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ABSOLUTE STABILITY OF A PROGRAM MANIFOLD OF
NON-AUTONOMOUS BASIC CONTROL SYSTEMS

Abstract. In this paper the inverse dynamics problemisstudied: for a given manifold restore a force field, which
lies in the tangent subspace to manifold. One of the general inverse problems of dynamics is solved: the
corresponding system of differential equations is but as well as the stability is considered. This inverse problem is
very important for a variety of mathematical models mechanics.Absolutestability of a program manifold of non-
autonomous basic control systems with stationary nonlinearity is investigated. Theproblem of stability of the basic
control systems is considered in the neighborhood of a program manifold. Nonlinearitysatisfies to conditions of local
quadratic relations. The sufficient conditions of the absolute stability of the program manifold have been obtained
relatively to a given vector-function by means of construction of Lyapunov function, in the form "quadratic form
plus an integral from nonlinearity". The obtained results are used to solve the problem of the synthesis of high-speed
regulators.

Key words. Absolute stability, basic control systems, program manifold, Lyapunov function, local quadratic
relation. high-speed regulators.

Introduction. The problem of constructing for systems of ordinary differential equations on a given
integral curve was formulated by Yerugin in [1] and there was proposed a method for its solving. Later,
this problem was developed by Galiullin, Mukhametzyanov, Mukharlyamov and others [2-19] to the
problem of the construction of systems of differential equations by a given integral manifold, to solving of
various inverse problems of dynamics, and to constructing of systems of program motion.The integral
manifold is defined as the intersection of hypersurfaces.It should be noted that the construction of stable
systems developed into an independent theory. A detailed survey of these works can be found in [2, 7,
16]. The works [2-5] are devoted to the construction of automatic control systems on the basis of a given

manifold. In these works, control systems were constructed for a scalar nonlinear function @(0), and

sufficient conditions for absolute stability were established. The problem of the construction of automatic
control systems for a vector nonlinear function with locally quadratic relations was solved in [6, 7].In [10,
12, 13], inverse problems of dynamics are considered in the presence of random perturbations, namely in
the class of stochastic differential Ito equations. In [20 - 22], conditions for reducibility to a canonical
form and conditions for the stability of a Cauchy problem were established, and the problem of the
existence of periodic solutions of equations unresolved with respect to the higher derivative was
investigated. Sufficient conditions for the asymptotic stability of the program manifold of degenerate
automatic control systems were obtained in[8]. The problem of the exponential stability of the trivial
solution was investigated in [23]. In [24, 25], exponential-stability conditions were established for
automatic control systems of a certain class. The problem of the synthesis of asymptotically stable
systems possessing a given property was posed in[26], where a method for the synthesis of feedback laws
was also given. Questions of the stability of the trivial solution of systems with variable coefficients were
considered in the works [26, 27].
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In the present paper,we investigate the stability of a program manifold with respect to the given
vector-function of non-autonomous basic control systems with stationary nonlinearity.

Statement of the problem.Note,what the general statement of the problem is as follows:

To construct a material system describing by ordinary differential equations

)'c=f(t,x,u), tel=[0,00, (1)
where x € R" is the state vector of the object; # € R” - control vector; f € R" is a continuous

vector-function, on a given (72 — §) -dimensional program manifold Q(t ) =w(t,x)=0,we R’

The method of solving this problem consists in finding a set of right parts of the desired systems
satisfying the equality on the manifold.

Definition 1.4 set Q(t) is called an integral manifold of equation (1) if, from that
@(ty,xq) € C2ty) follows w(t,x(t,ty,xy)) € U2) forall t 2 t,.

The concepts of an integral manifold and a program manifold have the same meaning, for
convenience, we will use the term program manifold.

Taking into account the necessary and sufficient conditions for the manifold Q(t ) to be integral for
the system (1), we get:

t,x,u) =F(t,o,u). )

Here F € R® is the Erugin vector-function [1] satisfying the condition /'(¢,0,u) = 0.

We will introduce for consideration a class & of continuously-differentiable at times ¢ and bounded
on a norm matrices.
Suppose that the right-hand side of the system (1) can be represented in the form

. _ T _

i=f(t.x)-B0E, £=olo) o=P (Yo, tel=[0,) G)
where x € R” is a state vector of the object, [ € R" is a vector-function, satisfying to conditions of
existence of a solution x(¢) =0, B € E", PeZ""  are matrices, @ € R* (s £n) is a vector,

f € R’ is the control vector-function of the deviation from the given program, satisfying to conditions
of local quadratic connection

P(0) =09 (0)0(t) (o - K~ (1)p(c))>0, Vo0,

Ki(6)< op(o)

<K, (),

[0 =diag|6,.....0,[1eE™", K(t)=diag|k;(t),....k, )|, [K(t)=K"()>0]eE"™",

[K;()=K] ()>0 i=12]e2"™".
Note that the following estimate
Prioff <lof” <22 Jof? 5
@) Vi

can be obtained from the condition (4), where ﬂlavl ; ,82,1/2 are the smallest, largest eigenvalues of
matrices POPT , OK -1
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The given program Q(t ) is exactly realized only if the initial values of the state vector satisfy the

condition @(#,Xy) = 0. However, this condition cannot be exactly satisfied, because of always there
exist initial and permanent acting perturbations. Therefore, the conditions of the stability of the program
manifold Q(l‘ ) with respect to the vector function @ should be additionally required in the construction

of systems of program motion.
On the basis of relation (2) and our assumption, choosing the Yerugin function as

F=—-A(t)w, A Z°"° we obtain the following system with respect to vector-function @ [2, 3]:
o=-AOo-HOBNE, $=9¢(o), o=P' (o, teI=[0,0),  ©

where H = 8_ is the Jacobi matrix, nonlinearity ¢(o’) satisfies also to generalized conditions (4), (5).
X

Definition 2.4 program manifold CX(t) is called absolutely stable with respect to vector-function
@ if it is asymptotically stable in whole for solution of equations (6) for all a)(t 0> xo) and the function
¢(O‘ ) satisfying conditions (4), (5).

Statement of the problem.7o get the condition of absolute stability of a program manifold Q(t ) of

the non-autonomous basic control systems in relation to the given vector-function .
Sufficient conditions of the program manifold’s absolute stability. First, we consider a linear system
of differential equations with respect to a vector function @:

v=—A()o, tel=|0,0). (7)
For this system, we have
Theorem1 [27].Suppose that there exists L(t) = L’ (1) >0 and — 14 |(7) =W.

Then for the asymptotic stability of a program manifold CUt), it is necessary and sufficient that the
following relations hold

V=wo"Lt)o>0,
W=w"G{)w>0,
where V , W have the following properties

Lol <V <b,]e]’,

®)

gl < < gl

where 11,1y, 81,82 are positive constants.

©)

-

In the space, X, we choose the region G(R) as follows
G(R)=(t,x):t=0A Ha)(t,x)H <R <o, (10)
Basic theorem. [f there exists a real, continuous and differentiable function V (t, @) in region (10)

that is definitely positive and admits a higher limit as a whole, such that

dv
—— e =W(t,o
r (6) (t,0)

will be a definite-positive function for all values of @, then the program manifold CX(t) is absolutely

stable.
Theorem 2. Suppose that there exist matrices
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L) =L"(1)>0eE", B=diag(B,,...,8.)> 0

and non-linear function (D(G ) satisfies the conditions (4), (5). Then, for the absolute stability of the

program manifold Q(f ) with respect to the vector function (O it is sufficient performing of the following

conditions

Lol <V <)ol

, (11)

gl <V <gx(of

where 11,1», 81,82 are positive constants.

ProofLet there exist L(t)=L"(1)>0eE"", p= diag(ﬂl yeres B ) >0, then for the
system (6) we can construct a Lyapunov function of the form

; (12)

Viw, &)= o' Lit)o + j 0" Bdo>0. (13)
0

Taking into account the property (4), making the substitution

p(c)=ho (0<[h=h"1<k) k=minK().
¢
we obtain the estimate

L|o| <V <L @)l (14)
where

L =1DO+40), LE=1P0)+4,0);
L)l < [o" (@) do < )]
0

Here [ (1),21,1 (2),22 are the smallest and largest eigenvalues of matrices

LA, A=P(t)H (1) IBP d (t) . The diagonal elements of the matrix A are divided by the number 2.
On the basis of property (5) the derivative of the function (13) takes the form

—V=0"Go+20" G&+ETG,E>0, (15)
where

G(t)=—L + AT ())L(t) + L(t) A(¢);
G/(0)=3 A" OPWS + LOHOBO)+ fPT (1)

_ T
G, ()= P (DH()B().
Due to the fact that —F > 0 the following estimates hold

ailo” + e )< =7 0z < (o +12”) 6

— 4) ——
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where

(0] G Gl
& G G,

41,4, are the smallest and largest eigenvalues of matrix O .

b b

Taking into account the estimates (5) from (16), we get

2 ; 2
m@O|e|” <=V <n,0)|e|", (17)
m= 611£1+ﬁ} M= %[H&}
V2 Vi
On the basis of (11), (17), the inequalities are valid
t t
lz_lVO exp[—jal (r)dr]< Ha)Hz < ll_lVO exp[—J.az (r)dr], (18)
‘o ‘o
where
t t
l(1) I, (1)
Assume that
a; =sup[-a; ()] A @y = inf[-a, ()];
tel tel
L, =infl;(t) AL, =supl, (?).
tel tel
from inequality (18) we obtain
_ 2 _
5V expley (t =t < || <17V, explay (t - 1o)].
Whence follows the next estimates which hold on the sphere R:
Ha)Hz <R? expla, (t —ty)]. (19)

Conditions of the synthesis of high-speed regulators. The obtained results we use to solve of the
problem of the syntewsis of high-speed regulators.

Let t = l‘g. Then from (19) we get
2 * _ .2
R expla,(t) —ty)]=¢

or solving with respect to # 8 —1Iy:
2

- &
t;)k _tO =CZ2111'1F. (20)

The control time £ o= t - 1 on the basis of (20) is defined as follows

2

_ . -l. 2
l‘p—Otz 1nf11’1—2. (21)
@0
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The solution of the problem of the synthesis of high-speed regulators follows from inequalities
2
_ &
a;’ infIn——<1,.

here 7 is the specified time.

Funding. This resultsare supported by grant of the Ministry education and science of Republic
Kazakhstan No. AP 05131369for 2018-2020 years.
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YK 517.925:62.50
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C.C.’KymaTtoB

MaremaTtuka KoHe MaTeMaTHUKaJbIK MOACIACY UHCTUTYTHI, A.]'lMaT])l, KaSaKCTaH

ABTOHOM/1bl EMEC HEI'T3I'T BACKAPY JKYUEJIEPIHIH
BATJJAPJIAMAJIBIK KOIIBEMHECIHIH ABCOJIIOT OPHBIKTBIJIBIT bI

AnHoTanus. Makanana TUHAMHUKaHBIH Kepi ece0i 3epTreneni: srHH, OepiireH KemOelHe YIIiH, KenmOeiHere
MIEPIICHANKYISP Ka3bIKIIANA JKATaThIH KYII Opici TYPFBI3bUIANbl. JIMHAMUKAHBIH JKaNIel ece0l MIemIiiesni: sFHd
coiikec nuddepeHmnanapK TeHIeyIep KYHeCiHIH OpHBIKTBUIBIFBI 3epTTeiieni. byl kepi ecen MexaHUKaHBIH TYpIi
MaTeMaTUKAIBIK MOJeJepl YIIiH eTe MaHb3abl. CranoHap OeiChI3BIKTHI aBTOHOMJBI €Mec Herisri Oackapy
JKYHernepiHiH aOCONIIOT OPHBIKTBUIBIFBI 3eprTeieni. Herisri Oackapy jkyiHenepiHiH OpHBIKTBUIBIFBI OaraapiaMalbik
KeIOelHeHIH MaHalbIHIa KapacThIpbliaabl. BeHChI3BIKTHIKTAp JIOKaJ/Ibl KBaAPATTHIK OailaHbICTap/bl KaHAFaTTaH-
Ieipanbl. barmapiamaiblk  KemOeiHeHiH OepiireH BeKTOp-(QyHKIMsS OOWBIHIIA aOCOJMIOT OPHBIKTHUIBIFBIHBIH
JKETKUTIKTK IIapTTaphl “KBaApaTThIK (opma Kocy OeHChI3BIKTHIH MHTETpa’” TypiHzeri JIsSmyHoB QyHKIUSCHIH KYpy
apKbUIBI aJIbIHAJBI. AJIBIHFAH HOTIIKENEP Te3 KbUIIaMIBIKTHI PETTEriTepli cCHHTE3 ey ece0iHe KOJIIaHbUIIbL.

Tyiiin ce3mep. AOCONIOTTIK OTHBIKTBUIBIK, HETI3ri Oackapy Kyienepi, OarnapnamaislK kenoOeiine, JIsmyHoB
(hYHKIHACKL, JIOKAIII KBaAPATTHIK OaiiIaHBIC, JKOFAPHI KBUIIAMIBIKTHI PETTET1III.
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ABCOJIIOTHASL YCTOMYUBOCTH TIPOT'PAMMHOI'O MHOI'OOBPA3HUS
HE ABTOHOMHBIX OCHOBHbBIX CUCTEM YIIPABJIEHUA

AuHoTammsi. B cratee paccMmaTpuBaercst oOpaTHas 3ajava JAWHAMHUKH: JUIS 3aJaHHOTO MHOTOOpasus
BOOCTAHABIIMBACTCS IOJI€ CHJI, KOTOPBHIE PACIIONIOKEHBI HA MEPIEHINUKYISIPHON MOMYIIOCKOCTH K MHOTO0OPA3HIO.
Pemaercst Gosiee oOmias 3aqaya AMHAMUKK: HCCIEAYIOTCS YCTOMYMBOCTh CUCTEM COOTBETCTBYHOMIUX nudddepen-
[MATBHBIX YPaBHEHHH. DTH OOpaTHBIC 3amadd OYCHb BAKHBI IS PA3UYHBIX MOIEICH MEXaHHMIECKHX CHCTEM.
Hccnenyercs abCOMIOTHAS YCTOWYMBOCTH MPOrPAMMHOTO MHOTOO0Opa3susi HE aBTOHOMHBIX OCHOBHBIXCHCTEM
yapaBji€HUd CO CTalMOHApHBIMU HEJIMHEHHOCTSIMU. Y CIIOBUS yCTOﬁ‘lHBOCTH OCHOBHbBIX CHCTEM HCCJICI0OBAaHbI
BOKPECTHOCTH 3aJIaHHOTO MPOrPAaMMHOIO MHOroo0pasus. HelnHEeHHOCTH YIOBIETBOPAIOT YCAOBHUSIM JIOKAJIbHOM
KBaJ[paTU4HOU CBsi3u. J[ocTaTOUHbBIE YCIOBHUs aOCOMIOTHOU YCTOHYUBOCTH MPOrPAMMHOIO MHOTO0Opa3usi, OTHOCH-
TEJILHO 3a/IaHHOM BEKTOP-(PYHKIIMH, TOIYUIEHBI C MOMOIIBIO0 OCTpoeHus GyHKImU JIsmyHOBa, «kaapaTudHas Gpopma
IUTIOC MHTErpal OT HeJuHeHHOoCcTH». [losydeHHble pe3yibTaThl HCIOJIb30BAHBI JUISIPEIICHUA3aIaUNCHHTE3a
OBICTPOAEHCTBYIOIUXPETYIIATOPOB.

KaroueBble cioBa. AGCONIOTHAS YCTOWYHMBOCTH, OCHOBHAS CHCTEMa YIPABJIEHHS, MPOTOPAMMHOE MHOTO-
obpaswue, pyHKuus JIATYHOBA, JTOKaIbHAs KBAIPATHIHAS CBA3E, OLICTPOACHCTBYIONINE PETYISTOPHIL.
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