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PHASE PORTRAITS OF THE HENON-HEILES POTENTIAL

Abstract. In this paper the Henon-Heiles potential is considered. In the second half of the 20th century, in
astronomy the model of motion of stars in a cylindrically symmetric and time-independent potential was studied.
Due to the symmetry of the potential, the three-dimensional problem reduces to a two-dimensional problem;
nevertheless, finding the second integral of the obtained system in the analytical form turns out to be an unsolvable
problem even for relatively simple polynomial potentials. In order to prove the existence of an unknown integral, the
scientists Henon and Heiles carried out an analysis of research for trajectories in which the method of numerical
integration of the equations of motion is used. The authors proposed the Hamiltonian of the system, which is fairly
simple, which makes it easy to calculate trajectories, and is also complex enough that the resulting trajectories are far
from trivial. At low energies, the Henon-Heiles system looks integrable, since independently of the initial conditions,
the trajectories obtained with the help of numerical integration lie on two-dimensional surfaces, i.e. as if there
existed a second independent integral. Equipotential curves, the momentum and coordinate dependences on time,
and also the Poincaré section were obtained for this system. At the same time, with the increase in energy, many of
these surfaces decay, which indicates the absence of the second integral. It is assumed that the obtained numerical
results will serve as a basis for comparison with analytical solutions.

Keywords: Henon-Heiles model, Poincaré section, numerical solutions.

Introduction. Interest in the existence of the third integral of motion for stars moving in the potential
of the galaxy revived in the late 50's and early 60's of the last century. Initially it was assumed that the
potential has a symmetry and does not depend on time, therefore in cylindrical coordinates (7,8, z) this
will be only a function of » and z. There must be five integrals of motion that are constant for the six-
dimensional phase space. However, the integrals can be either isolating or non-isolating. Non-isolating
integrals usually fill all available phase spaces and do not restrict the orbit.

By the time Henon and Heiles wrote their pioneer article, there were only two known integrals of
motion: total orbital energy and angular momentum per unit mass of the star. It is easy to show that at
least two integrals are not isolated. It was also assumed that the third integral was also not isolated,
because no analytical solution has been found so far. Nevertheless, observations of stars near the Sun, as
well as numerical calculations of the orbits, behaved in some cases as if they obeyed the three isolating
integrals of motion.

Henon and Heiles tried to find out if they could find any real proof that there must be a third isolating
integral of the motion. Making numerical calculations, they did not complicate the astronomical meaning
of the problem; they only demanded that the potential investigated by them be axially symmetric. The
authors also suggested that the motion was tied to a plane and passed into the Cartesian phase space (x, ¥

, X, V). After some tests they managed to find a real potential. This potential is analytically simple, so that

the orbits can be calculated quite easily, but it is still quite complex, so that the types of orbits are
nontrivial. This potential is now known as the potential of Henon and Heiles [1-3].

— 5 —
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Methods and calculations. The Henon-Heiles potential is undoubtedly one of the simplest, classical
and characteristic examples of open Hamiltonian systems with two degrees of freedom. The above topic
was devoted to a large number of research scientists [4-25].

The potential of the Henon-Heiles system is determined by the formula:

1 2
U(x,y)=5(x2 +y° +2x2y—§y3) (1)

Equation (1) shows that the potential actually consists of two harmonic oscillators, which were

1
connected by the perturbing terms x” Y- E y3 .

Figure 1 - Closed equipotential curves for the Henon-Heiles model for different values of U

The basic equations of motion for a test particle with a unit mass (m =1) are:

. ou
X=———=—x—-2xp
ox 2
. oU 2, 2
Yy=—FT="Y— Xty
oy

Consequently, the Hamiltonian of system (1) has the form:
1 ) .2 1 2 2 2 1 3
H=—(x"+ +—(x" + +xy——y =h, 3
S(F 07 )+ (3 07+ Xty =2y (3)

where xand y are the momenta per unit mass, xand y are the coordinates of the system; 4 > 0 the

numerical value of the Hamiltonian, which is conserved. It is seen that /> (the Hamiltonian is
symmetric with respect to x — —x , and H also exhibits a symmetry of rotation at 2z / 3.
Below are the dependencies of the coordinates of the functions in time for the systems of equations

Q).
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Figure 3 - Dependence of the function x on time

Figure 4 - Evolutionary trajectories of the functions x, J, Py

To study the Henon-Heiles system, the Poincaré section method is used. Advantages of this method
are especially evident when we consider nonlinear systems for which exact solutions are unknown. In this
case, the phase trajectories are calculated by numerical methods.
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To solve the systems of equations (2), boundary conditions are chosen so that they satisfy equation
(3). Further, the systems of equation (2) are solved on the basis of the Runge-Kutta method. To
construct the Poincaré section, those values that intersect the plane x =0 are chosen. Below are the
Poincaré sections for Henon-Heiles systems for different energy values: E=1/12, E=1/8,
E =1/6. With increasing energy, the structure of the cross sections is destroyed. The results obtained

are in agreement with other authors [1, 2].
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Figure 8 - Poincare sectionat £ =1/6.

Conclusion. Thus, the results obtained by the numerical method determine the oscillations for the
Henon-Heiles model and serve as the basis for a comparative analysis in determining the analytical

mapping.
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"MHcTrTyT TeopeTHueckoil 1 mprKIagHoil Mexannkn uM. C.A. Xprctnarosuda CO PAH, PO;
Kaszaxckuit Hanmonanbusiii Mccnenosatenbekuii TexXHUYECKAH VYuusepcurer, uMm. K.W. Carnaea, Kazaxcran

®A30BBIE IOPTPETHI IOTEHIIUAJIA XEHOHA-XEMJIECA

AnHoTanus. B nanHoi#t pabore uccnemyercs noreHuan XeHoHa-Xeineca. Bo Bropoit monosune XX Beka B aCTpOHOMHU
U3y4aJIUCh MOJEIU IBMKCHUS 3BE3J B LWIMHAPHYECKM CHMMETPHYHOM M HE 3aBUCSILIEM OT BpeMeHU noreHuuane. Ms3-za
CUMMETpUM IOTEHLMANa TpeXMEpHas 3ajada CBOJUTCA K JBYMEPHOH, TeM HE MEHECHAXOXJEHHE BTOPOrO HHTErpaia
MOJy4YEHHOH CHUCTEMBI B AHAJIUTUYECKOM BHJE OKAa3bIBACTCS HEpa3pellMMON 3ajaded Aaxke A CPaBHUTEIBHO MPOCTBIX
MOJMHOMUAJIBHBIX MTOTEHIMANOB. YTOOHI 10Ka3aTh CyIIECTBOBAaHUE HEM3BECTHOIO MHTErpaja, yueHble XeHOH 1 Xelec mpoBein
aHalIn3 HMCCIENOBAaHUI ISl TPAeKTOpHi, B KOTOPOM HCIHOJB3yIOTMETO/ YMCIEHHOTO MHTETPHPOBAHUS yPaBHEHUH IBUKEHMS.
ABTOpBI MPEIOKUIN TaMUIBTOHHAH CUCTEMBI, KOTOPBIA JOCTATOYHO MPOCT, YTO MO3BOJISET JIETKO BBIUHMCIATH TPACKTOPHH, a
TaKKe JOCTATOYHO CIIOXKEH, YTOOBI MOTyYEHHBIC TPACKTOPHH OKA3aJIHCh JAJIeKO HE TPUBHANBHBIMU. [IpH MambIX SHEprusx
cuctemMa XeHoHa-Xeiieca BBITISAUT UHTETPUPYEMOM, TaK KaK HE3aBUCUMO OT HAYaJIbHBIX YCIIOBHM, TPAEKTOPHUHM, NOJIyUEHHBIE C
MOMOIIBIO YHCIICHHOTO MHTCTPUPOBAHMS, JIeXKAT Ha ABYMEpPHBIX IOBEPXHOCTSX, T.€. TaK, KaK ecid OBl CyNIeCTBOBAJ BTOpPOH
HE3aBUCUMBIA WHTerpan. [ JaHHON CHCTeMBI OBUIM ITOJIyYeHHI SKBHIIOTECHIMAJIBHBIC KpPHUBBIE, 3aBUCHMOCTH HMITyJbca U
KOOpJIMHATBI OT BpeMeHH, Takxke ceueHue Ilyankape. B To ke BpeMs C yBeIMUCHHUEM SHEPIUU MHOTHE U3 3TUX MOBEPXHOCTEH
pacnajaroTcsl, 4YTO yKa3blBaeT Ha OTCYTCTBUE BTOpOro uHrerpaia. Ilpeamnosnaraercss uyTo, MOJIyuyeHHbIE YUCIICHHbIE PE3YJIBTAThI,
MOCITY’KaT OCHOBOH ISl CPaBHEHMS C aHAIUTUYECKUMH PEIICHUSIMU.

Knrouessble ciioBa: Mozens Xenona-Xeineca, ceyenue [lyankape, YlCICHHBIE pELLICHHUS.
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'C.A. XpHCTHAHOBHY ATHIHIAFHI TEOPETHKAIBIK JKOHE KONIAHOAB MEXAHHKA HHCTUTYTH,
Peceii FpuTBIM akazeMusicHl cibip Gemimi
K.J. CorbaeB aThIHAFb! Ka3aK YITTHIK TEXHUKAIBIK 3¢PTTEY YHUBEPCHTET

XEHOH-XEMJIEC IIOTEHIAAJBIHBIH ®A3AJBIK BEMHECI

Annotaums.Bepinren makanana XeHoH-Xeiiec MOJIeIbi KapacTeipbuiaasl. 20 FACBIPIBIH CKIHII KapTHICHIH/A KYIIABI3AAD
KO3FAJIBICHIHBIH LMJIMHIPIIK CHMMETPHSUIBI JKOHE YaKbITTaH TOYyeNCi3 IOTeHIMal MoJenbi 3eprrenii. I[ToTeHIMaNIBIH
CHMMETPHSUIBIFBl apKachIHAA YII OJLIEM/Ii €CenTi eKi oJIeM/al ecel peTiHae KapacTeipyFa Oonagsl, anaiiga GepiireH xyheHiy
aQHAJINTHKANBIK TYpIE eKiHIII MHTErpaiblH Taly, TINTi caJbICTHIPMANbl TYp/e KapanaifbiM MOJIMHOMHANBIBI TOTSHIHANAAP YIIiH
LICHTIIMEHTIH Mocene Oombin Tadbuianel. benricis WHTErpanaplH Oap eKeHiH AQJeNAey YIIiH, XeHOH MeH Xeiiiec KO3Fallbic
TEHJCYJCPIHIH CaHABIK HHTETpajiay oOIICiH MaiJalaHbIl TpaeKTOpHs OOWBIHIIA 3epTTeyiiep Kacaabl. ABTOpiap JKYHEHiH
raMIIbTOHHAHBIH YCBIHIBI, OJ ©T€ KapamailblM JXOHE TPACKTOPHSHBI €CEeNTey/Ai JKCHiIeTe[i, COHBIMEH Karap alblHFaH
TPaeKTOpHsIAp TPUBHAIABL €Mec Kypuedi Ooubin TaObUIafbl. DHEPTUsSHBIH TOMEH JeHreinepinne XeHoH-Xeilnec xyiteci
MHTEerpaiaHajpbl, eKiHIi Oenrici3 MHTeprpayisl 6ap Cekiami 0acTankpl MIapTTaplaH TAyesci3 JKYHEHIH TPaeKTOPHUSICHI CaHIBIK
MHTETPAIIBIK dJICIICH ICHILIIN, €Ki OJImeM/Ii KCHICTIKTe CHMAaTTalajbl. bepiireH xyiie YIIiH 3KBUIOTCHIIMAIIBIK KHUCBIKTAp,
UMITYJIbC HEH KOOPAMHATTHIH YaKbITTaH TOyeniaiiiri, conpaii-ak IlyaHkape kumachl anblHAbl. COHBIMEH KaTap, SHEPIUsHBIH
oCyiMeH, OChl OETTepAiH KOILIUIr bIAbIpaibl, Oy eKiHII WHTerpalAblH O0oiIMayblH KepceTei. AJIBIHFaH CaHIbIK HOTHXKEIep
AHAJINTHKANBIK IIENIIMICPMEH CANBICTBIPY YILiH Heri3 6onasl fen 0o/mKaHy 1.

Tyiiin ce3nep: XeHoH-Xeitnec Mmoaenbi, [lyaHkape KUMachl, CAaHIBIK IIEIIiMAEP.
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