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TWO PROPERTIES OF EXISTENTIALLY CLOSED
COMPANIONS OF STRONGLY MINIMAL STRUCTURES

Abstract. The proposed article studies some properties of existentially closed companions of strongly minimal
structures. A criterion for the existential closedness of an arbitrary strongly minimal structure is found in the article
and it is proved that the existentially closed companion of any strongly minimal structure is itself strongly minimal.
It also follows from the resulting description that all existentially closed companions of a given strongly minimal
structure form an axiomatizable class whose elementary theory is complete and model-complete and, therefore,
coincides with its inductive and forcing companions.

This is the reason for the importance of the work done and the high international significance of the theorems
obtained in it. Another equally important consequence of this research is the discovery of an important subclass of
strongly minimal theories. It should be noted that a complete description of this class of theories is an independent
and extremely important task.

It is known that natural numbers with the following relation are an example of a strongly minimal structure in
which the existential type of zero is not minimal. Then the method used in the proof of the last theorem shows that
the existentially closed companion of this structure are integers with the following relation.

Keywords: Existentially closed companions, strongly minimal structures, forcing companions.

1 Introduction. The theory of existential closedness appeared in the middle of the twentieth century
in the works of one of the recognized classics of model theory, Abraham Robinson [1], [2], as well as in
[3] — [6]. It is currently one of the two most significant and developed areas of modern model theory. In
the previous works of Nurtazin A.T. [7] - [10], the most basic form of the concept of companion theory,
widely known in the theory of existential closure, is introduced and studied. In [7], [8], a criterion for the
countable categoricity of this companion theory was found and some properties of existentially closed and
forcing companions were studied.

Informally, any companion of a given structure is constructed from the same end structures as the
original structure. It is known that all companions of this structure form an axiomatizable class, and all
existentially closed ones in this class are contained in it [10]. It is natural to assume that a companion class
containing some strongly minimal structure is quite simple and has a number of additional properties. In
[11], statements about companion classes containing a strongly minimal structure were formulated. This
paper describes some properties of companion completions of an arbitrary strongly minimal theory and
provides proofs of the statements from [10].

Over the past fifty years in model theory, starting with the work of Michael Morley [12] and
continuing in the works of Shelach [13] and Laskar and Poizat [14], all the most significant results are
associated with their classification by degrees of stability that arose during this time. Moreover, totally
transcendent (or w-stable) theories were recognized as the most convenient for study. Recall that in these
theories, all formulas have ranks and degrees, which respectively are countable ordinals and natural
numbers. At the same time, all the successes in the study of these theories are primarily associated with
the possibility of using the transfinite induction method in evidence. Historically, the initial impulse in the
development of this direction was Los's hypothesis about uncountably categorical theories. At the same
time, the core in the class of uncountably categorical theories turned out to have a single rank and degree,
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the so-called "strongly minimal theories." This paper studies existentially closed companions of strongly
minimal theories.

In the work, the criterion of existential closedness of an arbitrary strongly minimal theory was found.
It turned out that in this case the existentially closed companion of such a structure is axiomatized and
coincides with its inductive and forcing companions. And its elementary theory is complete and model-
complete and, therefore, V3- is axiomatizable.

Strongly minimal theories are basic in the study of an important and one of the most studied classes
of theories at present - the theory of uncountable categoricity. Meanwhile, the available literature
completely lacks both estimates of their quantum complexity and estimates of the complexity of the
relations defined in them. The study proposed here shows that the concept of "companion"proposed in [7],
[8], [9] can be successfully applied to solve these issues.

1. Existential closedness criterion of a strongly minimal structure

In this section, we will find conditions of existential closedness of an arbitrary strongly minimal
structure.

THEOREM 1. For an arbitrary strongly minimal structure, the following three conditions are
equivalent:

1) M is existentially closed.

2) The existential type of any of its tuples is maximal.

3) The elementary theory 7' =Th(M) is model complete.

Proof.

1 — 2. By the existential closedness criterion from [11], this structure is strongly minimal if and only
if the existential types of all its tuples are maximal.

2 — 3. Let the existential type of any tuple from M be maximal. Then, according to the criterion
from [12], the structure M is existentially closed. Recall that any elementary substructure of a structure

M , including a simple model M| of a theory T, is also existentially closed. To prove the model

completeness of the theory 7', it is sufficient to show that the usual inclusion M <N between any two
models of this theory is actually elementary. First, we note that the models M and N are isomorphic to

some M, and M from the elementary chain M, <M, <..<M, <... of all countable models of the

4

theory 7. An uncomplicated reasoning shows that simple inclusion M, <Mj determines the
isomorphism of an algebraic closure of an empty subset of the structure M, to the algebraic closure of an
empty subset of the structure M ;- If at the same time @,,...,a; are algebraically independent in the
structure M; , then they are also algebraically independent in M ; and can be extended to the basis

{a,,..,a;,a,,,,...,a;} of this structure. This determines the elementary inclusion M in M ; and with

i+1%°° i
precision to automorphisms of these structures coincides with the original inclusion M, <Mj. This

completes the proof of the model completeness of the theory T .

3 — 1. It follows from the model completeness of the theory 7' that any of its models (including M )
is existentially closed.

The theorem is proved.

Informally, any companion of a given structure consists of the same finite substructures as the
original structure. It is known that all companions of this structure form an axiomatizable class, and all
existentially closed ones in this class are contained in it. It is natural to assume that a companion class
containing some strongly minimal structure is quite simple and has a number of additional properties. We
will show in the next section that the existentially closed companion of a strongly minimal structure is also
strongly minimal and is model complete.

2. An existentially closed companion of a strongly minimal structure

Informally, any companion of a given structure consists of the same finite substructures as the
original structure. It is known that all companions of this structure form an axiomatizable class, and all
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existentially closed in this class are contained in it. It is natural to assume that a companion class
containing some strongly minimal structure is quite simple and has a number of additional properties.
Here we show that the existentially closed companion of a companion containing a strongly minimal
structure is itself strongly minimal.

For certainty, we assume that the given companion class C contains a countable saturated strongly
minimal structure M . It is known from [7] that in any existentially closed structure from a companion
class C, the existential type of any tuple is maximal. By induction on the lexicographic order on pairs of
natural numbers (m,n) we describe a procedure that allows to construct a sequence

Mg <M10 <...<M,? < <MJ'<M" <..<M <..., of isomorphic M , the union N of which will

be a strong minimal structure and an existentially closed companion M .

Let the strongly minimal structure M=M 8 is not existentially closed. Then it contains tuples

a’,d',..,a",... , whose existential types 2., p(x"),...s p,(X"),... are not maximal. Using the
compactness theorem, it is easy to prove the existence of an embedding of a structure M in itself such
that the existential type g, (xo) ), of the image of the tuple @’ is maximal.

Continuing further, one can obtain an increasing chain of strongly minimal structures
Mg <M10 <.<M ,? <... , isomorphic to M , in the union Mé of which the existential types

7,(x"),q,(x"),....,q,(x"),... of tuples a’,d',...,a",... are maximal. Next, the process continues similarly.

Then, in the union N =UM" , the existential types of all tuples are maximal.

To prove the strong minimality of the structure N we first note that in the process of constructing the
structure N one can include intermediate steps used in [8] when expanding a given countable
existentially closed structure into a homogeneous one. Recall that in the countable homogeneous
existentially closed structure constructed in this case, the correspondence between any two tuples of
elements having the same existential type continues to an automorphism of the homogeneous structure
itself. Since over any finite set, all subsets, except one, allocated by maximum existential types, are finite,
then these subsets themselves are allocated over this subset by finite formulasAt the same time, all
elements satisfying infinite existential formulas are translated over the finite subset by structure
automorphisms chosen by us and, therefore, satisfy the same infinite formulas. This proves the strong
minimality of the structure N . Now we show that any two existentially closed companions of the same
minimal structure are elementary equivalent. For this we assume that there is a pair of existentially closed
companion structures N; and N of the structure M . However, without limiting generality, we can assume
that the inclusion N; < N: is enabled. Just as in the proof of the Los-Sushko theorem, the pair under
consideration can be easily completed to the - chain N; < N> < N; <. .. Nz < Nau+; <. .., in which the
subchains N; < N3 <...<Nzp+;<...and N> <...Nz <...are elementary. But then the union N of the
built chain turns out to be a common elementary extension for each of the structures NV; and N; , and the
inclusion is elementary. We formulate the result as a separate statement.

THEOREM 2. If a given companion class has a strongly minimal structure, then any of its
existentially closed companions is also strongly minimal. A complete and model-complete strongly
minimal theory.

Conclusion. The results obtained in this paper link the three concepts of "model completeness, strong
minimality, and existential closedness" that are currently most studied in modern model theory. This is the
reason for the importance of the work done and the high international significance of the theorems
obtained in it. Another equally important consequence of this research is the discovery of an important
subclass of strongly minimal theories, which are strongly minimal model complete theories. It should be
noted that a complete description of this class of theories is an independent and extremely important task.

It is known that natural numbers with the following relation are an example of a strongly minimal
structure in which the existential type of zero is not minimal. Then the method used in the proof of the last
theorem shows that the existentially closed companion of this structure are integers with the following
relation.
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SK3UCTEHIMAJIBI TYIBIKTAJIFAH CEPICTECTEP/IH,
ACA MUHUMAJIbI KYPBLIBIMBIHBIH EKT KACHETI

AHHOTAUMSA. AJIMBIC KBUIAH acTaM TapUXbl 0ap 3K3UCTEHIMAIIBI TYHBIKTATY TCOPHSICHI Ka3ipri MOJACIbICD
TEOPUSICHIHBIH JaMblFaH OeniMaepiHiH Oipi OONbIN caHalaJbl KOHE OHJIA JKeKe Mo3uuus anaabl. Kasipri yakeitra
anreOpa MEH MOJEJbJIEp TEOPHACHIHBIH KIACCHUKAIBIK OelliMepiHe SK3UCTEHIUAAbI TYWBIKTAy TEOPHUSICHIHBIH
auicTepin xoHe (panity3 jgoruri @pe3eHiH peBOMIOLMSIIBIK UISSUIAPBIH JKOHE AK3UCTEHIMAIIBI TYHBIKTAITY IbIH JKaHa
BIHFAMJIBI ©JILEMJIEPiH, MOJEJbIIH TOJBIKTHIFEI MEH JXarJaiblH i37ey — «MKOyp 00y — MOJENb» MaHBI3JIbI
ca"anaznpl. Kasipri yakpITTa 3K3HCTEHLHMAIBl >KOHE MO3UTHBTI SK3UCTEHIMAIABI TYHBIKTATY TEOPHUSCHIH KOHE
MOKOYPITi JKOHE MHIYKTHBTI CEPIKTEC CHAKTHI MaHBI3ABl YFBIMIAPIBl 3epTTEYAl OHaH dpi JaMBITYFa MYMKIHAIK
Tyazpl.

3epTTeyne eTe a3 KyphUIBIMAAPABIH TYHBIKTATy CEepiKTeciHiH Keiibip KacuerTepi KapacTelpsurraH. CoHnmai-ak,
K€3-KEeJITeH KYIITI MUHHMAJIbl KYPBUIBIMHBIH 3K3UCTCHLIHUAJAbl TYHBIKTAIY OJIIIEMI aHBIKTAJAbl KOHE Ke3-KEJII'eH
KYIITI MUHAMAJIIBI KYPBUIBIMHBIH SK3UCTEHINANIB TYHBIKTATY CEPIKTEeCiHIH oTe a3 ekeHairi monenneHni. Conmai-
aK, ajJbplHFaH CcUIaTTamMaaaH Oenrim Oip MHHMMANABl KYPBUIBIMHBIH OapiblK TYHBIKTAIFaH CepikTecTepi
aKCuoMaTui3aluslaHaTbIH CbhIHBIII K¥pa171;u>1, OJIapAbIH 3JIEMEHTAPJIbIK TCOPUACHI TOJIBIK KIHE MO[leJ'I])HiK 60.]'1]:.11'[
caHajia/ibl, COHJIBIKTAH OHBIH WHIYKTHUBTI JXOHE MOKOYpJi cepikrecTepiMeH coiikec kenemi. beiipecmu Typae
OepisireH KYpbUIBIMHBIH Ke3-KeJreH cepikTeci 0acTamKkbl KYPbUIBIMAAFbIIAA aKbIPFbl KYPBUIBIMAApIAH jKacallalbl.
Benrini  KypbUIBIMHBIH ~ OapiblK CepikTeci aKcHOMaTH3alMsIaHATBIH CHIHBINTHI KYPaWTBIHBI OeNTiiai  KoHe
CBHIHBIITAFbIHBIH OapibIFbl SK3UCTEHINAIABI TYpAE TYHBIK. bipmiaMa MUHMMaNIb!l KYpbUIBIMBI 0ap CepiKTec-ChIHBII
JKETKLTIKTI KaparaibsiM jkoHe OipKaTap KOCBIMIIIAa KacheTi 6ap Jen Ooyrkayra OoJabl.

EpxiH MUHUMANABl TEOPUSHBIH SK3UCTEHIMAIABI TYWBIKTAy OJIIeMi aHBIKTANABL. by skarmaiima MyHZOai
KYPBUIBIMHBIH TYWBIKTaTy cepiri akCHOMaTH3aIMsJIaHATHIH KOHE OHBIH MHIYKTHBTI JKOHE MOXKOYpii cepikTepiMeH
colikec KeNeTiHi aiKbplHAanApl. KymTi MUHUMAmIel TEOpUsUIap MaHBI3/AbI JKOHE €H KOIl 3€PTTENreH TeOpHsIapablH
0ipi — MIEKCI3 KaTeropusuIbIK Teopus Ooibin caHamazpl. COHbIMEH Oipre, KODKETIMOI dAcOMETTEpac OapablH
KBaHTOPJIBIK CAHBIHBIH KYPACIUIriH Oaranay naa, ojlap/aFbl KAThIHACTAp/bIH KYPIENUIriH Oaranay MyJiie JKOK.
MyH/z1a YCHIHBUIFAH 3€pPTTEYJIEp «CEPIKTEC» YFBIMBIH OChI Macelleliepl IIeNye COTTI KoNJaHyFa OOJaThIHABIFbIH
KepceTe.

JKanmpl HHAYKTHBTI )KOHE SK3UCTEHIMAIABI TYHBIKTAIFaH CEPIKTECTEP TEOPHUSCHIH IaMbITy MHIYKTHBTI TEOPHS,
KJIACCHKAJIBIK KYPBUIBIM/IAp MEH TEOpHsIapFa apHalIFaH MOJIEJIbAEP/Ii 3ePTTEYMEH KaTap XKypyi Kepek.

Tyiiin ce3aep: dK3UCTEHIMAIIBI TYHBIKTaJIFaH CEpiKTeC, aca MUHUMAILIBI KYPBUIBIM, POPCHHT-CEepiKTeC.

M.H. Kanumonnaes, A.T. Hypra3un, 3. Xucamuen
HHctutyT NHGOPMALMOHHBIX U BBIYUCIUTEIBHBIX TEXHONOTHH, AMaThl, KazaxcTan

JIBA CBOMCTBA 3K3UCTEHIMAJBHO 3AMKHY ThIX
KOMITAHBOHOB CHJIbHO MUHUMAJIBHBIX CTPYKTYP

AnHotanus. meromas 6osee 4yeM IIECTUAECSITUIIETHIO UCTOPHIO TEOPHS SK3UCTEHINAIBLHON 3aMKHYTOCTH,
SBIISSICH OJJTHUM M3 HauOoJiee Pa3BHUTHIX Pa3JelIOB COBPEMEHHOW TEOpWH MOJIeIIeH, 3aHMMaeT B HeW 000coOsieHHOe
noJjioxkeHue. B HacTosiee BpeMst akTyalbHbIM CTAaHOBHUTCS IIOUCK METO0B TEOPUH IK3UCTEHIMANBHOMN 3aMKHYTOCTH
KJIACCHUYECKHUM paszieliaM aJreOpbsl M TEOPHH MOJEIEH M MCHOJIb30BaHUS A JOCTHXEHHUS 3TOTO PEBOJIONMOHHBIX
uner ¢panmysckoro joruka @pace U HaiineHHBIE aBTOpOM naHHOU ctatbu A.T.HypTaswHBIM HOBBIX yIOOHBIX
KPUTEPUEB 3K3MCTCHIHAIBHON 3aMKHYTOCTH, MOJICIBHOM IIOJIHOTHI W YCIOBUSL — OBITH (OpCHHr-MoOjenbio. B
HACTOAIIEE BPEMS CTAaHOBUTCS BO3MOXKHBIM JajbHEHINEe pa3BUTHE TEOPHM IK3UCTEHIMAIBHON M IO3UTUBHOMN
9K3MCTEHINANBHON 3aMKHYTOCTH M M3y4YEeHHE BaXKHBIX COIYTCTBYIOIIMX HOHATHH TaKMX, Kak (OPCHHT — H
WHIyKTUBHBIH KOMIAHbOHBI.
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B uccnenoBannn paccMaTpUBaIOTCSI HEKOTOPHIE CBOMCTBA 3K3UCTEHIIMAIBHO 3aMKHYTHIX KOMIIAHBOHOB CHJIBHO
MUHUMAaJbHBIX CTPYKTYyp. Tarke HailieH KpUTEpUl SK3UCTEHLUAIbHOW 3aMKHYTOCTU IPOM3BOJIBHON CHUJIBHO
MHUHHUMAJIbHOM CTPYKTYPBI M J0Ka3aHO, YTO SK3UCTEHIMAILHO 3aMKHYTHIH KOMIAHBOH JIF000H CHIIbHO MUHUMAJIbHON
CTPYKTYpbl CaM CHJIBHO MHMHHMajeH. VM3 TONyuyeHHOro OMHCAHHUA TaKXKe CJIEAYyeT, YTO BCE HK3UCTECHIUATBHO
3aMKHYTblE KOMIIaHbOHBI JIAHHOW CHJIBHO MHMHUMAJIBHOH CTPYKTYpbhl 00Opa3ylOT aKCHOMaTH3MPyEeMBIH Kiiacc,
JJIeMEHTapHasi TEOpHsl KOTOPOro MOJIHA U MOJIENbHO MOJHA M, CIEA0BaTENbHO, COBMANAeT C €€ MHAYKTUBHBIM U
(hopcunr-kommanboHamMu. HeopmanbHO 1000H KOMITAHBOH JAHHOW CTPYKTYPBI CTPOUTCS W3 TEX K€ KOHCUHBIX
CTPYKTYp, 4YTO W WCXOJHAs CTPyKTypa. HM3BecTHO, 4YTO BCE KOMIAHBOHBI JAHHOH CTPYKTYpPBHI 00pa3yroT
aKCHOMAaTHU3UPYEMEBI KJIacc, a BCEe SK3MCTEHIIMAIBHO 3aMKHYTHIE B 3TOM KIllacce copaepkarcs B HEM. EctecTBeHHO
MPEIIOI0KHATE, YTO KOMIAHBOH-KIIACC, COACPKAIINN HEKOTOPYIO, CHIIBHO MUHUMAIBHYIO CTPYKTYPY IOCTATOYHO
MPOCT U 00JIAAAET PSAIOM IOTIOTHUTEIHHBIX CBOWCTB.

B pabote HaiineH KpuTepHi SK3UCTEHIMAIBHON 3aMKHYTOCTH MPOU3BOJIBHON CHIIBHO MHHHMAIBHOW TEOPHH.
Oxka3anock, 9TO B 3TOM CiIy4ae SK3MCTCHIMAIBHO 3aMKHYTHIM KOMIIAHBOH TaKOW CTPYKTYpBI aKCHOMATHU3HPYEM U
COBIIQJIAET C €r0 MHAYKTHBHBIM M (OpPCHUHr-KOMITaHbOHAMHU. CHIIBHO MHUHUMAJIbHBIE TEOPHH SIBIISIOTCS 0a3MCHBIMU
MPU KCCIICAOBAHMHM BA)KHOTO M OJHOTO M3 HauOoJiee M3YYCHHBIX B HACTOSINEE BpeMs Kiacca TCOPHH — TEOPUH
HECU€THON KaTeropHYHOCTH. MEXIy TeM B MMEIOLIEHCS JUTepaType COBEPIIEHHO OTCYTCTBYIOT KaK OIEHKH HX
KBaHTOPHOW CIIO)KHOCTH, TaK W OIEHKU CIIOKHOCTH OMNpeAeNisieMblX B HUX oTHomieHuid. I[lpemnmaraemoe 3mech
HCCIIeI0BAaHUE TIOKA3bIBAET, YTO JUISl PELIEHHS 3TUX BOMPOCOB MOKHO YCIEIIHO MPUMEHUTH NPEUI0KEHHOE TTOHITHE
«KOMIIaHbOHY.

PasButne oOmeil TeopuM WHAYKTHUBHBIX ¥ OK3WCTCHIUOHANBHBIX 3aMKHYTBHIX KOMIIAHBOHOB IOJDKHO
COTIPOBOXKIATHCS MCCIICIOBAaHNEM HHIAYKTUBHBIX TEOPHHA U MOAEIIEH IS KITACCUIECKUX CTPYKTYP U TEOPHUHt.

KiroueBble €j10Ba: SK3UCTCHINAIBHO 3aMKHYTHIE KOMITAHBOHBI, CHIIPHO MHHHAMAIIbHAS CTPYKTYpa, POPCHHT-
KOMIIaHBOH.
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