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GAUGE EQUIVALENCE BETWEEN THE TWO-COMPONENT
GENERALIZATION OF THE (2+1)-DIMENSIONAL
DAVEY-STEWARTSON I EQUATION AND I - SPIN SYSTEM

Abstract. In recent years, multidimensional nonlinear evolutionary equations have been actively studied within
the framework of the theory of solitons. Their relevance is confirmed by numerous scientific publications. In this
work the gauge equivalence between the (2+1)-dimensional integrable two-component Davey-Stewartson 1 (DSI)
equation and the /™ - spin system is established. Multicomponent generalizations of nonlinear integrable equations are
of current interest from both physical and mathematical points of view. In the theory of integrable (soliton)
equations, one of the key models is integrable nonlinear Schrodinger-type (NLS) equations. A two-component
integrable generalization of the (2+1)-dimensional DSI equation, obtained on the basis of its one-component
representation, and its corresponding Lax representation were proposed. A geometric connection between the two-
layer spin system and the integrable two-component Manakov system is found. The nonlinear equations are
integrated using the inverse scattering problem method by means of a linear system. For each integrable nonlinear
equation, as is known, there is a Lax pair of two linear equations, a compatibility condition, that is, a condition of
zero curvature, which this equation serves. We have obtained Lax pair whose zero curvature condition gives the
I” - spin system.

Key words: Gauge equivalence, /" - spin systems, integrable nonlinear equations, Manakov system, Davey-
Stewartson I (DSI) equation.

1. Introduction

Integrable spin systems are an important subclass of integrable nonlinear equations. Multicomponent
generalizations of nonlinear integrable equations are of current interest from both physical and
mathematical points of view. In the theory of integrable (soliton) equations, one of the key models is
integrable nonlinear Schrodinger-type (NLS) equations [1, 2]. The DS equations of types I and II are the
(1+1)-dimensional generalizations of NLS equations [3]. In the work [4, 5], a two-component integrable
generalization of the (2+1)-dimensional DSI equation, obtained on the basis of its one-component
representation, and its corresponding Lax representation were proposed. A geometric connection between
the two-layer spin system and the integrable two-component Manakov system is established in [6-8]. The
concept of gauge equivalence of two spectral problem was introduced in [5]. The main result of this work
is the establishment of gauge equivalence between the (2+1)-dimensional integrable two-component DS-I
equation and the /" -spin system.

Consider the (2+1)-dimensional DSI equation [4]:
iqlt + qlxx + QI)y - Ulql - a’l‘h = O’ (l)
iq2t+q2xx+q2yy_a)2ql —-0,q, =0, ()
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—in, +r, + Ny —O — O, = 0, 3)

—iry + 1y 1y, — @, —U 1, =0, 4)

Vixx — V1yy = 211qq + 1202) xx + 2(12G2) xy + (211G1 + 12G2) 1y, ()
Ugx — V2yy = (11qq + 212q2)xx + 2(11q1)xy + (1 a1 + 27202)y,y, (6)
O1xx — W1yy = (@172)xx — 2(q172) 2y + (Q172)y, @)

Woxy — Wayy = (@271 xx — 2(‘127'1)xy + (QZrl)yyr 3

where r = +q%, q* is the complex conjugate of ¢, q; = q1(x,y,2), r; = r;(x,y,z) are complex-valued
functions and v; = v;(x,y,t), w; = w;(x,y,t) (i =1,2) are real functions.

Lax representation for this equation is given in the form

Fy = JYF, + QF, )
Fy = 2iYF,,, + +2iQF, + A,F, (10)
where
1 0 0 0 @1 q
Z:<0 -1 0),Q=(—7‘1 0 0>,
0 0 -1 -, 0 0
C11 i(qlx + qu) i(qu + qu)
Ag = —i(7”1x - 7”1y) C22 C23
—i(TZx - sz) C32 C33

The one-component cases of these equations have been extensively studied in [2, 3].

2. Gauge equivalence between the I - spin system and two-component generalization of the
(2+1)-dimensional DSI equation
The I” - spin system reads as

il — 4ic, [+ 4ial, + 4icy + T {T + Ly + (= 1) } = 0, (11

where

r=g1'yg.1*=1I, (12)
are
ATV EVIRD AT
I'= <F21 I F23) € su(3).

F31 F32 F33
The Lax pair is given as
D, = I'd,, (13)
@, = 2il Dy, + IV D, (14)
where
V'=4ia+ I, +TT,. (15)
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Theorem. The two-component generalization of the (2+1)-dimensional DSI equation (1)-(8) and
I - spin system (11) is gauge equivalent to each other.

Proof. According to the definition, the systems (9)-(10) and (13)-(14) are gauge equivalent if
eigenfunctions F and @ can be connected as @ = g~1F or F = g®, where g is the solution of Eq. (9) at
zero spectral parameter A.

From the transformation F = g@ we take the derivatives with respect to y and t, then equate them to
the left sides of the Eqgs. (13)-(14). As a result, we obtain the following equations

o, =(97'29,+97'Q9—97'9,) P+ 972 g P, (16)

@, =2ig ' T 9Py +2ig7' (22 g, + Q9)P: + g1 (2iX g,, +2iQg, + Aeg® — g,)®- (17)
On the other hand, according to the definition of gauge equivalence, g satisfies Egs. (9)-(10):

gy = X gx + Q4 (18)
gt = 21X Gux + 21Qgx + Aog. (19)
Substituting these equations into (16)-(17), we obtain

b, =TP,. (20)
P, = (419729979, +2ig7'Q9)Px + 2ig 7 9P (21)

Further, making the substitution I" = g~1 Y g in the last equations, one can rewrite them as
b, =TI'P,, (22)
O, = 2il Dy, +i(4g™ g, +2971Qg) Py (23)

As can be seen, it is necessary to express g~ g, and g~1Qg in terms of I" - spin. To begin with, let us
define I',:

Iy = (g_l ng)x = [T, g_lgx]- (24)
Next we introduce the notation
gxg~" = i0,. (25)
Here
a B v
0y = (n -a 0 ) (206)
p 0 —-«a
where a, 8, y, n and p are real functions. Then Eq. (24) will take the following form
L =9"'X 99719 = 2ig™" 019, 27)
and
I'r, = (g7 ' 29)(2ig™16,9) = 2ig~" 0,4, (28)
where
0 B v
@=G<)Q. 29)
p 0 O
In a similar way we find /'),
0 a1 q
Iry=Ily+2g7*(rn 0 0]g. (30)
rn, 0 O

— 7) ——



ISSN 1991-346X Series physico-mathematical. 6. 2020

From this equation the commutator simply is [/, 1] = 21T, and [Ty, + I, = 2 g~ 1Qg. Taking into
account the above expressions and after some calculations, we get the following:

-1

Q

Q

=
Il

ial’ + 2T, 31)

- 1
9709 =5(I'G, — I,). (32)
If the last equations are substituted into Eq. (23), then the output is Eq. (14).

That is, here we have obtained Lax pair whose zero-curvature condition gives the /” - spin system

(11). Thus, we obtained the system of Eqs. (11)-(14), which was required to prove.

2. Conclusion.

To conclude, we obtained the Lax representation of the /™ - spin system (13)-(14) that is gauge
equivalent to the Lax pair of the two-component generalization DSI (9)-(10).

The work was supported by the MES RK on the GF, IRN AP08857372.
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EKI KOMIIOHEHTTI KAJIIIbBI (2+1)-©JIIHEMAI A9BU-CTIOAPTCOH I TEHJAEYI
MEH I' - CHUHJIIK )KYWECI APACBIHJIAFBI KAJIMBPJIIK SKBUBAJEHTLIITT

Annotanusi. COHFBI JKbUIIAPBI COMIUTOHIAP TEOPUSCHI ASCHIH[A KOMOIIEM/Il ChI3BIKTHI €MEC IBOJIOLHSLIBIK
Tegaeynep OenceHai 3eprrenmyne. OnapIplH ©3CKTUITT KONTEreH FHUIBIMH J>KapUsUIaHBIMOApMEH JOJCIACHET].
Wurerpannanatbid (COMUTOHIBI) TeHeyep Teopuschinaa lllpeanHrep TUMIHACTT HHTETPANIAHATBIH ChI3BIKTHI €MeC
terueynep (LLICT) nerisri moaenbaepain Oipi 6ounbin caHaisaasl. byn Tenaeyni anrain petr O.11peaunHrep KBaHTTHIK
Kyitenepiy ipreni KacHeTTepiH Tajfay YIIIH YChIHFaH JXOHE 0acTarKpia OJl aTOM ILIiHJer] OemeKTepaiy e3apa
OpeKeTTeCy YAEpiCiH cUmaTTay YuliH KojiaHpurad [1-2].

CBhI3BIKTHIK €MEC MHTETpallJJaHaThbIH TeHCYJIEPAIH KOIKOMIIOHEHTT] JKaIbUIaHybl (PU3UKAIIBIK XKOHE COHJIaM-aK
MaTeMaTUKAJIBIK TYPFBIIAH Ka3ipri yakblITTa KbI3bIFYIIBUIBIK Tybipaabl. JKanneuanran HICT TeHaeyi TOMKbIHABIK
yaepictep (pU3MKaCBIHIAFBI KYOBUTBICTAPIBIH TYTAC KUBIHTBHIFBIH cUNaTTaiiabl. O (GU3UKaHBIH TYPJIi CalaChIHIAFhI
TOJIKBIHJIBI CHIIATTAay/a KCHIHEH TapaFaH, aTall alTKaH/a, ChI3BIKTHIK €MEC ONTHKA, IUIa3MallblK (hU3UKa KOHE T.O.
I sxome II tuni JaBu-Crroaprcona (C) Terneyi LLICT tenneyinin OipkoMmoHEeHTTI (2+1)-emmemai xKaanbUTaHybl
cananansl [3], an [4-5] »ymeicta uHTErpanganateH (2+1)-emmemai JICI TerneyiHiH eki KOMIIOHEHTTI KaJITbLUIaHY bl
YCBIHBLTFaH.

ChI3BIKTBI €MeC TEHJIEYJIep WHTerpajjiaHajbl, SIFHU CBI3BIKTBIK JKYHE apKbUIbl LIAIIBIPAHIbI Kepl ecenm dfici
apKbUIbl HIelryre Ooanbl, MOHI OOMBIHINA CBHI3BIKTBIK TEOPHs OIICTEPIMEH CBI3BIKTHIK €MEC €CelTi 3epTreyre
MYMKiHAIK Oepeni. bi3 Oinerinaeii, opOip MHTErpaNaHaThIH CBI3BIKTHIK €MEC TEHAEYre apHAJIFaH €Ki ChI3BIKTHIK
TEHJICYICH TypaThiH JIakc skyObl Oap, YHIECIMAUTIK IAPTHI, SIFHU HOJIIIK KMCHIKTHIK IIIAPTHI OEPUITeH TEHIEY OOJIbII
caHananpl. [4]-xymbicta ycbiHbUFaH eki koMrmoHeHTTI JICI TeHmaeyi OHbIH Oip KOMIIOHEHTTI YCBIHY JKOHE COHKeC
Jlakc ycwiHBICHI Herizinae anbiHFaH. JKammel Jlakc kyObl COMKeC CBI3BIKTHIK €MeC TeHJEeY HWHTErpalAbUIbIFbIHA
KeMuIIiK OepMeiini, Oipak Oyi1 — KaKeTTi IIapT.

CBIBBIKTHIK €MeC MHTerpajlaHaThiH TEHIEYJIEp/l 3epTTeyzAeri Tarbl Oip YFbIM — KaJIHOpJIiK AKBHBAIEHTTLIIK
MAaHBI3JBI PO aTKapaabl. EKi CIEKTPIK ecenTiH KaTHOPIIK SKBUBAICHTTUIIK YFBIMBI [2]-ne eHrizinmi. Kamubpik
SKBUBAICHTTIK — KApaCTHIPBUIFaH TEHACYJepre TOH KeHOip MaHBI3ABI XKallbl CHIIATTaMaNapIbl allyFa MYMKIHIIK
OepeTiH, CBI3BIKTBHIK €MeC TeHIESYJIepAi 3epTTeyre apHaimFaH Tocin. KammOpiik >KBHUBaNEHTTLTIK OipKaTap >kaHa
WHTETpalIaHAThIH TEHIEYIIep KypyFa xkoHe Jlakc »xyObl apKbUIBI A0J MISNTyre MyMKIHIIK Oepei.

[6-8] sxymBIcTa eKiKabaTThl CHMHIIK JKyHe MEH HHTErpaJaHaThlH €Ki KOMIIOHEHTTI MaHakKoB ykieci
apachbIHIIaFbl KATHOPIIIK SKBUBAICHTTUTIK aHBIKTAJIFaH.

Makanana (2+1)-emmemni uaterpanianatein eki komnonenTti JICI Ttenneyi (1)-(8) men I” -cnuHzik xkyiteci
(11) KapacTeIpbUIFaH, OJIapBIH 63apa OalIaHbICHl 3epTTENTEH.

KanuOpini sxkBUBaJIeHTTUTIK aHbIKTamMachiHa caiikec, (9)-(10) xone (13)-(14) xyiiecinin F >koHe @ MeEHIIIKTI
dyuxuusapein @ = g~1F, g nemece F = g®, myHnarsl g - (9) Tenaeyain A HOIIiK CIEKTPIIIK MapaMeTp Ke3iHmeri
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mrenrimi gen OalIaHBICTHIPCAK, KAIMOPITIK KBUBAJIICHTTI JETl CHMATTaidagsl. F = g@ TypleHAipyiHEeH y XoHe t-Fa
KaTBICTBHI TYBIHIBI allaMbl3, coaH Keiin onapasl (13)-(14) TerneynepaiH cox xak OeiriHe TeHecTipemis KoHe T.0.
OcpInaiina OCHl €Ki TeHACYIiH KaIHOpIIiK SKBUBAJEHTTLIr colikecinmie Jlake »xy0Ob1 apkeutsl JCI Terneyiniy (9)-
(10) JIakc xyObI sxoHe [ - cimumik xyihecinin (13)-(14) Jlakc sxyObl apachIHIa JAJICIACHICH.

JKymbicThIH Herisri HoTHKecl (2+1) emuemai unrerpainanathid eki komnoneHtti J[CI Tenneyi men I -CiuH ik
XKyiieci apachlHAarbl KaTMOPIIiK SKBUBAJICHT OPHATBUIFAHBIFBI OOJIBIN CaHaJa bl
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KAJIMBPOBOYHASI SKBUBAJIEHTHOCTD MEXKIY
JBYXKOMIOHEHTHBIM OBOBIIEHUEM (2+1)-MEPHOTI'O YPABHEHMSI
JNPBU-CTIOAPTCOHA 1 1 I' - CHUHOBOM CUCTEMOM

AHHoTanus. B nocnennne roapl B paMkax TEOPUH COTMTOHOB aKTHBHO M3YYalOTCSl MHOTOMEPHBIE HEJTMHEHHBIE
SBOJIOLMOHHbIE ypaBHEHHS. VX aKTyaJIbHOCTh NMOATBEPKAACTCS MHOTOUYHMCICHHBIMH HayYHBIMH MyOnukanusvMu. B
TEOPUH HMHTETPUPYEMBIX (COJIMTOHHBIX) YPAaBHEHHH OIHOW W3 KIIFOUEBBIX MOJIENICH SBISIFOTCS HHTETPUpPYEMBbIE
HenuHeHble ypaBHeHus trna lpequarepa (HYI). Bnepssie 3to ypaBHeHue Oputo npemioxero . Llpenuarepom
JUI aHaiuKM3a (YHIAMEHTAIBHBIX CBOWCTB KBAaHTOBBIX CHCTEM, M IIEPBOHAYAIBHO C €r0 HNOMOIIBIO OIMCHIBAIIMCH
MIPOIIECChI B3aMMOIEHCTBHS BHYTPHATOMHBIX JacTwil [ 1-2].

MHOrOKOMIIOHEHTHBIE ~ 00OOILICHUS] HEJIMHEHHBIX HMHTErPUPYEMBIX YpaBHEHUII B Hacrosiiee Bpems
MPEACTABISIOT UHTEPEC Kak ¢ (PU3MUYECKOIl, TaK U ¢ MaTeMaTH4YecKoi Touku 3penus. O0o0imennoe ypapuenue HYII
OIUCBHIBAET LYK COBOKYITHOCTB SIBJIEHHH B (PU3MKE BOJIHOBBIX IpolieccoB. OHO IIMPOKO paclpOCTPaHEHO NpHU
OIMCAaHUM BOJIH B PA3IMYHBIX 00JacTsAX (U3NKHM, B YACTHOCTH B BOJIHOBBIX SIBIICHUSX HEIMHEWHOW ONTHKH, (prsnke
wiasmel 1 T.4. Kak u3BectHo ypaBHenust [sBu-Crioaptcona (C) tunoB I n Il sBnsitoTcss 0JHOKOMIOHEHTHBIMU
(2+1)-mepubiMu  0000mennsiMu  ypaBaennii HVYII [3], a B pabGorax [4, 5] mpeuiokeHO IBYXKOMIIOHEHTHOE
HHTETpUpyemMoe oboobmenne (2+1)-mepHoro ypasaenus JCI.

Henuneiinple ypaBHEHHMS HMHTETPUPYIOTCS, T.€. MX MOXKHO DEIINTHh C IIOMOIIBIO METoJa OOpaTHOW 3aaaun
paccesiHusl NOCPEACTBOM JIMHEMHON CUCTEMBI, KOTOPBIN MTO3BOJIET UCCIIEI0BAaTh HEJIMHENHYIO 3a7auy, 110 CYILECTBY,
METOaMH TMHEHHOHM Teopun. Kak Mbl 3HaeM A7 KaXKJ0r0 MHTETPUPYEMOT0 HEMHEWHOTO YPaBHEHHS CYIIECTBYET
napa Jlakca u3 IOBYX JMHEHWHBIX ypaBHEHUH, YCIOBHEM COBMECTHOCTH, TO €CTh YCJIOBHUEM HYJEBOW KPHUBU3HBI
KOTOPBIX CITy’KUT AaHHOe ypaBHeHHe. lIpemnoxxernnoe B pabote [4] nByxkommonenTHoe ypaBHeHue J[CI, momyuero
Ha OCHOBE €ro OJIHOKOMIIOHEHTHOTO IPEJCTaBIICHHUsI U COOTBETCTBYIOILETro emy mpezacrasienus: Jlakca. BoooOuie,
cyuiecTBoBaHue mapa Jlakca He rapaHTHpyeT MHTEIPHPYEMOCTh COOTBETCTBYIOLIETO HEIIMHEHHOTO YpaBHEHHS, HO
SIBISIETCSI HEOOXOANMBIM YCIIOBHEM.

E1me oxHO noHsTHE — KaMMOPOBOYHAs SKBUBAJICHTHOCTH — UI'PAET BAXKHYIO POJIb B UCCIIEIOBAHUSX HEIMHEHHBIX
MHTErpUpYyeMbIX ypaBHeHUH. [IoHATHE KannOPOBOYHOM SKBUBAJICHTHOCTHU JABYX CIEKTPAIbHBIX 3a7a4 ObIJIO BBEICHO
B [2]. KamnbOpoBouHast 3KBHBAJICHTHOCTh — 3TO IIOAXOJ K HCCIICJOBAaHUIO HEIWHEHHBIX YpaBHEHHH, KOTOPBIH
MO3BOJISIET OTKPBITH HEKOTOPBIC BaXKHBIE OOIIME XapaKTEPHCTHKH, MPUCYIIUE PacCMaTpPUBAEMBIM ypPaBHEHHSM.
KanmnbpoBouHasi 3KBUBAJIEHTHOCTH MO3BOJISICT T€HEPHPOBATH P/ HOBBIX MHTEIPHUPYEMBIX YPABHEHHH U PEIIUTH MX
TOYHO C HOMOLIBI0 popmyiisl Jlakca.

B pabortax [6-8] HalimeHa KannOpOBOYHAS HKBHBAICHTHOCTh MEXIY ABYXCIOWHOW CIIMHOBOW CHCTEMOH H
HMHTErpUPYEMOM IByXKOMIIOHEHTHOM cucTeMOM MaHakoBa.

B »3t10i1 ctatee paccmoTpeHo (2+1)-mMepHoe uHTerpupyemoe AByxkomnoHeHTHoe ypaBHeHue J[CI (1)-(8) u
I’ - cnuHoBass cucrema (11), wucciaenoBaHa wux B3auMOCBs3b. COIJIACHO ONpEAEICHHIO KaINOPOBOYHOM
SKBUBaJIEHTHOCTH, cuctemsl (9)-(10) u (13)-(14) kannOpoBOYHO 3KBHBAJICHTHBI, €CJIM COOCTBEHHBIE QyHKIMU F U @
MOTYT OBITh CBSI3aHBI ClIEAyIOmUM obpasoM: @ = g 1F wi F = g®, rae g — pelenue ypapHenus (9) npu HyjieBoMm
crnekTpaibHOM napamerpe A. 13 nmpeodpasoBanus F = g@ OGepem Npou3BOJHbIE IO Y U t, @ 3aT€M IIPHPaBHUBAEM HX
K JeBbIM YacTsM ypaBHeHHU. (13)-(14) m 1.1 Takum oOpazom, mokazaHa KaaHOpPOBOUYHAS HKBHBAICHTHOCTH ITHX
IIByX YpaBHEHHH C MOMOINBI0 COOTBETCTBYIomuMX map Jlakca, T.e. mapoit Jlakca ypasHenus [ICI (9)-(10) u mapoit
Jlakca " - cnimHOBO# cuctemsl (13)-(14).

OCHOBHBIM PE3YNBTATOM JJAHHOW pabOTHI SBISAETCS YCTAaHOBIEHHE KaTHMOPOBOYHON SKBHUBAJIEHTHOCTH MEXKIY
(2+1)-MepHBIM HHTETPUPYEMBIM JIBYXKOMIOHEHTHBIM ypaBHeHHeM JICI u /" - CIMHOBOM cUCTEMO.

— ) ——
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