questions of the initial problem and the problem of multiperiodicity solutions
of linear systems integro-differential equations with an operator of the form D, =0/0r +c, /ot, +...+¢, Ofct,

¢=(c,,...,c, )—const and with finite hereditary period g=const>0 by variable T that describe hereditary

phenomena. Along with the equation of zeros of the special differentiation operator D_ are considered linear systems

of homogeneous and inhomogeneous integro-differential equations, sufficient conditions are established for the
unique solvability of the initial problems for them, both necessary and sufficient conditions of multiperiodic
existence are obtained by (r,t) with periods (9, a)) of the solutions. The integral representations of multiperiodic

solutions of linear inhomogeneous systems with the uniqueness property are determined 1) in the particular case
when the corresponding homogeneous systems have exponential dichotomy and 2) in the general case when the
homogeneous systems do not have multiperiodic solutions, except for the trivial one. The article proposes a research
technique for solving problems that satisfy initial conditions and have the property of multiperiodicity with a given

& heredity period for linear systems of integro-differential equations with a special partial differential operator D_.

Multiperiodic solutions obtained along characteristics t =t° + ¢z —cz° with fixed (fO,tU) are used as an application

in the theory of quasiperiodic solutions of systems of integro-differential equations.
Key words: integro-differential equation, hereditary, fluctuation, multiperiodic solution.

1.  Problem statement.
In this paper, we’ve researched the problem of the existence of (&, «)-periodic solutions u(z, t)

by (r,t)=(z,t,,...,t, )€ RxR" systems of
D.u(z,t)= Az, tu(z, t)+ IK(r,t, s,t—cr+cs)u(s,t—cr+cs)ds+ f(z,t) (1.1)

T—¢&

with a differentiation operator p_ of the form

D, =0/or+(c,o/et), (1.2)
that turns into the operator of the total derivative ¢ /dz along the characteristics t=Cr —CS+ o with
initial data (S,0)€ RxR", where R = (—o0,+o0), C is constant vector, 5/t = (8/et, ,...,8/at,,)
is vector, <C, 8/8t> is the scalar product of vectors, A(z,t) and K(z,t,s, o) are given 1 X 1-matrices,

f(r,t) is N -vector-function, (49, )= (g, w,, a)m) is vector-period with rationally
incommensurable coordinates, &£ is positive constant.
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The problem of this kind involves the research problems of hereditary vibrations in mechanics and
electromagnetism. For example, if the oscillation phenomenon is hereditary in nature, then the equation of
motion of the string at a known moment m(z) is set by changing the angle of string torsion a)(r)

d?o(r)

2
T

=ho(r)+ j.(o(r,s)a)(s)ds, where 4 and h are

T—&

subordinated to the ratio m(r)—,u

constants and & is the hereditary period of the vibrational phenomenon. It is also known that the
hereditary biological phenomenon “predator-prey” is related by the law of oscillations described by the
system of integro-differential equations.
The given integro-differential equations are the mathematical model hereditary phenomena described
by system
‘;_f = P(e)x(e)+ [Q(r, s)x(s)ds + y(z). 13)

Where x(r) is unknown I -vector-function; P(z), Q(T, S) are NXN-matrices; y(z) is N -
vector-function; & >0 is a constant. Since the process is oscillatory, as arule, P(z) and y (7 )are almost
periodic by 7, and the kernel Q(z,s) has the property of diagonal periodicity by (z,s)e RxR. In

particular, the indicated input data of system (1.3) are quasiperiodic by 7 € R with a frequency basis

V= 971,V1 = a)f, eV = a)r;l, then in the theory of fluctuations, the question of the existence of

quasiperiodic ~ solutions  x(z) of system (13), with a changed frequency basis

1~ -1 ~ -1 . .
v,=0",v,=Cw,,....,v, =C. @, is of great importance and we set

e<f= W, <o, <...<®,. An important role in solving this problem is played by the well-known

theorem of G. Bohr on the deep connection between quasiperiodic functions and periodic functions of
many variables. According to this theorem, matrix-vector functions are defined A= A(z,t),

K =K(z,t,8,0), 0=t—=CT+CS, f=1(s,t), u=u(r,t) with properties of A‘HT = P(T),
K‘t:w :Q<T’S)’ f‘t:w :W(T)’ u t=cr

differentiation operator p_ of the form (1.2).

Thus, the problem of quasiperiodic fluctuations in systems (1.5) becomes equivalent to the problem
on the existence of (&, w)-periodic by (z,t) solutions u(z,t) of the system partial integro-differential

equations of the form (1.1) with differentiation operator (1.2).

The above problems on string vibrations and fluctuations in the numbers of two species living
together associated with the task indicate the relevance of the latter, in terms of its applicability in life.
Along with this, it is worth paying special attention to the fact that the methods of researching
multiperiodic solutions of integro-differential equations and systems of such partial differential equations
belong to a poorly studied section of mathematics. Therefore, the development of methods of the theory of
multiperiodic solutions of partial differential integro-differential equations is of special scientific interest.

In the present work are investigated to obtain conditions for the existence of multiperiodic solutions
of linear systems integro-differential equations with a given differentiation operator D.. To achieve this
goal, the initial problems for the considered systems of equations are solved from the beginning, the
necessary and sufficient conditions for the existence of multiperiodic solutions of linear systems are
established, integral structures of solutions linear systems are determined.

The theoretical basis of this research is based on the work of several authors. As noted above, taking
into account the hereditary nature of various processes of physics, mechanics, and biology leads to the
consideration of integro-differential equations [1-3], especially to the research of problems for them
related to the theory of periodic fluctuations [2]. If the heredity of the phenomenon is limited to a finite
period & of time T, then the hereditary effect is specified by the integral operator with variable limits

from 7 —¢& to T. Integro-differential equations describing phenomena with such hereditary effects are

=X(2’) and the operator d/dl‘ is replaced by a

—— 94 ——
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considered in [3]. The various processes of hereditary continuum mechanics are described by partial
integro-differential equations, the study of which began with the works [1]. The work of many authors is
devoted to finding effective signs of solvability and the construction of constructive methods for
researching problems for systems of differential equations, we note only [2,4,5]. The research of multi-
frequency oscillations led to the concept of multidimensional time. In this connection, of the theory
solutions of partial differential equations that are periodic in multidimensional [6-13]. In [6], an approach
is implemented where quasiperiodic solutions of ordinary differential equations are studied with a
transition to the study of multiperiodic solutions of partial differential equations. This method was
developed in [7-11] with its extension to the solution of a number of oscillation problems in systems of
integro-differential equations.

In this research, it is examined for the first time that the problem of the existence multiperiodic

solutions of systems integro-differential equations with a special differentiation operator Dc, describing

hereditary processes with a finite period & of hereditary time 7. In solving this problem, we encountered
the problems associated with the multidimensionality of time; not developed general theory of such
systems; determination of structures and integral representations of solutions of linear systems equations;
extending the results of the linear case to the nonlinear case; the smoothness of the solutions integral
equations equivalent to the problems under consideration, etc. These barriers to solving problems have
been overcome due to the spread and development of the methods of works [12-13] used to solve similar
problems for systems of differential equations.

2. Zeros of the differentiation operator and its multiperiodicity

By the zero of the operator p_ we mean a smooth function u = u(z, t) satisfying the equation of

D_u = 0. The linear function y is a general solution of the characteristic equation with the initial data
040} .. . . e . .
(T 1t ) its integral is the zero of the operator p_satisfying condition h(ro,r,t} , =t. Note that if

T=

w(t) is an any smoothness function e = (1,...,1), by t e R™, then
u(e®, 7, t)=w(h(z° 7.t)) 2.1)
is the zero of the operator Dc satisfying condition U‘T:TO = l,//(t). Since the w(t) is arbitrary in the
class Ct(e) (R " ) relation (2.1) is a general formula of the zeros.

We give the properties of the characteristics of the operator Dc:

h(s + 8,7 + 6,t)=h(s, z,t), (2.2)
h(s,z + 8,t)=h(s,z,t)—c@, (2.3)
h(s,z,t + @)= h(s,z,t)+ qw, go = (q,@,,...,q,®, ), J€L". (2.4)
If u(z,t) isthe zero (&, w)-periodic, then the u\mo =u°(t) is ® -periodic by t:
U°(t+qo)=u’(t)eCY(R™)gez". (2.5)

Therefore, (2.5) is a necessary condition for the (&, «)-periodicity of zero u(r, t) € Cft‘e) (R x R™ )
. Suppose that for zero u(z, t) is satisfied (2.5). From (2.1):

u(z,t)= Uo(h<TO,T,t)). (2.6)
Based on (2.3), zero U(T,t) is @ -periodic by T if Uo(h<fo,r+9,t))= = uo(h(TO,T,t)—Cﬁ).
This takes place if there is a vector q° eZ" and
c0+9°w=0. (2.7
By virtue of (2.2), the zeros U(TO ) T,t) form (2.1) have the property of diagonal & -periodicity by
(ro \ z'). The proof follows from (2.2) and (2.1).
—— o5 ——
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Theorem 2.1. 1) If condition (2.7) is not satisfied, then only constants are the (&, «)-periodic zeros

and it does not have multiperiodic variables zeros. 2) If condition (2.7) is satisfied, then any zero of the
operator p_ with an initial function of the form (2.5) is (&, a))-periodic, in particular, it can be any

constant. 3) Zero of the form (2.1) has the property of diagonal & -periodicity by (z‘o ) T), and from its

@ -periodicity zeros by T follows its & -periodicity by 7°.
3. Linear homogeneous equations and its multiperiodic solutions.
We consider the initial problem for a linear homogeneous system

D u(z,t)= Az, tu(z IK 7,t,8, h(s z,t)u(s, h(s, 7,t))ds (3.1)
u(z, t){ eCPR") (3.17)
under assumptions of
Az +6,t+qo)=Alr,t)e c{;’f;)(R xR™) qez"™, (32)
K(r+6,t+qo,5,0)=K(z,t,s+ 6,0 +q0)=K(r,t,5,0)e
eCL=O2I(RxR" xRxR") qeZ". (3.3)

From [17-19] with (3.2), using the method of successive approximations, we can construct a matricant
W(TO T, t) of the system D_w(z,t)= A(z, t)w(z, t), and

DCW(ro,r,t): A(T,I)N(TO,T,I), W(TO,TO,I)z E, (3.4)
D W ’1(T°,r,t):—W ’1(T°,r,t)A(T,t), (35)
W(r°+0,r+9,t+qa)):w(r°,r,t), qeZ". (3.6)

Then, using the replacement of U(T,'[)ZW(TO ) T,t)\/(T,'[) system (3.1) is reduced to the form of
integro-differential equation

D V(z,t)= IQ(Z’ z,t,8,h(s, 7, t))\/(s, h(s,z,t))ds (3.7)

with the kernel Q(r0 TS, a)=W = (r" , r,t)K (z,1,5, a)N(rO 'S, 0'). By virtue of (2.2)-(2.4), (3.3)
and (3.4)-(3.6), Q(TO,T,'[, S, G) has the properties:
Qe° +6,7+0,t+qm,s+6,h(s+6,7+0,t+qw))=Q(r°, z.t,5,h(s, 7,1))=
:Q(ro,r,t,s,a)e Cr(lo’ylft”ljz_(RxRx R™ x R x Rm),q ezZ"

Further, under condition (3.3), integrating along the characteristics: 7 =17, t = h(s, 7,t), using the
group property of the characteristic, from equation (3.7):

V(s,z,t)=E + j dz I Q(s,7,h(n,7,). & (& 7, )V (s,&,h(g, 7,t))ds . (38)

n—e&

Obviously, by virtue of (3.8) and multiperiodicity, we have

D.V(s,z,t)= J'Q s, 7,1, &, 0(&, 7, )V (&, (&, 7,1))dE, (3.9)

V(s,s,t)=E. (3.9°)
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The A, K, & are such that matrix V(s,z,t) is invertible. The matrix U(s,7,t)=

—W (s, z,tV (s, z,t): DU(s,z,t)= A(r,tJ (s, 7,t)+ jK(r,t,f,h(é,r,t))J (&,h(&,7,1))déE,

T—&

U(s,s,t)=E, (3.10)

U(S +0,7+06,t+ qa)):U(S,r,t)e CS;;”(R x R x Rm), qeZ". (3.11)

Properties (3.10)-(3.11) are consequences of (3.4)-(3.6), (3.9)- (3.90). The matrix U (s, r,t) is
called the resolving operator of system (3.1).

Theorem 3.1. Let conditions (3.2)-(3.3) are satisfied. Then the solution U(Z’O : T,t) of the problem
(3.1)-(3.1°%) is uniquely determined by the relation

u(z°, 7,t)=U (%, 7.t (h(z°, 7. 1)), (3.12)

Proof. 4By condition (3.1°), (2.5), (2.6) Uo(h(ro ) Z',t)), is the zero of the operator pD_. Taking into
account the group property of the characteristic, (3.10) it is shown that (3.12) satisfies the system (3.1).»

Theorem 3.2. Let the conditions of theorem 3.1 are satisfied. The solution u(r, t) of system (3.1) is
(.9, a))-periodic, it is necessary, that its initial function U(O, t) =U 0 (t) at 7=0 should be @-
periodic continuously differentiable:

U (t+qo)=u’(t)eCc(R") qgez". (3.13)
Proof. «Indeed, for z° = 0, from the solution (3.12) we have
u(r,t)=U(0,7,tJu°(n(0,7,t)), (3.14)
and itis (&, w)-periodic by (z,t), in particular
u(r,t+qo)=u(r,t)gez". (3.15)

Using (3.14), (3.15), (2.4), (3.11) and (3.10), we find. u°(t+qa)):u°(t). The smoothness of

u°(t) follows from smoothness of solution u(z,t) of system (3.1).

Theorem 3.3. In order for the solution u(r,t) of system (3.1) for being @ -periodic by t e R™
under the conditions of theorem 3.2, it is necessary and sufficient for condition (3.13) be satisfied by the
initial function Uo(t) for 7=0.

Proof. € Necessity follows from Theorem 3.2. For sufficiency, to show relation (3.15) follows from

condition (3.13).»
Theorem 3.4. In order for the solution u(r,t) to be @ -periodic by 7 € R under the conditions of

theorem 3.3, it is necessary and sufficient that the initial function Uo(t) a @ -periodic solution of the
linear (@ -periodic by { functional difference system with difference p=cé byt

U(0,8,t’(t-co)=u’(t) (3.16)
<«The necessary and sufficient condition (3.16) follows from (3.14), (2.3), (3.10) .»

Theorem 3.5. In order for the solution u(r, t) to be (9, ) -periodic solution of (3.1) generated by
the (@, w)-periodic zero UO(T,t) of the operator p_ under the conditions of theorem 3.4, it is
necessary and sufficient that the uo(r,t)zv(t) be an eigenvector of the monodromy matrix
U(0,0,t)=V (t): [V(t) — E(t)=0.

The necessary and sufficient condition (3.16) follows from Theorems 2.1 and 3.4.
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We assume that the operator U (To ' T t) of system (3.1) satisfies condition
U(s,z,t)<ae ™ a>1,a>0,72s. (3.17)

Theorem 3.6. In order for the system of integro-differential equations (3.1) has no multiperiodic
solutions, except for the zero one under the conditions of theorem 3.4, the fulfillment of condition (3.17) is
sufficient.

Note that theorem 3.6 is valid if condition (3.17) is replaced by condition ‘U (S, T, t)‘ <ae*" ™,
a>1, o >0, r<s.The resolving operator U (s,z,t) is represented as:
U(s,z,t)=U (s,7,t)+U, (s, 7,t), (3.18)

T

DU. (S, r,t): A(Z','[)J$ (S, 2','[)+ J- K(z‘,t, ¢, h(cf, 2',t))J¢ (S, ¢, h(ﬁ, z',t))df ,

—&

(3.19)
and satisfying conditions

\U_(s,r,t){gae*‘”“*s), r>2s,a>land >0, (3.20)
\U+(s,r,t)(£ae“<"s), 7<s,a>land a>0. (3.21)

Under conditions (3.18)-(3.21), they say that the resolving operator U (s, r,t) has the property of

exponential dichotomy.
Theorem 3.7. Let conditions (3.2), (3.3), and (3.18)-(3.21) be satisfied. Then system (3.1) has no
multiperiodic solutions, except for the trivial one.

4. Linear inhomogeneous equations and its multiperiodic solutions
We consider the system of integro-differential equations

D u(z,t)= Az, tu(z,t)+ jK(T,t,g, h(&, 7, (& h(E, 7, t))dE + f(r,1), (4D

where the f (z,t) is given N-vector-function possessing property

f(r+9,t+qa)):f(r,t)eCii‘e)(Rme),qum. (4.2)
Find a solution to system (4.1) satisfying the initial condition
u_, =u’(t)eC(R") (4.1

We seek a particular solution u’ (TO ) z','[) of system (4.1) with zero initial condition
U*(TO,T,'[] =0. (4.19)

with an unknown N-vector function V(z,t) e C%°) (R xR" ) in the form
u*(ro,r,t): IU(S,r,t)\/(S,h(S,r,t))dS- (4.3)
Acting by the operator Dc on vector-function (4.3), considering v(r,t), we have

Dcu*(ro,r,t):A(r,t)u*(ro,r,t)Jr :i.K(r,t,f,h(cf,r,t))u*(ro,f,h(cf,r,t))derv(r,t). (4.5)

Substituting (4.3) and (4.5) into (4.1) we obtain that v(z,t)= f(z,t). Then
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(20,7 t)= j;U(s, £ 0)F (s, h(s, 7,1))ds (46)

The solution (4.6) satisfies condition (4.1"). The general Cauchy solution of system (4.1) with initial
condition (4.1°) has the form

u(ro , T,t): U (TO , T,t)lo(h(ro , r,t))+ u*(r0 , T,t). (4.7)

Theorem 4.1. Under conditions (3.2), (3.3) and (4.2), the initial problem (4.1) - (4.1°) has the unique
solution in the form (4.6)-(4.7).

<« For the proof we use (4.6) and (4.7).»

Under the conditions of Theorem 3.7, the existence of multiperiodic solutions of system (4.1) is
investigated by the method of Green's functions, exponential  dichotomy  of

Uf(S,T,t), T25S
G(S’T’t):{—U+(S,7,t), T<S

Theorem 4.2. Suppose that the conditions of theorem 4.1 are satisfied and the matrix A(r,t) with
kernel K(z,t,s, o) are such that the system (3.1) has the property of exponential dichotomy, expressed
by the relation (3.18)-(3.21). Then system (4.1) has the unique (9, ) -periodic  solution

u(r,t)= fG(S, z,t)f (s, h(s, 7,t))ds, satisfying estimate ‘u*

<a/a|f|.

<€ Under the conditions of Theorem 3.1, the properties of the Green's function, the proof of the
theorem is carried out. Exponential dichotomy (3.1) ensures the uniqueness of a multiperiodic solution to
system (4.1).»

Lemma 4.1. Let the homogeneous linear system (3.1) under conditions (3.2), (3.3) and (4.2) have no
(8, ) -periodic solutions except zero. Then the corresponding inhomogeneous linear system (4.1) can

have at most one (&, w)-periodic solution.
Finding the (@, w)-periodic solution u(z,t) of system (4.1) among the solutions with initial
conditions, it is shown that it is defined as

W t)=0 0.7+ 0.)-U 0.0 [U, (5,20, (5. r.)ds. @)

Theorem 4.3. Suppose that conditions (3.2), (3.3), (4.2) are satisfied and the linear homogeneous
system (3.1) has no (9, a))-periodic solutions, except for the trivial one. Then the system of

inhomogeneous linear integro-differential equations (4.1) has the unique (9, a))-periodic solution
u(z,t) of the form (4.8).

Note that uniqueness follows from Lemma 4.1.

We note that the research problems of the considered systems can be studied along characteristics
with fixed initial data. From the proved theorems as a corollary, we have statements about the existence of
solutions to the initial problems for ordinary integro-differential equations and about the existence of their
guasiperiodic solutions in the sense of Bohr generated by multiperiodic solutions of the original systems.

Conclusion.

In this article proposes the method for (research) researching solutions of problems that satisfy the
initial conditions and have the property of multiperiodicity with given periods for systems of integro-
differential equations with a special D. operator in partial differential, & hereditary effect and the linear
integral operator. This technique is a generalization of methods and solutions of similar problems for
systems of partial differential equations with the operator D.. The problems under consideration in this
formulation are researched for the first time. The relevance of the main problem is substantiated. The
solutions of all the subtasks analyzed to achieve the goal are formulated as theorems with proofs.
Scientific novelties include the multi-periodicity theorems of zeros of the operator D¢; about solutions to
initial problems for all considered of systems; about necessary as well as sufficient conditions for the
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existence of multiperiodic solutions of both homogeneous and inhomogeneous systems, the integral
representations of solutions systems in cases: exponential dichotomy and the absence of non-trivial
multiperiodic solutions. We note that the consequences deduced by examining the results obtained along
the characteristics refer to their applications in the theory of quasiperiodic solutions of systems ordinary
integro-differential equations. The technique that developed here is quite applicable to the research of
problems of hereditary-string vibrations and the “predator-prey” given in delivered part of work, which
can be attributed to examples of applied aspect.

7K.A. Caprabanos, .M. AiliTeHoBa

K. J)KybanoB aTbiHarsl AKTeO€ OHipIik MEMJIEKETTIK yHUBepcuTeTi, Akrebe, Kazakcran

DC—OHEPATOPJILI J)KOHE & -DPEJNTAPJBIK IEPHOATHI CHI3BIKTEI MHTETPAJIIBI-
TN ®PEPEHIAAIIBIK TEHJEYJIEP )KYHAECIHIH KONIEPAO/THI INEINIM/IEPT

AnHoTanusa. Makamana D, = 8/81' +c, a/atl +...+C, a/atm OTIePaTOPIbl, ¢ — const JKOHE TYKBIM

KyanaylIbUTBIK CUIATTAFbl KyOBUIBICTAPIBI CUMIATTAWTBIH | yaKbIThI GOibIHIIA & aKBIPIbI PEAUTAPIIBIK IEPHOATHI
CBI3BIKTHI HHTETPAIBI-TU( HepeHIHATABIK TSHILYJIIED KYHEeCIHIH KOIEePHUOTHI MEeIIiMIepi )KOHIHAETI ecenTep MEeH
Gacrankpl ecen macenenepi seprreneai. ApHaiibl D auddepeHunaniay onepaTopbiHblH HONICPIHIH TCHACYIMEH
Katap, ChI3BIKTHI OIPTEKTI KoHE OIPTEKTI eMec MHTerpaubl-TuddepeHIMaNIbIK TeHACYIep KyHeci KapaCThIPhUIIBI,
oJIap YIIiH 0acTanKbl ecenTepaiH OipMoHII MEIiTIMAUTITIHIH KETKITIKTI MapTTaphl aHBIKTAIFaH, (z-, t) OoMbIHIIIA
(0, a)) MCPUOJITHI, KOIIEPUOATH MICHIIMACPIiH Oap OONMYBIHBIH KAXKETTi e, KCTKUTIKTI J¢ IIapTTaphbl ajbIHFaH.
JKanfpI3IbIK MIAPTHIHA M€ CHI3BIKTHI OIPTEKTI €MeC JKYHEHIH KOIMepUOATHl MICIIIMICPiHIH HHTETPAIIIBIK 6PHEKTEPI,
1) nmepbec xarmaiifa, sSKH TEHJACYre COWKeC OIpTEKTI KyHenep SKCHOHCHIMANIBI TUXOTOMISUIBIK KACHETKE HE
OonFaHa XoHe 2) JKaJmbl JKaFmalaa, OipTeKTi KyhenepaiH HelJeH 0acka KeIMepHoATH MmenriMaepi 0ommMarania
afikprHanabl. Makanaza aepOec TybIHABUIBI apHaiibl D auddepeHumaniay onepaTopibl ChI3BIKTBl HHTETPalibl-
nuddepeHMANIBIK TeHISYIEp JKyieci YIIiH OepiireH ¢ dpeauTapiblK MePHUOATHI KOTIIEPUOITHIIBIK KaCUETIHE He
XKOHE 0acTamKpl [MAPTTAPFa KAHAFATTAHIBIPATHIH €CENTEp/i LICHIYIH 3epTTeYy OHICTEMECi YCHIHBLIFAH. (To,to)
exitinren t=t° +Cc7z —C7° xapakTepucTHKamap GOWBIHIA ANBIHFAH KONIEPHOATH UICHIMIEp KapamaifbiM
uHTErpanasl-1udGepeHInANIBIK TEHACYJICp XKYHCCIHIH KBA3HUIMEPHOATHI IMICIIIMACD TCOPHUSACHIHAA KOJIaHOABI
TYpJe NaiiianaHbUIa kL.
Tyiiin ce3mep: unTerpanabl-auddepeHINANIBIK TCHILY, IPSAUTAPIBIK, PIYKTyaIlHs, KOIIEPHOITHI IICIIIM.
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AKTIOOMHCKHH PEeTHOHAIBHBIN TOCYy1apCTBEHHBIN YHHBEPCUTET
nmernn K. XKybanosa, Axro6e, Kazaxcran

MHOTI'ONEPUOINYECKHWE PEINEHUSA JUHEMHBIX CUCTEM
UHTETPO-IU®®EPEHIIUAJILHBIX YPABHEHUA C Dc - ONIEPATOPOM
U € -NEPUOJAOM DPEJJUTAPHOCTHU

AHHoTanus. B cTaTthe uccrneayroTcs BOIPOCH HaYaabHOM 33Jau U 3aJja4d O MHOTONEPUOJIUYHOCTU PEIICHUH
JIMHEHHBIX cucTeM uHTEerpo-auddepeHnnantbHbIX ypaBHEHHH c onepaTopoM BUJA

D, = 6/8‘[ +c, a/atl +...+C, a/atm , c—_const M KOHEUHBIM MepHOIOM dpeautapHocT £ = CONSt > 0
o BpeMeHH [, KOTOpHIC ONMCHIBAIOT SBJICHMS HACIEACTBEHHOro XapakTepa. Hapsay ¢ ypaBHEHHEM HyJieit
crenuanbHoro omneparopa  auddepeHuuposanus D, PacCMOTPEHb JIMHEHHBIE CHCTEMbl OJHOPOIHBIX M
HEOTHOPOAHBIX HMHTErpo-au(epeHInanbHEIX  ypaBHEHUH, U1 HUX YCTAQHOBJEHBI JOCTATOYHLIE YCIIOBHS

OZLHO3Ha‘IHOI7[ pa3p€iiuMOCTH HavaJlbHBIX 3aJia4, MOJYUYCHbI KakK HeO6XOﬂI/IMLIe, TaK W JOCTATOYHBIC YCJIOBUA
CyHI€CTBOBAaHHS MHOT'ONCPUOJUYCCKUX 10 (T,t) C nepuojamMu (0,(()) peIHeHP[fI. Onpeaeneﬂm HUHTCTpaJIbHbIC

MIPEICTaBICHUS MHOTOIEPUOINICCKUX PEIICHUH JTUHEWHBIX HEOJHOPOIHBIX CHCTEM, OOJaJaroIIUX CBOWCTBOM
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€MHCTBEHHOCTH, |) B YacTHOM cCilydae, KOT/Ia COOTBETCTBYIOIIHME OJHOPOIHBIE CHCTEMBI 00JamaioT
SKCHOHEHIMATBHON JMXOTOMHYHOCTEIO M 2) B OOIEM ciy4ae, KOTJa OJHOPOIHBIE CHCTEMBI HE HWMEIOT
MHOTOIIEPHOINIECKUX PEIIeHUH, KpOMe TPHBHAIBHOTO. B cTaThe mpeioskeHa METOINKa HCCIICAOBAHHS PEIICHUs
3a[a4, YAOBJIECTBOPSIOMNX HAaYaJbHBIM YCIOBHSM M OONANArOIINX CBOWCTBOM MHOTONEPHOIMYHOCTH C 3aJaHHBIM
€ — nepuoIoM 3PEIUTAPHOCTH VIS IMHEHHBIX CUCTEM MHTErpO-Au(depeHIIMaIbHbIX YPABHEHHHI CO CIEHMATbHBIM
oneparopom AndppepeHumpoBanust D, B YaCTHBIX NMPOM3BOAHBIX. MHOTONEPHOANYECKUE PELICHNS, IOJNYYCHHbIC

B1oms xapaktepuctuk t =t° + ¢z —c7° ¢ duxcupopannoit (TO t° ), MIPUMEHSIOTCS B BUJIC TIPUIIOKECHUS B TECOPUHU

KBa3UIIEPHOINYECKHIX PEIICHUI CHCTEM OOBIKHOBEHHBIX HHTErpO-1u(depeHHanbHbIX ypaBHEHHH.
Kirouesnbie ca0Ba: uHTerpo-auddepeHnnaiILHoe ypaBHEHHUE, 9PEIUTAPHOCTb, ¢dykryanus,
MHOT'OIIEPUOJUYECKOE PELICHHE.
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