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WEAK CONVERGENCE OF INTEGRAL CURVATURES
OF CONVEX SURFACES

Abstract. The article contains a concentrated analysis of the existing information on the main problems of the
theory of convex surfaces and differential geometry “in general” and is devoted to the problems of the reconstructing
convex surfaces from the information about their curvature studied by the topological methods of the functional
analysis.

The class of smooth surfaces in a bounded convex domain GcE? is considered. The concept of the R-area of a
normal image is set forth. In the class K+(G), the Monge—Ampere equation is considered.

The paper considers the integrals of transverse Minkowski measures associated with the parallel surfaces. If the
surface @ is given by the explicit equation z = f (x, y), then for the integral curvatures of this surface transferred to
the plane E?, the inequalities wi(®, G)<w(0Zy, 0Z¢) for k =0, 1, 2. Of these inequalities, inequalities follow

@o(D, G)< 2nr’+4mr||¢llg, ©1(D, G)< 2n’r+4m||¢llg, BAD, G)< 4,
which are used in reasoning. We prove the weak convergence of the integral curvatures of the convex surfaces. The
result obtained in the form of a theorem plays an important role in the proofs of the theorems on the existence of a
convex hypersurface with a given combination of the integral conditional curvatures. For the first time, the
conditional curvatures are taken in the most general form, as a given function of the integral conditional curvatures
of the various orders. The integrand functions are the product of the continuous functions and the integral curvatures
of the various orders.

Keywords: convex surface, convex surfaces in Euclidean space, Monge-Ampére equation, the cone of convex
surfaces in the space of continuous functions, conditional curvature, integral curvature, restoration of surface.

1. Introduction.The existence and uniqueness of a surface with the predetermined geometrical
characteristics is one of the important and urgent problems of the differential geometry “in general” and its
various analytical and mechanical applications[15]. The formulation of this problem in the language of
analysis leads to the boundary value problems for the elliptic or hyperbolic partial differential equations of
the second order, and also, as I.Ya. Bakelman showed, to integral equations.[12],[13], [14]

The class of smooth surfaces in a bounded convex domain GCE? is considered. The concept of the R-
area of a normal image is set forth[16]. In the class K+(G), the Monge—Ampere equation is considered.

A number of geometric problems, including the Minkowski problem of constructing a convex surface,
are reduced to the simplest Monge—Ampere equations.[9] G. Minkowskiposed and solved the problem of
constructing a convex surface, whose Gaussian curvature has a given normal function.

2. Setting of a problem. Integrals of transverse Minkowski measures. The papers [1], [3], [10]
set forth the information from the theory of integrals of the transverse Minkowski measures for the convex
bodies, and also presented in [2], [11] the concepts and properties of the integral curvatures of the various
orders for the closed convex surfaces. In [4], some fundamental formulas of the theory of surfaces are
considered.

Let 7 be a bounded convex body in the space E°. Then F=0T is a closed surface that homeomorphic
to the sphere S
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Let P be the plane of support to F at the point XpeF. We denote by /7 such of the closed half-spaces
E® with the boundary P, which contains the body T. If the origin of coordinates is placed in a point lying
inside the body T, then the plane P and the half-space /7 are specified analytically as follows:

P={X eE’| X, v)=d}; Il = {X eE’| (X, v)<d}, (1)
where v is the unit outward normal to P, X is the current radius vector of points from P or from //and d is

the distance from the origin to the plane P.
To each plane of support P to F we assign the plane P, having the equation

Pi={X €E’| (X,v)=d+ h}, (2)
where /# 2> 0 is a fixed number. We denote by /1, the half-space given by the inequality
I, ={X eE’| (X,v)<d+h). 3)

Obviously, P,=2l1,. Denote by T the intersection of all half-spaces/{;, which are constructed along all
possible support hyperplanesP to F. Then 7} is a bounded convex body, and F,=2T is a closed convex
surface geomeomorphic to the sphere S°. Surfaces Fare called parallel to surface F.

3. Research methods. The following formula is valid ([5], [1]):

3
V(T,) =) CiW, (T)h", )

k=0

where 4 > 0 is a fixed number, the numbers Wi(T) that are factors in the coefficients of the polynomial on
the right-hand side of (4) are called integrals of Minkowski transverse measures for a convex body 7.
Integrals of transverse Minkowski measures are the functionals on a class of the bounded convex bodies.
We point out the properties of these functionals necessary for further.

1. Wo(T)=V/(T), WJ(T)=§ o(T).

2. For any k = 0..3, the functionalsW(T) on the class of convex bodies are non-negative, invariant
with respect to motions in E’, monotone, bounded, homogeneous degrees (3 — k), continuous, and
additive.

The formulation and proof of these properties are given in [5], Chapter VI, §1.

3. For convex bodies with a smooth C? boundary, in the sense of differential geometry, the functional
Wk(T) can be represented as integrals on 0T from elementary symmetric functions of order (k — 1) of 3
principal curvatures OT.

For each fixed # >0, the mapping is defined

Zn: subset F— subset F,

which assigns 4,cF to each set AcF such that:

If P is the plane of support to the surface F, such that A P=, then the plane P, = {XeE’ | X, v) = d+h}
is the plane of support to the surfaceF), and 4,P»=£J and, on the contrary, if P; is the plane of support to
the surface Fj, then P is the plane of support to the surface F.

Obviously, yy is the identity transformation.

Let F be a complete convex surface in E°. As is known, the limit of a converging sequence of planes
of support to a complete convex surface F is the plane of support to F. From this fact the following
properties of the map y;, follow:

1. y, translates the closed subsets into the closed subsets.

2. yn translates the bounded subsets into the bounded subsets.

3. y» translates the compact subsets into the compact subsets.

4. yy translates the Borel subsets into the Borel subsets.

It is known that, under the imposed conditions, the areas of the Borel subsets exist.

In [8] the formula is proved

2
o(4,) = Z C;‘a)k(F,A)h",

k=0

&)

— |4 ——
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where wi(F,A) are non-negative completely additive functions on the ring of Borel sets of the surface F'
such that ow(F,F)=W (7).

In [5], [6], it was shown that for the convex bodies with a smooth C’boundary of the function of the
set aw(F,A), k = 1,2, there are integrals over the set 4 of the elementary symmetric functions of order k£ of
the 2 principal curvatures F. Therefore, wi(F,4) can be considered as functions of a set associated with
integrals of transverse Minkowski measures. We will call these functions the integral curvatures of order &
of the convex surface F.

The following was proved in [7]: if the closed convex surfaces F,,converge to a closed convex surface
F, then the completely additive non-negative functions of the sets ax (F, 4») weakly converge to a
completely additive non-negative function of the set ax (F, A).

We give a more detailed formulation of the last statement. Since the convex surface F is
homeomorphic to the sphere S? and the convex surfaces F,,converge to F, not breaking its generality, we
can assume that there is a closed ball contained simultaneously within all Fj,and F. Let's transfer the origin
of coordinates to the center of this ball; the values of functions do not change from this.

Let 0 be an arbitrary point of the sphere S°. We obtain that the surfaces F,and F are given
respectively by the equations @, p=p, (6), @: p=p(6), the convergence of F), to F means the uniform
convergence of the functions p,(6) to p(6) on S°.

Let H be an arbitrary Borel set from 5°. Denote by A and Am the Borel sets of convex hypersurfacesF
and F, which are obtained as a result of the central projection of the set H from the origin of coordinates
on these surfaces. Put now

ZU'k(F,I‘I):COk(EA), wk(me[_[):a)k(Fm;Am);k:a ]; 2.

Obviously, a@w(F,H) and a@w(Fm,H) are completely additive nonnegative functions of sets on the
sphere S°. We will call these set functions the integral curvatures of order k for convex surfaces F and F,,
transferred to the sphere S°.

The weak convergence of the functions of the sets ai(F.,, H) to @(F,H) according to [7] means that
for any continuous function f{6) eC(S?), the equality

lim . fb. f(0)&,(F,.dH)={, f(O), (F.dH ). (©)

As is known, see [1], [9], a necessary and sufficient condition for the weak convergence of w(F,Am)
to an(F,4), provided that F,, converges to F, is that if H=S” is a closed set, then

lim @i (F,,H) < i (F,H) o

and if HS? is an open set, then

lim i (F,, H) < o (F, H) ®

The functions of the sets ax(®, B) of convex surfaces given by explicit equations. Let @.cK(G) be
the surface and let M be a convex compact subset of G. Without loss of generality, we can assume that
@.eK(G). Then the distance oM = dist(M, JG) is positive. Let denote by @y the graph of the function
zu(x, ) =z (x, y)/M.

Let 4 be an arbitrary real number satisfying the condition A<hy=infiz(x,y).

Let Ty(®D, h) = conv (Fym, H(M,h)). 1t's obvious that

O’TM(F, h) :FMUH(M h) Um,

where Zu is the part of the cylindrical surface with the guide OM, forming - segments, parallel to the Z
axis, located between JF) and dH(M, h). Set

(zr, A)=(O Tu(D,h), A), 9
where AFy is a Borel subset. Note that the number wx(clm(®@,h), A)does not depend on the number 4.
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If McM; are two compact convex subsets of G, then for any 4 €(—c, hyy), obviously, the equality

& (P, A) =0 (P, 4), (10)
where A Fi is an arbitrary Borel subset. From (10) it follows that in the left-hand side of formula (9), the
F)yr surface can be replaced by F.

Thus, for @ eK~(G)and any Borel set 4c® such that the orthogonal projection 4’ of the set 4 on E? is
removed from 0G by a positive distance, we have

@, (D, A4) =, (0T (D, h), A) 1)
where Tu(®@, h) = conv (Fu,Ny),

M is any compact convex subset of G such that 4;cM,

h is any number satisfying the inequality hA<hy = infuz (x, y).

Formula (10) implies an important corollary:

1) Let McG be a compact convex subset. Then, on the ring of Borel subsets A of the Fis surface, the
integral curvatures wy(®,4), k=0,1,2, represent nonnegative completely additive functions of a set of
bounded variation.

2) For any Borel set Ac® we set

(D, A)= supycc(D@, ANDy) (12)

over all convex compact subsets of McG. The number wi(P,A4) is always non-negative, it can also take the
value + oo.

3) For any @ eK(G), the integral curvatures ax(®,4), k = 0,1,2, are completely additive, non-negative
functions on the ring of Borel sets F. If @ is a bounded set in E’, then these functions have limited
variation.

For any @ €K (G) we set

a( DA )=o(D, A), k=0, 1, 2, (13)

where 4 is a Borel subset on @, and 4’ is the orthogonal projection of 4 onto the plane £. Obviously, A’is
a Borel subset of G. It follows directly from the definition that @x(®,B) are the non-negative completely
additive functions on the ring of Borel subsets of G, which take finite values for sets B remote from 0G by
a positive distance.

These set functions will be called the integral curvatures of the surface ® transferred to the plane E”.

We consider the question of the weak convergence of these integral curvatures. We give a well-
known literature definition of the weak convergence of the completely additive functions of sets defined
on the Borel subsets of the domain G. It is said that the sequence of the completely additive functions of
the sets u,(B) weakly converges to a completely additive function of the set x(B), if for any feC(G) with a
compact support McG, an equality holds

tim, .. [[fCe ), (dB) = (| f(x,y)u(dB).

The following theorem is true.

4. Results of the research. Theorem 1. Let the convex surfaces @,, eK(G) converge to the convex
surface @K (G), then for all £ = 0,1,2 the integral curvatures @i (@, B) of the hypersurfaces®,,
transferred to E°, weakly converge to the integral curvature @i(®,B), transferred to £°.

Proof. For definiteness, we assume that @,,eK" (G) and @ eK” (G). Since Since, under parallel shifts
of @ along the Z axis, the integral curvatures @i(®,B) of the surface @ transferred to £° do not change,
without loss of generality, we can assume that all surfaces ®@and @, lie under the plane E”.

Now let feC(G) with compact support M’cG. Obviously, dist(M’,&G)>0. Therefore, one can find a

compact convex set M such that GOM DM . Obviously, dist(M,A2G) is also positive. We introduce
the convex surfaces @y and @y,,. Since they are uniformly bounded in £°, one can find a point (x,y,4) in
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E? such that (x,y) eM, and 4 is a sufficiently large number, and the projections of the surfaces @y and @y
from the points (x,y,4) on the plane E° are contained in some compact convex set N satisfying the
condition M c Nc G .

Obviously, dist(M, &G) >0.Without loss of generality, we can assume that all surfaces @y and @Dy lie
above the plane z = hA.

Now suppose that the S;° is the sphere centered at the point (x,y,4) of the radius 1. Without loss of
generality, we can assume that S;° lies under all the surfaces @y and @u... Let S;+° be the open
hemisphere S;°, the equatorial plane of which is parallel to the E° plane. Denote by 7z S;+°—>E” the central
projection of S;.” to the plane E°. Obviously, zis a diffeomorphism.

Suppose N'=77(N), then N’ is a convex compact subset on S;°, contained inside S;+°. We introduce
the function on S’

(f(m(0), if 0N,

g()=

Lo, if 68> \N".

It is easy to see that g(6) C(S/°). By construction, this function is such that it is zero on S;° outside
the set 7~/(M’). Note that 7 (M) c 77 (M) c =7 (N).

We now construct the convex bodies.

TN(D, h) = conv (@n, H(N, h)), Tn(Pm, h) = conv (On,m, H(N, h)).

Let B be an arbitrary Borel subset of the set M. Let, further, 4 and 4,, be the Borel subsets of surfaces
@ and @,,, whose orthogonal projections are the set B. Then

@ (D, B)= (PN, A)= (D, A), @i(Dm,B)=wk(Dnm,A)=k(DPrimA),

k=0, 1, 2, m=1, 2, ...

According to the above, we also have

ZUk(CD,B)=a)k(CDN,A)=a)k(@M,A)= ZUk(O’TN((D, h), 7Z'_1(A)),
wk(meB) :a)k(QN,m;Am) :wk(QMm;Am): ZD'k(ﬁN((Dm, h), 72'_1(14)) (14)

Formulas (14) establish the relations between the integral curvatures of a fixed order k& of the convex
surfaces @ and @,, transferred respectively to the £ plane and the S;’sphere. From these formulas and the
definition of the function g, the properties of the functions f and g, and the fact that 7 S;-”—E” is a
diffeomorphism, we obtain

”ka(cb,dB) = ﬁszgwk(d),dH),
.Ucwk(q)m’dB) = ﬁslz gwk(q)m,dH).

Using the weak convergence of the functions of the sets @i(®,, dH) to the function of the set @i(P,
dH), we obtain

lim, ﬁsﬁ g, (©,,dH) = ﬁs,z g@, (O,dH).

From here we have

lim, ., | jG f@,(®,,dB)=| jG f@, (D,dB).

Since the continuous function f, which vanishes outside a certain compact set in G, is chosen
arbitrarily, the functions of the set @i(®,, B) converge weakly to the function of the set @i(®D,, B).The
theorem is proved.

5. Conclusions. Thus, we investigated the integrals of transverse Minkowski measures associated
with parallel surfaces. The weak convergence of integral curvatures of convex surfaces is proved. The
result obtained in Theorem 1 is new and plays an important role in the proofs of the existence theorems for
a convex hypersurface with a given combination of integral conditional curvatures.
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JAOHEC BETTIH UHTETPAJI KUCBITF'bIHBIH 9JICI3 ZKUHAKTAJIYbI

AnnoTtaiust. Makanaga JeHec OeT TeopusiChl MeH «ryractai» auddepeHnuanapl reOMeTPUSIHbIH Heri3ri
npobiemManapsl Typayibl Talgay KacajfraH >KoHE (DYHKIHOHAIIBIK TaJAayAblH TOIOJOTHSIIBIK OMICTEPl apKbUIBI
MEHI'epUIreH KHChIKTap Typalibl aKIapaTTapra, JeHec OeTTep 1l KalbiHa KeNTIpy/IiH Mocenenepi i3ecTipiireH.

[lexrenren menec G < E 2 aliMarbIHIaFHI TETic GETTEp KIAchl KAPACTHIPUIAAbL. KalBIITE KeCKiHHIH R-aynanbl
Typaisl TyciHik Oepinren. K+(G) xaceinarsl Momx-Amrep TeHaeyi KapacThIpbUIabl.

Makasaza napauieNib OeTTepre KaThICThl MHUHKOBCKUIIIH KOJICHEH OJIIIeM HWHTerpaigapbl KapacThIPhLIAIbL.
Erep @ Geri anbik z=f(x,y) TenmeyimeH Oepince, oniaa E2 jka3bIKThIFbIHA OEpLIreH OChl OCTTIH HHTErPaJIIbIK
KUCBIKTapHI YIIiH MyHAars! k=0, 1, 2 6onranga MeiHa TeHC3AIK Wk(D, G)<wk(0Z@, 0Z@) akukaT 001bIn caHamangsl. by
TEHCI3AIKTCH KeliH 0onkay OaphIChIHIA KOJIIAHBUTATHIH KEJIeCi TeHCI3/IIK IIbIFa/IbL:

@o(D, G)< 2nr’+4nr|o||g, ©1(D, G)< 2n%r+4n||pl|g, BAD, G)< 4n

F nmemec Oeri S2 cdepaceina romeomopdTel xoHe Fm nmeHec Oerrepi F-re OpTakTBIKTHI JKOFaNTHAN
JKUHAKTaJaabl, COHABIKTaH Oapnbelk Fm sxome F imiHme Oip mesrinme TYWBIK map Oap menm Ooipkayra OOJNambl.
KoopannaTtaHslH 6acTankbel MOHEPIH OCHI IIAPIBIH OPTACHIHA OKENTeH I, (DYHKIMSIHBIH MOHIEPi ©3repMei.

0 - S? chepachIHIaFEl €pKiH HYKTE JIen anaibiK. Fr xome F Gerrepi TmiciHme MbiHamail TeHmysaepMeH Fi:
p=pm(0),F: p=p(0) Gepineni. S? chepacrmarsl F-nin F-ke xunakramybipm (0) GyHxumsaceEbE p(0)-re Gipkenki
JKUHAKTAIYbIH Oinipesni.

H — S? cepachIHbIH epKiH OOpelb KOIMYLIEIIT] JeM anaiblk. A koHe Ay, GOpENb KOIMYIIENTIri apKblIbl JOHEC
runiepoerrepiniy F xone Fn, H xenmyiuenikri opraisik jxo0anaybl Oochl OeTTeri 0acTamkpl KOOpAWHATACHIHAH
anbiaazel. Enpi k=0, 1, 2 Gonranga temeneriieit Gopmynara KenTipemis:

mk(F, H): (Dk(F, A), mk(Fm, H): (Dk(Fm, Am);

Kepin typraubivbizaaii, wi(F,H) xone wi(Fm,H) — S? cdepachinia KenMyIeniKTiH TONBIKTal a/yIATUBTIK Tepic
eMec (QYHKIMACH OONbIN caHananbpl. Kenmymeniktin Oyn  QyHKuMsnapbiH 6i3 opi Kapait S’ cdepachiHa
taceiMaianran F oxone Fn, meHec Oerrepi ymiH k periHaeri MHTErpaiiblK KUCHIKTap aen aiWTambis. Ochbl
MHTETPaJIIbIK KUCHIKTAP/BIH 9JICI3 JKUHAKTAIYbl Typalibl Macelne KapacThIpsulasl. bopens imki kenmymrenirinin G
aliMarbIHIa OEpiIreH KeNMYIIeNiK (YHKIMACHIHBIH TOJIBIKTAH aJAMTHBTI 9JCi3 JKWHAKTAIYBIH aHBIKTAYy Typajibl
aHBIKTaMaJIap KeATipuII.

Im(B) KemMymIenirinig TompIKTall anauTUBTI GyHKOMsUIap Tiz0eri pW(B) kemMyImeniriHiH TONBIKTAH aIaUuTHUBTI
(hYHKIMSCHIMEH OJICi3 KMHAKTANaIsl Aem anTeuianbl, 6apnereiHa fe C(G) pIKmamMas! TackiMannaymsl McG Gonca,
OHJIa MbIHaJJall TEHMIKTI YCHIHAIBI:

tim, ., [/ Cy)u,@B) = [[_f(x, y)u(dB).

Keneci Teopemansr TyxbpipeiMaainmei: @,eK(G) nerec deri ®eK (G) meHec OeTiMeH XHHAKTAIATHIH Ooica,
oHga OapneirbiHa k=0,1,2 Gomranma, E? -re Gepinren @, runepOeTiniH @k(Pm,B) HHTErpangblk KUChIFE E>-re
oepinred  @x(®D,B) uHTErpamAbBIK KUCBIFBI apKbUIBI OJICI3 JKHMHAKTanagsl. JleHec OCTTEpaiH HHTETPAIbIK
KUCBIKTAp/IbIH 9JICI3 KMHAKTAIYBI JIOJICIICHII.

Teopema TypiHIe albIHFAaH HOTHXKE HHTErPAIbl IMAPTThI KUCHIKTAPIBIH KOMOWHAIMSCH apKbLIbl OepiireH
JIOHEC TUTEPOETTEP/IiH Typalbl TeopeMalapsl AJICIACYAe MaFbI3Ibl POl aTkKapanbl. Typii peTTeri MHTErpaibl
HIAPTTHl KUCBIKTAPJIbIH OepuireH (QyHKIMACHI PETIHJE ajFalllKbl PET OHBIH KajIblIaMa TYpJeri MapTThl KUCHIK
CBI3BIKTApbI aJbIHIbI. [IKI MHTErpanabl GyHKUMsUIAp y3AIKCi3 (QYHKUMSUIAPABIH XKOHE TYPJi PETTI MHTETPaAbIK
KUCBIKTAP/IbIH TYBIH/IBICHI OOJIBII CAaHATAIbI.

Tyiiin ce3xep: neHec Oer, EBkin KeHicTIriHACTI [oHeC OeTTep, MomK-AMIep TeHIeyi, Y3aiKci3 QyHKImsIap
KEHICTITiHAer] IoHeC OeTTep/iH KOHYCHI, IIapTThl KUCHIK, HHTETPAJIIbIK KUCBHIK, OSTTI KaJIIbIHA KEITIPY.
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CJIABASI CXOJMMOCTb UHTEI' PAJIbHOM KPUBU3HBI
BBIITYKJIBIX IOBEPXHOCTEM

Annoranusi. CTaTbs COINEPKUT KOHIEHTPHUPOBAHHBIA aHANN3 CYIISCTBYIOMEH HWHPOPMAIHUU 00 OCHOBHBIX
mpobIeMax TEOPHH BBITYKIIBIX IMOBEpXHOCTEH U au((depeHINaTIbHONH TEOMETPHH «B LEIIOM» W ITOCBSIICHA 33Ja9aM
BOCCTAHOBJICHHSI BBIMYKIBIX MOBEPXHOCTEH 1O wmHMOpMammu 00 WX KPUBU3HE, M3yYAEeMBIM TOIIOJIOTHYECKUMH
MeToAaMH (yHKIMOHAIHHOTO aHAIIN3A.

PaccMaTtpuBaeTcs Kjacc TUIaJKMX TOBEPXHOCTEH B OrpaHMYeHHON Bhimykaod obmactu GcE?. Usnaraercs
noHsTHe R-mtormanu HopmanpHOTro n3odpaxenus. B ximacceK'(G) paccmatpuBaercst ypasHeHnne Momxka-Amiiepa.

B pabore paccmarpuBaroTCs HMHTErpajibl IMOMEPEYHBIX MepP MMHKOBCKOTO, CBSI3aHHBIE C MapajuieNbHBIMU
noBepxHocTsMU. Eciu nmoBepxHocTh @ 3amana siBHBIM ypaBHeHHEM z=f(X,y), TO JUIs HHTErPAIILHOW KPUBU3HBI ITOM
HOBEPXHOCTH, IEPEHECEHHBIX HA IIOCKOCTh B2, cripaBeanushl HepaseHcTBa Wk(D, G)<ww(0Ze, 0Ze) pu k=0, 1, 2.

3 5TUX HEPaBEHCTB CJCIYIOT HEPAaBEHCTBA

@o(D, G)< 2nr*+Hnr||pl, ©1(P, G)< 2n°r+47||¢/c, TAD, G)< 4,

KOTOPBIE HCIOIB3YIOTCS B PACCYKICHHIX.

Tak Kak BBIMyKIast MOBEPXHOCTH F romeomopdua chepe S’u BBIMYKIIbIE MOBEPXHOCTUF mexomares k F, To He
Hapymasi OOITHOCTH, MOXHO CYHTATh, YTO CYIIECTBYET 3aMKHYTHIH IIap, COACPKAIIMIACSI OJTHOBPEMEHHO BHYTPH
Bcex Fr uF. [lepeHeceM Hauasio KOOpJMHAT B LIEHTP TOTO LIapa, OT ITOT0 3HAUCHUsI (PYHKIIUH HE U3MEHSTCS.

Iycts O — mpousBosbHas Touka chepbl S2. IMomydaem, uto mosepxHocTH Fr, MF 3a/1a10TCs COOTBETCTBEHHO
ypaBHeHUsIMU Frn: p=pm(0),F: p=p(0), cxomumocts Frk F 03HauaeT paBHOMEpHYIO CXOIUMOCTh QYHKUUH pm (0) K
p(0) na S2.

Iycts H — mpou3BombHOe GopeneBckoe MHOKECTBO n3 S2. O6o3HaunM depe3 A u A,00pENeBCKUE MHOKECTBA
BBIIYKJIBIX runeprnosepxHocred F uFn,, KOTOpble IOIYy4arOTCs B pe3ylbTaTe LEHTPAIBHOIO IPOCKTUPOBAHUS
MHOXecTBa H u3 Havana koopanHat Ha 3TH noBepxHocTu. [Tojoxum tenepb

o«(F, H)= o(F, A), ©(Fm, H)= 01(Fm, Am), k=0, 1, 2.

OueBugHo, @wi(F,H) u ©(Fm,H) sBIsTIOTCS BrIONHE aAMUTHBHBIMA HEOTPUIATEIHHBIMEA (DYHKIMSIMA MHOXECTB
Ha cpepe S?. DTU PYHKIUH MHOKECTB MBI HA3EIBAEM Jajie€ MHTEIPAIbHEIME KPMBH3HAMY HOPSIKA K I BBITYKIIBIX
nosepxnocreil Fu Fp,, nepeneceHnsIx Ha cdepy S2.

Paccmorper Bompoc o cnaboif CXOAMMOCTH 3TOH HMHTETpalbHON KpHWBH3HEL. [IpuBeneH wW3BecTHOE U3
JUTEpaTypbl ONpeAeNicHHe CJIa00H CXOMUMOCTH BIIONHE AaIIWTUBHBIX (YHKIUI MHOXKECTB, 3aJaHHBIX Ha
OOpeneBCKUX MOMHOXKecTBaxX oomacti G.

T'oBop#T, 4TO MOCTIEAOBATEIHFHOCTH BIOIHE aIINTHBHBIX (PYHKIHI MHOXKECTB Um(B) c1abo cxomgures k BHoiHe
annuTHBHON (yHKIMM MHOXecTBa LW(B), ecnm ms Besikoit fe C(G) ¢ koMmakTHRIM HocuTeneM McG, nmeer Mecto
PaBEHCTBO

lim,, .. [[ (), (dB) = [[f(x, y)u(dB).

CrpaBemrBa CIEAYIOMIas TeopeMa: MyCTh BBIMyKIble moBepxHOCTH DneK(G) cxomsiTcs K BBITYKIOH
nosepxHoctH P eK (G), Torma mpm Bcex k=0,1,2 mHTerpanpHas kpuBusHa ®k(DPm,B) runepnosepxHOCTEH Dpf)
nepeHecennas Ha E2, cabo cXomuTces K MATErpanbHol kpusnsHe wiy(®D,B), nepenecennoii na E2.

Jokazana cinabast CXOAMMOCTh MHTETPaIbHON KPUBH3HBI BHITYKJIBIX IOBEpXHOCTEH. Pe3ynbraT, mosrydeHHbli B
BHUJI€ TEOPEMBI, UTPACT BAKHYIO POJIb B JOKA3aTEIbCTBAX TEOPEM CYIIECTBOBAHMS BBIIYKJIOH I'MIICPIOBEPXHOCTH C
3aJIaHHOW KOMOMHAIMEH WHTETPaIbHON YCIIOBHON KpHWBH3HBL BriepBble yCIOBHAs KpHBH3HA B35Ta B CaMOM OOIIEM
BUZI€ KaK 3ajaHHas (QYHKIHS OT MHTETPATBbHBIX YCIOBHBIX KPHBHM3H Pa3IMYHBIX MOpsAKoB. IlompHTETpanbHbIC
(hyHKIUH ABJIAIOTCS NPOU3BEAECHHEM HENPEPBIBHBIX (DYHKIMHA U HHTErPaIbHOM KPUBU3HBI PA3JINYHBIX MOPSIKOB.

KnroueBble ci0Ba: BBITYKIas IOBEPXHOCTb, BBIMYK/IbIE IIOBEPXHOCTH B EBKIMIOBOM IPOCTPAHCTBE,
ypaBHeHHEe MoHXa-AMIIepa, KOHYC BBIIYKIBIX IIOBEPXHOCTEH B MPOCTPAHCTBE HENPEPHIBHBIX (PyHKIUH, yCIOBHAS
KPHUBH3HA, UHTETPaJIbHAs KPHBHU3HA, BOCCTAHOBJICHUE TOBEPXHOCTH.
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