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RESEARCH OF MULTIPERIODIC SOLUTIONS OF PERTURBED
LINEAR AUTONOMOUS SYSTEMS WITH DIFFERENTIATION
OPERATOR ON THE VECTOR FIELD

Abstract. A linear system with a differentiation operator D in the directions of vector fields of the form of the
Lyapunov's system with respect to space independent variables and a multiperiodic toroidal form with respect to time
variables is considered. All input data of the system multiperiodic depend on time variables or don't depend on them.
In this case, some input data received perturbations depending on time variables. We study the question of
representing the required motion described by the system in the form of a superposition of individual periodic
motions of rationally incommensurable frequencies. The initial problems and the problems of multiperiodicity of
motions are studied. It is known that when determining solutions to problems, the system integrates along the
characteristics outgoing from the initial points, and then, the initial data are replaced by the first integrals of
characteristic systems. Thus, the required solution consists of the following components: characteristics and first
integrals of the characteristic systems of operator D, matricant and free term of the system itself. These components,
in turn, have periodic and non-periodic structural components, which are essential in revealing the multiperiodic
nature of the movements described by the system under study. The representation of a solution with the selected
multiperiodic components is called the multiperiodic structure of the solution. It is realized on the basis of the well-
known Bohr's theorem on the connection of a periodic function of many variables and a quasiperiodic function of
one variable. Thus, more specifically, the multiperiodic structures of general and multiperiodic solutions of
homogeneous and inhomogeneous systems with perturbed input data are investigated. In this spirit, the zeros of the
operator D and the matricant of the system are studied. The conditions for the absence and existence of multiperiodic
solutions of both homogeneous and inhomogeneous systems are established.

Keywords: multiperiodic solutions, autonomous system, operator of differentiation, Lyapunov’s vector field,
perturbation.

1. Introduction. The foundations of the method used in this note were laid in [1, 2], which were
further developed in [3-10] and applied to the study of solutions different problems in the partial
differential equations [11, 12]. These methods with simple modifications extend to the study solutions of
problems of the differential and integro-differential equations of different types [1-12], in particular,
problems on multi-frequency solutions of equations from control theory [13]. The methods of research for
multiperiodic solutions are successfully combined by methods for studying solutions of boundary value
problems for equations of mathematical physics. Elements of the methods of [1, 2] can easily be found in
[14,15], where time-oscillating solutions of boundary value problems are studied by the parameterization
method.

As noted above, the considered system of partial differential equations along with multidimensional
time contains space independent variables, according to which differentiation is carried out to the
directions of the different vector fields. The autonomous case of this system was considered in [11, 12],
where differentiation with respect to time variables was carried out in the direction of the main diagonal of
space, and the free term of the system was independent of time variables. In this case, these parameters of

— § —
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the systems received perturbations depending on time variables. In the note, the method for studying
multiperiodic structures of general and multiperiodic solutions is developed, the conditions for the
existence of a multiperiodic solution are established, and its integral representation is given.

We consider the system of linear equations

Dx = Ax+ f(z,t,¢) (1.1)
with differentiation operator
0 0 0
D=—+(a,—)+{vI{+0,—), 1.2
ar<at><vggag> 2
where reR,  t=(t, .. t)eR" v (g, . gyera, ¢ =& m)eR] T=1],

RZ={¢, eR:<, =&+ <5, ] =11}, & =const >0 are independent variables with

SR LN W F I T P -

o, ot ) oc \eg, g ) a¢; og " an;
differentiation operators; | = diag (..., 1,) is a matrix with | -blocks, I, is symplectic unit of the
second order, v=(,..,v,) IS a constant vector, I =diag(,l,,....v1,),

a=(a(z.t),...a,(z,)) =a(z,1), g =(9,(2)...., 9,(¢)) = g () are vector functions, ¢  is the
sign of the scalar product of vectors; A is a constant N X N-matrix, f = f(z,t,¢) is N-vector-function
of variables (z,t, &) e RxR" xR? .

The main objective of this note is to determine the multiperiodic structures of solutions of the
problems (1.1) - (1.2).

2. Multiperiodic structure of zeros of the differentiation operator D . We introduce the equation

Du=0 (2.1)
with the required scalar function u = u(z,t,¢) and the initial condition
ul_. =v{t)eCO(R"), 2.1)

where D is the differentiation operator with respect to (r,t,C) of the form (1.2). The solutions of

equation (2.1) are called the zeros of the operator D .
Suppose that 1) the vector function a(z,t) has the property of smoothness with respect to

(z,t) e Rx R™ of order (0,e) = (0,1,...,1):
a(r+0,t+qo)=a(r,t)eCE?(RxR"), qeZ", (2.2)
2) positive constants . , ..., v, are rationally incommensurable:
v, +q,v, %0, a’ +q°=0, q,,q,€Z, (i, j=0,I), (2.3)
therefore, numbers o = 27zvj‘1, j :]j are also incommensurable,
3) vector-functions g, (7) = (¢,(7),w()), ] =11 are continuous and 3, - periodic:
9,(r+8,)=9,(r) eC”(R), j =11, (2.4)

where «,, k :]j and ,BJ., j :]j are incommensurable positive constants.
It  follows  from condition (22) that  the  vector  field t =a(r,t)

determines the characteristic t = A(z,7°,1"), emanating from any initial point(TO,tO)e RxR"™ and
moreover, it has the properties that are known from [2].

— § ——
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Lemma 2.1. Let condition (2.2) be satisfied. Then under the condition
V(t+qw)=v(t)eC¥(R™), qeZ" the zeros U(z°,7,t) = V(A(z°,1,t)) of the operator D with
the initial data (2.1") have the multiperiodicity property of the form

u(z®+0,7+0,t+qow)=u(z’,7,t),ge Z".
The vector fields

fsz§+g(r) (2.5)

determines the characteristic
¢ =Z—-))I<° - 2(z°)]1+ z(x), (2.6)

where Z (z) = diag [Z,(z).....Z, (D], 2(2) = (2,(2)0 2, (), & = ({1 C7'). Then we have the
first integral of equation (2.5)
§"=2(" - )¢ - 2(r)]+ 2(z") = p(’,7.,¢) 27)
By virtue to the connection between o, =0c,(7) and h, =h,(s,,o,) of the form
do, _ dh;(z,7) _ oh;(s;,o;) . oh,(s;,o;)
dr dr 0s, oo,
from the differentiation operator D to the differentiation operator

I 0 2 0 o\ [oh ah @
0= g3l Gl 5l oy nes) (T ) e

O'j(r):hj(r,z'),

with o,=s,=1 leads to a transition

where s=(S;,9,), o =(0,,..,5,), g(c)=(g,(c,),-., 9,(c,)), e=(1...]) - | -vector,
.~ oh (oh oh) oh (o oh,
o e (] B (o )

Lemma 2.2. Let conditions (2.3) and (2.4) be satisfied. Then the zeros
uz®,7,)=w(u(z’,7,&)) of  the operator D  with the initial  condition

u|T:T0 =w(J) e Cée) (R" have ~ a  multiperiodic ~ structure ~ of  the  form
u(s’,s,0,8)=wh(s’ -s,2(s°),¢ - 2(0))) with the vector function

h(s—s°,2(c), ¢° -2°)=Z(s-s°)[¢° - 2(s°)] + z(o), at that
u(s®,s,o,¢) oo s = U (z°,7,¢),

h(€z®-€r,2(€7°), ¢ -2(€7)) = u(c°,7,¢).

The following theorem is proved on the bases of these Lemmas 2.1 and 2.2.

(2.9)

Theorem 2.1. Let conditions (2.2) - (2.4) be satisfied. Then the solution U (TO,T,'[,() of equation
(2.1) with the initial conditionu| , =u’(t,&)e Ct(zw'g)(Rm xR') is determined by the relation
u(z®, z,t,&) =u®(A(z°, 7, 1), w(z°, 7, <)), Which under the conditions A(z°,z + 60,t) = A(z°, 7, t)

and U°(t+gw,&)=u’(t,&), qeZ™has a multiperiodic structure with respect to (z,t,5,0) With
period (0, w, «, B) of the form

T=T

u(z°,7,t;8%,s,0,8) =u’(A(z°, 7, 1), h(s® —s,2(5°), & — z(o))),

— 7 —
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where the vector-function h (s, z, g) has the form
h(s-5s’,z(0), " -2")=Z(s-5")[¢° - 2(s”)]+2(0), e=q.., 1)) is  M-vector,
& =(1,...,1) is | -vector, moreover U|U=S:§T — (z°,7,1,0).

3. The multiperiodic structure of the solution of a homogeneous linear D -system with constant
coefficients. We consider a homogeneous linear system

Dx = Ax (3.1)

with a differentiation operator D of the form (1.2) and a constant N X N -matrix A.
We will put the problem of determining the multiperiodic structure of the solution X of the system
(3.1) with the initial condition

X|_.=u(t,¢)eCEP(R"xR"). (3.1°)

To this end, we begin the solution of the problem by studying the multiperiodic structure of the
matricant
X (z)=exp[A7] (3.2)

of the system (3.1). We need the following Iemmﬁto do this, which are given without proof.
Lemma 3.1. If fj(r+9j)= fj(r), J=1,r is some collection of the periodic functions with

rationally commensurate periods: Hjé’k_l =TI, is a rational number for J, k=171, then for these

functions exist a common period 0: f,(z +8) = f,(7), ] =1r.

Lemma 3.2. If the real parts of all eigenvalues equal to zero and all the elementary divisors are
simple of the constant matricant Y(r): exp[l T], then all the elements of the matrix | are periodic
functions.

We consider the multiperiodic matrix T(f’) =T(Tl,...,Tp) with period ) = (]/1,...,}/p), where

V1Y, are rationally incommensurable constants. Since (5/82’k )ij (Tk): JJ.YJ.k (Tk ), the matrix

T (7) satisfies the equation

DT(7)=1T(7), (3.3)
where the operator D is determined by
2 <A 0 > 0 0
D: e1_,\ :_+"'+_1 (34)
ot/ 0t 0z,

e =(1,...,1) isa p -vector. Obviously, under 7 =€ = we have T (e z) =Y (z) and

Y(2)=T(Er)=1T(E7)=1Y (7). (3.5)

Thus, the multiperiodic matrix T (z) defines the multiperiodic structure of the matricant Y (z)

Y(r)=T(rl,...,rp)L : (3.6)

1:“_:1—17 =T

Lemma 3.3. The matricant Y (z) of the system (3.5) under the conditions of Lemma 3.2 has a multi-
periodic structure in the form of a matrix T(f) = T(Tl,---, Tp) which satisfies the system (3.3) with the

differentiation operator (3.4) and along the characteristics 7 =€ of the operator D turns into Y (7).

in other words, these matrices are related by the relation (3.6)
Indeed, we making the replacement X =Y (z)Z  inthe equation

X = AX (3.7)

—— g ——
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obtain the equation 7z —v *(z)[AY (z) —Y (z)] Z - Therefore, according to Lemma 3.3, the multiperiodic
structure of the matricant (3.2), by virtue of equality X (z)=Y (z)-Z(z), is determined by a matrix
X (z, z) of the form

X(7,7) = X(7,7,..,7,) =T (2,0, 7, ) €%, (3.8)
which is connected by the matricant X (z), by relation

X(r,f)Lé = X (7). (3.9)

Theorem 3.1. In the presence of complex eigenvalues of the matrix A, the matricant (3.2) of the
system (3.7) has a multiperiodic structure defined by the matrix (3.8) and relations (3.3) - (3.6), and it
along the characteristics 7 =€ of the operator D satisfies condition (3.9). The matrix T (7) turns into

a constant matrix in the absence of complex eigenvalues.
Now the solution of the objectives set can be formulated as Theorem 3.2.
Theorem 3.2. Let conditions (2.2) - (2.4) be satisfied. Then the solution x(z°, z,t, ) of the problem

(3.1) - (3.1°) defined by relation
x(z°%,7,1,&) = X (2)u(A(z°, 7,1), 1(z°, 7, <)) (3.10)

has a multi-periodic structure in the form of a vector-function

x(°,7,7,1,8°,0,8) = X (r,7) W(A(°, 7,t),h(s’ =5, 2(s°), £ - 2(5))),  (3.11)
that satisfies equation
D = Ax (3.12)
with the differentiation operator
=D + D, (3.13)

ol

defined by relations (2.8) and (3.4).
Proof. The representation (3.10) is known from [2], and (3.11) follows from the proved Theorems 2.1
and 3.1. The identity (3.12) can be verified by a simple check.

Theorem 3.3. Under the conditions of the Theorem 3.2, the system (3.1) allowed nonzero
multiperiodic solutions enough for the matrix A to have at least one eigenvalue 1 = A(A) with the real
part Re A(A) = 0 equal to zero.

The theorem could be proved on the basis of a similar theorem from the theory of the systems of
ordinary differential equations.
We have the following theorem from the theorem 3.3, as a corollary.

Theorem 3.4. Under the conditions of the Theorem 3.3, the system (3.1) did not admit the

multiperiodic solution other than trivial, it is sufficient that all eigenvalues of the matrix A have nonzero
real parts.
The general solution X of the system (3.1) can be represented in the form

X(z,t,4) = X (2)u(zr,t,4), (3.14)

where u =u(z,t,¢) is the zero of the operator D with the general initial condition for 7=0:

x(0,t,£) =u(0,t,&) =u,(t,&), X (z)=exp[Az] isthe matricant of the system.
Theorem 3.5. . Under the conditions (2.2) - (2.4), the system (3.1) had (@, w) -periodic with respect

to (z,t) solutions of the form (3.14) corresponding to the multiperiodic zero of the operator D with the
same periods, it is necessary and sufficient that the monodromy matrix X (9) satisfies condition

det[ X () — E]=0. (3.15)

— 9 —/—
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Proof. Under the conditions of the theorem, its justice is equivalent to the solvability of equation
X (z +8)u = X (z)u in the space of (9, w)-periodic with respect to (z,t) zeros u =u(z,t,¢) of the

operator D .
We arrive at the solvability of the system of equations [X (9) — E]Ju = 0, which is equivalent to

the condition (3.15) taking into account the properties of the matricant X (z + @) = X () X (@) from the
system X (z +&)u = X (z)u.
In conclusion, we note that the fulfillment of condition
det[X () —E]= 0 (3.16)

guarantees the absence of such solutions.

Theorem 3.6. Let conditions (2.2) - (2.4) and (3.16) be satisfied. Then the system (3.1) allowed
nonzero (@, w) -periodic solutions of the form (3.14) necessary and sufficient for the functional-

difference equations
u(z + 0,t +qe, &) =[X(0) — E]* X (0)|[u(r + 0, t + qew, &) —u(z, 1, &), qe z™ (3.17)

to be solvable in the space of zeros of the operator D .
Proof. Under the condition (3.16) from the definition of (&, w) -periodicity with respect to (z,t) of

solution (2.7), we have the equation (3.17). We must be to take into account that u(z,t, <) is the zero of

the operator D to complete the proof. If the equation (3.17) has only zero solutions, then, under the
condition (3.16), the system (3.1) does not have a nontrivial multiperiodic solution.

4. The multiperiodic structure of an inhomogeneous linear system with operator D. Consider the
inhomogeneous linear equation (1.1) corresponding to the homogeneous equation (3.1), where the [1-
vector function f (z,t,¢) satisfies condition

f(r+0,t+qw,)=1(r,1,{) € Cfg‘f) (RxR"xR"). (4.1)

Assume that the condition (3.16) is fulfilled and we search for the (@, @) -periodic with respect to

(z,t) solution x(z,t,&) of the system (1.1) that corresponds to zero u(z,t,¢) of the operator D
possessing the property of multiperiodicity with the same periods (@, @) for (z,t).

Therefore, we have the solution
K(et,8)= X ()l ,£)+ X () X H6) (5, 205, 7,0), (5,7, ) ) 42)

with zero U(r+6,t+qw,¢)=u(r,t,{), qeZ™ of the operator D having the property
X(r+0,t+qw,¢)=x(r,t,{), qeZ".
By accepting the notation based on (4.2)

f(s, A(s,7,1), u(s,7,¢)), —=0,

fo(s.A(s.7.0), s,7.4)) = { f(s, A(s,7+0,1), u(s, 7 +6,¢)), 0—>7+0,

where , s 55 means changes in the variable s from »~ tod, the multiperiodic solutions can be
presented in compact form

(r,t,§ [X r+0 T jX S A(s,7,1), u(s, 7, C)) (4.3)

Obviously, if the system (3.1) does not have multlperlodlc solutions, except for zero, then the solution
(4.3) of the system (1.1) is a unique multiperiodic solution.
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Further, we have solutions
X(s,0,7,0.,¢)=[X H(c + 6,7 +66)- X-l(f,f)]‘ﬁx-l(g)fa(g,z(g,f,t),h(g -5,2(¢),¢ —2(0)))de  (4.4)

of the equation o
DX =AX+ f(r,1,8) (4.5)

with the differentiation operator (3.13) from representation (4.3) on the basis of multiperiodic structures
(2.9) and (3.8) of the quantity ,(s,z,¢) and X (7).

Teopema 4.1. Assume that conditions (2.2) - (2.4), (3.16) and (4.1) are satisfied, and the
homogeneous system (3.1) does not have multiperiodic solutions except zero. Then the system (1.1) has a
unique (@, w) -periodic solution (4.3) for which the («, 8, y,0, ) -periodic with respect to

(s,o,7,7,t) structure (4.4) satisfies equation (4.5) with the differentiation operator (3.13).

In conclusion, note that we can derive the multiperiodic structure of the general solution (4.2) of the
system (1.1) similarly to formula (4.4).

Conclusion. A method for studying the multiperiodic structure of oscillatory solutions of perturbed
linear autonomous systems of the form (1.1) - (1.2) was developed. The main essence of the method for
studying the multiperiodic structures of solution of the system under consideration is a combination of the
known methods [1-3] with the methods used in [11, 12] for the autonomous systems. In conclusion, the
sufficient conditions for the existence of the multiperiodic solutions of linear systems (1.1) - (1.2) with the
differentiation operator D in the directions of a toroidal vector field with respect to time variables and of
the form of Lyapunov's systems with respect to space variables were established. Moreover, relation (4.3)
is an integral representation of the multiperiodic solution of the system, and (4.4) determines its
multiperiodic structure.
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BEKTOPJIBIK OPIC BOWBIHIIIA JAPPEPEHIHUAJIAY OITEPATOPJIbI KO3AbIPBLIIFAH
CBbI3BIKTBI ABTOHOM/IBIK )KYUEJIEPAIH KOIINIEPUOATHI INEINIMAEPIH 3EPTTEY

AnHoTanus. Toyenci3 KeHICTIK aifHBIMaJBICBIHA KAaTBICTHI JISIIyHOB JKyiieci TypiHAeTi *oHE yakpIT aifHbIMa-
JBICBIHA KATBICTHI, KOIIEPHOATH TOPOUAAIIBEI TYPACTI BEKTOPIIBIK epicTtep OarbiThl OobiHIa D muddepennnangay
OIepaTopibl CBHI3BIKTHI JKYHe KapacThlpbliaipl. JKyHeHI aHBIKTaWTBIH OapiiblK OepiireH eeMaep YakKbIT
allHPIMaJIBICBIHAH KONIIEPUOATHI TAYEN/I, He ojlapaH TayeJsci3 Oonansl. by sxarnaiina »kyieHi aHBIKTaHTBIH KeHOip
OepiireHepre yakpiT aHBIMAIBICHIHAH TOYENI KO3ABIPTKbI OepiireH. PanuoHanmbl emeHOCHTIH KUUTIKTEPIiH
KEKEJIGHIeH TEePUOATHI KO3FaIbICTAPBIHBIH CYNEPHO3UIMACH TYPIHJAErl Kyile apKbUIbl CHUNATTAJFaH i3JeJiHJI
KO3FaJIbIC TYpaJbl CYpak 3epTreiie/i. bactankel ecentep »aHe KO3FaIbICTapbIH KOIIEPHUOATHIIBIFEI TYPAJbl €CenTep
3eprreneni. EcenriH ImemnmiH aHbIKTay Ke3iHIe >KYHEHIH OacTamnkbl HYKTEJCH LIBIFATBIH XapaKTEepUCTHKA
MaHAWbIHIA WHTETPANAaHATHIHBI, OIaH KeHiH OacTamkpl OepireHAep XapaKTepPHUCTHKANBIK >KYWeHIH Oipinmri
HHTETpalIapbIMEeH ayBICTHIPBUIATHIHEI Oenrimi. COHBIMEH, 13[ENiHl MIemiM Kelleci KOMIOHEHTTepAeH Typansr: D
OTIePATOPHIHBIH XapaKTEPUCTUKANBIK KYHECiHIH XapaKTepHUCTHKAchl MEH OIpiHIN WHTeTpajmapbl, >KyWeHIH 0oc
Mylieci MEH MaTrpulaHTbl. byl KOMIIOHEHTTEpHiH 3€pTTeNylll JKYHeMEH CHIaTTalFaH KO3FaJbICTBHIH
KOIIIEPUOATHIIBIK TAOWFATBIH ally Ke3iHJe MaHbI3Abl MarblHAchl Oap OOJATBIH MEPHONATHI JKOHE MEPHOATHI eMec
KYPBUIBIMIBIK Kypaymbuiapsl Oonansl. Lemimai epeKieneHreH KenmepruoATsl KYpayIbulap apKelIbl CUITATTAY/IbI
LICHIIMHIH KOIIEPHOATHUIBIK KYpPBUIBIMBI Aen ataiapl. On Ken aiHbIMayibl MepuoiThl (yHKIUsIap MeH Oip
alflHpIMaJIbl KBa3UIIEPUOATH (DYHKUMSUIIAPBIHBIH OaiiflaHbIChl Typaiibl BOp/bIH TaHBIMAIl TeOpEMAachl HETi3iHAE Ky3ere
acanpl. CoHBIMEH, >XKylenepii aHBIKTAHTBIH OepiireHaepi KO3IBIPBUIFAH JKarfgaiael OipTeKTi jkoHe OipTekci3
KYHeIep i >KauIbl )KoHe KONIEePHOATHI MEeIiMACPiHIH KONMepHOATH KYPRIIBIMBI HAKTHI 3epTTenreH. Ocputaiima D
OTIePaTOPBIHBIH HOJIIEP] MEH JKYHEeHiH MaTpHUIIAHThI 3epTTeareH. bipTekTi skoHe GipTekci3 xyienepaiH KennepruoaThl
mrenrimMaepinin 6ap 601y jkoHe OonMay mapTTaphl TaFadbIHAATIFAH.

Tyiiin ce3mep: KemnmepnmoATH IIENIM, aBTOHOMIBIK >XyHe, muddepeHumangay oneparopsl, JlsmyHoB
BEKTOPJIBIK ©pici, KO3ABIPTKEI.
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UCCJIEJOBAHUE MHOT'OITEPHOJINYECKUX PEIIEHUI
BO3MYIIEHHBIX IMUHEMHBIX ABTOHOMHBIX CUCTEM
C ONEPATOPOM JUO®EPEHIIMPOBAHUSA 110 BEKTOPHOMY ITIOJIIO

AnHoTanus. PaccmarpuBaercst nuHEHasS cucteMa ¢ onepatopoM auddepernuposanus D mo HanpaBieHHAM
BEKTOpPHBIX TOJEH BHIA CHCTeMBI JIAMyHOBa OTHOCHTEIBHO NPOCTPAHCTBEHHBIX HE3aBHCUMBIX IEPEMEHHBIX U
MHOTOIEPUOJIUYECKOTO TOPOHMIANBHOIO BHAA OTHOCHUTENIBHO BPEMEHHBIX MEPEMEHHBIX. Bce BXOIHBIE IaHHBIE
CUCTEMBI TMO0 MHOTOINEPUOIMYHO 3aBHUCST OT BPEMEHHBIX IIEPEMEHHBIX, JI00 OT HUX HE 3aBUCAT. B nanHoM ciryyae
HEKOTOpBbIE BXOJHBIC JaHHbIC IIOIYYWIM BO3MYILIEHUS, 3aBUCSIIME OT BPEMEHHBIX IepeMeHHbIX. Mccienyercs
BOIIPOC O IMPEICTaBICHUM HCKOMOIO [BUXKCHMS, OIMCAHHOIO CHUCTEMOH B BUJAE CYIEPIO3ULUU OTACIbHBIX
HNEPUOINYECKUX IBIKEHUHM PALMOHANBHO HECOM3MEPHMBIX 4YacTOT. M3yuaroTcs HadanbHBIE 3aJadd M 3aladd O
MHOTOINEPUOINYHOCTH ABWKEHHUH. MI3BECTHO, UTO IIPH ONpENENeHNH PEIICHUH 3a1a4 CUCTEMA HHTETPUPYETCS BJIOJb
XapaKTEPUCTHK, HCXOAAIMUX U3 HAa4aJdbHBIX TOYEK, a 3aT€M HadalbHbIC JaHHBIE 3aMEHSIOTCS TIEPBBIMU MHTETPaTaMu
XapaKTEPUCTUYECKHX CHUCTEM. TakuM OO0pa3oM, MCKOMOE pEIIeHHE COCTOUT W3 CIIEAYIOUIMX KOMIIOHEHTOB:
XapaKTEePUCTUK M MEPBBIX HHTErPAJIOB XapaKTEePHUCTHYECKHUX cUCTeM orepatopa D, MarpuiianTa u cBoOOJHOrO 4ieHa
caMOi CHCTeMbI. DT KOMIIOHEHTHI, B CBOIO O4Yepeib, UMEIOT MEePHOAUYECKHE U HENEepUOJUYECKUe CTPYKTYpHBIE
COCTaBIIAIONINE, KOTOPblE HMEIOT CYIIECTBEHHOE 3HAYEHHUE IPH PACKPBITUM MHOTONEPUOIUYECKON IPUPOIBI
JIBUDKEHUH, ONMCaHHBIX HccnenyeMoi cuctemol. IlpencraBiaeHne pemieHHss € BBIACICHHBIMH MHOTOIEPHOIM-
YECKMMH COCTABIIIOIIMMU HA3BAHO MHOTONEPHOANYECKON CTPYyKTypol pemieHus. OHO peanu3yeTcs Ha OCHOBE
M3BECTHOM TeopeMbl bopa o cBsi3u neproandeckod (DYHKIUM OT MHOTHX IEPEMEHHBIX M KBa3HMIEPHOANYECKOU
¢byHKIMK oxHOM nepeMeHHoi. Takum o0pazom, Oojiee KOHKPETHO MCCIIEAYIOTCSI MHOTONIEPHOANYECKHE CTPYKTYPbI
o0IIMX ¥ MHOTONEPHOIUYECKUX PEIICHUH OJHOPOJHBIX U HEOJHOPOJHBIX CHCTEM C BO3MYIIEHHBIMH BXOJHBIMHU
JAHHBIMH. B TakoM myxe m3ydaroTcs HyJlu omeparopa D M MaTpuianT cucTeMbl. YCTaHAaBIMBAIOTCSA YCIOBHS
OTCYTCTBHS M CYLIECTBOBAHHS MHOTONEPHUOIUYECKUX PEIIEHHUI KaK OJHOPOIHBIX, TAK U HEOAHOPOIHBIX CUCTEM.

KioueBble €10Ba: MHOTOIEPHOINYECKOE PELICHHE, aBTOHOMHAs CHCTEMa, orepaTtop AudQepeHpoBaHus,
JIsmyHOBa BEKTOpPHOE TI0JIE, BO3MYIIIEHHE.
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THE TECHNOLOGICAL CONSTRUCTS OF MATHEMATICAL
TRAINING FOUNDING IN HIGHER EDUCATION

Abstract. The article presents the development of innovative technological constructs of professional training
of future specialists in higher education on the basis of the deployment of spirals and clusters of founding of
mathematical knowledge in the course of synergetic effects actualization in teaching mathematics. The founding
procedures are based on the study of complex knowledge, fractal interactions and integrative relationships in modern
mathematics and their transfer into the technological field of training. The components and content of teaching
mathematics technologies and innovative activity of students to master the complex content of mathematics as a
pedagogical task in various conditions of information technologies support are presented. Effective development of
professional competences, communicative and personal qualities of students, increase of motivation of future
specialists are predicted.

Keywords: founding principle, technological constructs, professional training, visual modeling, fractal
geometry.

The basis of an innovative approach to the selection of the content of mathematical education of the
future specialist in higher education in the conditions of modernization is the mastery of complex
knowledge with the manifestation of synergetic effects and cognitive style of future professional activity
on the basis of the processes of personal experience founding and visual modeling of mathematical objects
and processes [20]. Pedagogical technology of mathematical education synergy is the essence of the joint
activity of the teacher and the student, leading to self-organization and achievement of the planned and
probabilistically guaranteed results of the development of complex mathematical knowledge. However, in
real life, university developments are usually reduced to the traditional content of vocational training, a
proven set of subjects and their volume in the structure of curricula ( unfortunately, this trend applies not
only to higher but also to secondary school). Technological constructs of founding concept developed by
V. D. Shadrikov and E. I. Smirnov, presented in this article, provide real opportunities for a particular
university to build innovative educational constructs, a new structure and content of vocational training ,
based on already tested theories and technologies of vocational education [12]. A unique experience of the
Yaroslavl State Pedagogical University named after K. D. Ushinsky on implementation of innovative
content of professional training of the future teacher of mathematics within the experimental educational
standard in the specialty "mathematics" (order No. 2046 of 14.05.2001, MO of the Russian Federation). in
the period from 2001 to 2006, and then in a pilot experiment on the manifestation of synergetic effects [2]
showed the high efficiency of the developed technology and the possibility of its transfer to new
conditions of vocational education [2]. Control sections on mathematical preparedness of control and
experimental groups of students showed significant positive changes of students of the experimental group
studying on the experimental program on the basis of the founding conception. As a result, a third of the
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students of the experimental group graduated from the university with honors (which exceeds the average
indicators of graduates of the faculty of physics and mathematics over the past decade in YSPU by 20%).
Moreover, 25% of graduates continued professional pedagogical education (postgraduate studies, job
seekers, real work in universities, management in the education system) with elements of research
activities.  Significant effects in the development of motivation, creativity and communication are
revealed [3].

Purpose of research

As the analysis of the state higher pedagogical education conducted above shows, the lack or
complete absence of a sound methodological basis in determining the vocational education content leads
to the fact that the new content is not much different from the previous special training. At the same time,
the reduced volume of subject training, weak professionalization, practical destruction of professional
selection system will lead to deepening of crises and contradictions in professional training. Therefore, the
purpose of this study involves the identification of technological constructs for the effective development
of complex mathematical knowledge on the basis of founding conception and actualization of modern
achievements in science , which determine the trends of implementation. The basic educational program
of the university should be formalized and materialized in the form of specific academic disciplines, tools
and forms of educational activity not only justified methodologically didactic (cognitive) processes that
form the goal-setting, acquisition, application and transformation of personal experience. It should be
improved the adaptation processes of characterizing technological professional tests of acceptance by the
student the profession and the personal processes directed on manifestation of self-organization, features
and development of motivations and emotions, reflection and self-regulation, self-assessment and a
choice, intelligence and creativity of the personality in the course of development of difficult knowledge.
The student should already get acquainted with the nonlinear style of thinking in post-non-classical
sciences , know and find associations in real life of such phenomena of collective ordering as the effect of
Zhabotinsky-Belousov, Binar Cells ("the road of giants" in Ireland), the Ginzburg-Landau theory of
superconductivity in the quantum system, the Tray - Volterra equations in the predator-prey system, the
Koch snowflake and the Schwartz cylinder, the Ferhulst scenario and the "butterfly effect" of the strange
attractor Lorenz, etc. The leading idea is that a key aspect of synergy manifestation effects in mathematics
teaching of complex knowledge-based adaptation of modern achievements in science. It state the
possibility of the phases actualization and study the characteristics of essence development of
sophisticated mathematical knowledge, phenomena and procedures, creating the conditions for
communication and dialogue of cultures, identify attributes of self-organization of the content, processes
and interactions ( attractors, bifurcation points, basins of attraction, iterative procedures) during the
development of "problem areas" of mathematics. Thus, the present study is an attempt to develop a
technology of modern achievements adaptation in science to teaching of mathematics based on computer
modeling and design, visual and mathematical modeling of complex knowledge in the "problem areas" of
mathematical education with the manifestation of synergetic effects and the identification of new research
by-products based on self-organization of cognitive activity.

Methodology, methods and technological constructs

The implementation of the announced technology is associated with the development of students '
complex knowledge by means of mathematical and computer modeling in a rich information and
educational environment. An effective tool for the development of complex mathematical knowledge and
the development of intellectual operations of students thinking can be a study and adaptation to school or
university mathematics of modern achievements in science, clearly and significantly presented in
applications to real life, the development of other sciences, high technology and industry. Mathematics
education as a complex and open social system carries with it a huge potential of self-organization and
positive manifestation of synergetic effects in different directions: the development and education of the
individual in the project activities, ordering the content and structure of cognitive experiences of
communication and social interaction of the subjects on the basis of cultures dialogue. Synergy of
mathematical education will be considered by us as a symbiosis and qualitative change of nonlinear
effects of self-organization and self-development of the individual during the development of
mathematical activity in the control of complex stochastic processes based on the coordination of different
factors and began in three contexts: content (semiotic), procedural (simulation) and social adaptation.
Synergy of mathematical education is characterized by the presence of internal attributes (mechanisms) of
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self-organization and order parameters, which form the success of the educational system at increasingly
complex levels. At the same time, didactic processes acquire a new quality: natural science knowledge is
enriched with a humanitarian aspect, humanitarian knowledge acquires a scientific basis for substantiating
the essence using natural science and mathematical apparatus and methods.

An important context is the external factors formulation of influence in the form of a plurality of goal-
setting, building stages and hierarchies of symbolic and figurative-geometric activities in the direction of
essence founding of mathematical objects and procedures [3], search and analysis of side solutions using
information technology , identify bifurcation transitions and basins of attraction in the processes under
study on the basis of variability and parameterization, ensuring the coherence of information flows in the
emergence of a new product based on the cultures dialogue ( including, in the conditions of network
interaction). In [13] identified and characterized in all stages of mathematical education synergy
manifestation:; preparatory, informative, technological, assessment, corrective and generate transforming.
In recent decades, the post-non-classical scientific picture of the world as a paradigm effect has become
the most important concept, which is based on the priority of the processes of self-organization of
dynamic nonlinear systems ( (G. Haken [9]), T. Kuhn, E. N. Knyazeva, B. Mandelbrot [5], I. R. Prigozhin
[8], S. P. Kurdyumov, G. G. Malinetsky [7], K. Mainzer, etc. That is, there were opportunities and the
principles of technique of self-organization and dialogue of cultures of the students through the
development of synergetic paradigm of development of mathematics in the context of a reasoned, coherent
and level of opening-up and creative to overcome the "problem areas" of mathematical activities.

Scientists, philosophers, educators and psychologists (I. Kant, G. Hegel, I. Prigogine, S. P.
Kurdyumov, G. Haken, K. Mainzer, V. V. Orlov, A. N. Polyakov [8], V. S. Stepin, I. S. Utrobin, H..The
alfvén, T. S., Vasilyev, etc.) convincingly demonstrated that the effective development of the individual
occurs during the development of complex knowledge (different levels of difficulty depending on
student's personal development, including inclusive education), creating situations of overcoming
difficulties in the process of mastering knowledge and a unified picture of the world on the basis of a high
degree of deployment of students educational and professional motivation in a single network of
interactions, independence and coherence. In cognition of the complex, the process of cognition itself
"becomes a communication, a loop between cognition (phenomenon, object) and cognition of this
cognition” ( E. Moren).

We highlight the following system - genetic contexts of mathematical education synergy at the
University (also A. A. Verbitsky [1]).

1. Procedural contexts. The basic concept of presented concept of modern achievements adaptation
in science is the principle and technology of founding of personal experience (E. Husserl, S. L. Ru-
binstein, V. D. Shadrikov, E. I. Smirnov [10],[14], etc.). Therefore, the concept of founding of the
personality formation process acts as an effective mechanism for overcoming professional crises of
becoming a specialist and actualization of integrative links between science, vocational education and
school. Adaptation processes are considered by scientists psychologists and teachers as a dynamic
complex of integral interaction of internal results (system of knowledge, skills, attitudes, competencies,
values) and adequate mechanisms of adaptation of the individual to changes in the environment and the
activities results with developing effect (A. A. Rean [11], Yu. I. Tolstykh [19], S. I. Soroko [18], etc.). In
accordance with S. N. Dvoryadkina and E. I. Smirnov [4] such can be as the synergetic effects of
adaptation processes realization: cognitive, motivational, professional, creative, socio - economic and
spiritual-moral. The processes of creating a motivational field for the study of complex mathematical
constructs require the computer design and visual modeling of modern achievements in science ( strange
Lorentz attractor, fuzzy sets and fuzzy-logic, Menger's sponge, Ferhulst's script, etc.). Building hierarchies
in the deployment of the essence of the generalized construct of "problem zone™ in mathematics education
on the basis of parameterization and abstraction, search for bifurcation points and basins of attraction by
means of construction of iterative processes on the basis of information technology support and create the
mechanisms of complex knowledge adaptation to school and university mathematics.

2. Meaningful context of the synergy in mathematical activity is the sensitive mechanism that will
allow to actualize the factors of success in solving creative problems on the basis of research activity and
self-organization of students. Therefore, the primary means of manifestation of synergy, mathematics
education, and the mechanism of formation of exploratory behavior of students in learning mathematics
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we consider the development and introduction in educational process of research practice-oriented
complex problems in the "problem areas™ of mathematics education in the form of a complex multi-step
mathematical-informational tasks (M. Klakla, V. S. Sekovanov, E. I. Smirnov, etc.). Research activity of
the students is realized in a specially organized environment ( for example, resource classes [4] ) against
the background of growth of motives of self-actualization and self-organization, identification of priority
of value orientations in mathematical activity. An important factor in the context of the meaningful
manifestation of the synergy of mathematical education is the productive work on the study of new
mathematical properties and characteristics of generalized constructs of self-organization: fractal objects,
mathematical models of instability of solutions of nonlinear dynamic systems, means of coding and
encryption, cellular automata, fuzzy sets and fuzzy logic, computer simulation of multi-faceted surfaces of
the cylinder Schwartz, stochastic structures on strange attractors, etc. ( V. S. Sekovanov, E. I. Smirnov,
S. N. Dvoryadkina [4] E. I. Smirnov, A. D. Uvarov [15].

3. Personality - adaptation and social context of the synergy of mathematical education. Human
interaction with the world and people activates with its internal potentials, which is the basis of his self-
knowledge, self-regulation and self-actualization, thus ensuring his personal self-development. In this
regard, special attention is paid to the problems of group interaction organization of students, which is the
most important source of their self-actualization and development, an incentive for creative activity and
further personal growth. Ponderous procedure of transition from cash of an entity to a generalized
potential development in the form of a perfect object (process or phenomenon, status, personal qualities)
are multi-stage, multifunctional, integrative and aimed at actualization within and cross-curricular links.
The personal adaptation component is associated with the expression of the characteristics and qualities of
personal development and adaptation of the students in the process of mastering in modern scientific
knowledge in the direction of self-actualization ("I'm interested™), self-determination ("what I can do"),
self-organization ("I'm able to manage the process"), self-development ('l can do something new")[17].

Technology of synergy in the study of *'problem areas' of mathematical education

The technology of identification and research "zones of modern achievements in science (problem
areas)” in the relation to teaching mathematics allows you to design and implement the stages of
adaptation of modern achievements in science to the current state of the experience of students
mathematical activity , allows you to integrate knowledge from different fields of the science in the
context of the development of complex knowledge. We highlight a number of technological stages of the
founding procedures in the process of modern scientific knowledge adaptation to school mathematics with
the manifestation of synergetic effects and the reflection of phenomenological type of an essence
modeling of generalized construct:

1. Development of standards and samples of phenomenology of visual modeling of
generalized construct and results of diagnostic procedures of specific manifestations of the essence of
the generalized construct.

2. Creating a motivational field in the development of generalized construct: visual modeling
(lessons, lectures, video clips, project activities, presentations, business games) motivational and applied
situations of different interpretations of standards and examples of synergy.

3. Practice-oriented and research complexes of tasks for updating the deployment of individual
educational trajectories for small groups of students (determining the composition and orientation of small
groups , the distribution of roles, selection and updating of practice-oriented research activities on the
stages of founding and adaptation of the generalized construct).

4. Multiple goal-setting of the research processes of generalized construct of "problem zone".

5.  The willingness to debate and multiplicity of solutions to the problem; identifying selection
criteria for making a diagnosis and finding solutions to the research practice-oriented tasks based on
diagnostic information, systematized in the form of thunderous complexes.

6. Creation of the creative environment in the process of the essence mastering of generalized
construct ( stimulation of success situation; work in small groups and dialogue of cultures; tolerance to
uncertainty and development of divergent thinking; identification and popularization of patterns of
creative behavior and its results); collection and variety of forms and methods of information presentation;
development of statistical packages and office editors, computer algebra systems and Web-support.
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7. Ability to adapt and develop in social communications based on the dialogue of
mathematical, information, natural science and humanitarian cultures. An effective dialogue of
mathematical, informational, natural science and humanitarian cultures on the basis of components
computer and mathematical modeling and stages of generalized construct adaptation in "zone of modern
achievements in science™ of university mathematics.

8. Updating the attributes of synergy (bifurcation, attractors, fluctuations, basins of attraction)
in the research process, the generalized construct of founding; identify patterns, analogies , associations,
the dynamics of the investigated processes, phenomena and facts; forecast and "by-products” of the
research.

A synergistic effect of the study of polyhedral surfaces of Schwartz cylinder.

Example 1. Mathematics education as a complex and open social system carries a huge potential of
self-organization and positive manifestation of synergetic effects in different directions: the development
and education of the personal, the orderliness of the content and structure of cognitive experiences of
communication and social interaction of the subjects on the basis of cultures dialogue. It is necessary to
design technigues and methods of reflection and study of technological parameters of the generalized
construct against the background of the functioning of the adaptation system and obtain new results: in our
case, the generalized construct of scientific knowledge — the concept of surface area is indirectly updated
through computer and mathematical modeling of the research processes of the "area" of the side surface of
Schwartz cylinder [16-17].

Multiple goal-setting of the actualization processes of surface area concept by methods of
investigation of the "area" of Schwartz cylinder (content aspect)): pathological properties of the "area" of
lateral surface of the cylinder are well studied in the so-called "regular" case ( see for example [2]). This
occurs when its height H is divided into m equal parts ( respectively — layers of the cylinder), and the

V4
circle lying at the base is divided into n equal parts, followed by a shift ¢ on each layer by e With such

a triangulation of lateral surface of the cylinder, the formula for calculating its "area”, by means of the
resulting polyhedral with m,n — oo is:

4
S, = 27R,[R* g2 + H? q= lim
4 where: mn=n 1)

Thus, the "area" of lateral surface Sq of regular Schwarz cylinder of height H and radius R ( if this
limit exists — finite or infinite) is completely determined by the limit (1). At the same time, due to the
independent nature of the aspirationm,n — oo, the result of the limiting process becomes weakly
predictable, multivalued, with the absence of regularities in the chaotic deployment of fractal structures of
polyhedral. B. Mandelbrot [5] showed that m = n* the area of a polyhedral surface grows as n* (k #2 )

There are the hierarchies of issues related to the study of multi-faceted surfaces of Schwartz cylinder and
solved by means of computer and mathematical modeling of research activities in small groups of students
in a remote environment or in the form of research of multi-stage mathematical information tasks. Such
studies conducted by students in resource or laboratory-calculation classes, in the performance of multi-
stage mathematical and information tasks, in the course of project activities or network interaction develop
intellectual operations of thinking, increase educational motivation and the quality of mathematical actions
development.

Consider a circle centered at point A and a radius g1 = 1. A regular hexagon is inscribed in the circle
and a radius is drawn so that it crosses the side of the hexagon at the point U. Suppose that the point T
moves along the circle. In this case, we put in accordance with the central angle C, = a of the length of

the segment UT, we get the function f(a). The introduced function is limited and periodic, namely

0<|f(a) < 1—? and period T =% . The function f() can be defined explicitly:
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3

f(a)=1- 2 @
$in(120° — (cr — [%] -60°))

It is easy to determine a function f,(a) similar to the function in formula (2) in the case where an

arbitrary regular n-gon is inscribed in the circle. Indeed, denote by ¢ =

0

the central angle of the

inscribed n-gon, and then f,(a) take the form:

sin(90° — 2)
fo(@)=1- 2 3)
sin(90° + 2 — (@ -[%]- 9))
2 @
We define the following function 9(a) as a functional series:
g(@) = fin(@) )
n=1

where functions f,. («) are defined by formula (3). It is easy to see that the graph of the function g(«)
has a fractal structure, like the graph of the van Der Warden function [21]. Now consider the layer of the
cylinder Schwartz, crossed by the plane of its orthogonal axis. There is a natural problem. Let Schwartz
cylinder with height H = 1 and radius R = 1 be given. In this case, its upper base is divided into n equal

parts, and the

height into m equal parts. Draw a section perpendicular to the axis of the cylinder through

an arbitrary point x on it. If it tends to infinity, and fixed, what kind of function g(«) will be defined in

formula (4)?

MnoJioXKeHue ToO4YKH X Ha cjioe

A oceBoOe cevyeHHe 105
mnockTobio alpha=30

s 0%

x=1/3m
/ OpTOrOHAJbHbIE

Ce4YeHMs CJIoA
IIJO0CKOCTAMH

|

Figure 1 - A portion of the surface z = s(a, X)

x=2/3m

/

e
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If we assume that in formula (4) variables a and ¢ are independent, then the series defined by this
formula can be viewed as a function of two variables s(a, X). The graph of this function is the surface. The

following figure shows a portion of the surface z = s(a, X), with 0° <« <360°and 0< x 53—10 We believe

that the height of one layer of Schwartz cylinder is equal to o (for clarity, the surface is depicted in a
cylindrical coordinate system). In the last figure, the level lines shown in yellow correspond to the graphs
of the function g(«) in the polar coordinate system at k =0,k = %,k =§,k =1.

Similarly, other "zones of modern achievements in science” can be studied: elements of fractal
geometry, cellular automata, coding and encryption of information, the theory of chaos and catastrophes.
As the example shows, the longitudinal study of "zones of modern achievements in science™ imposes
increased requirements for their selection and number, at the same time developing the effect of the
development of students ' complex knowledge in the context of modern achievements in science and
dialogue of mathematical, information, natural science and humanitarian cultures is difficult to
overestimate.

Results. Thus, the technological constructs of complex knowledge development on the basis of the
concept of personal experience founding, as well as computer design and technology for the study of
generalized constructs to identify the essence of "problem areas” of university mathematics are identified
and characterized. Fractal characteristics of the surface area in detail of nonlinear dynamics of growth of
polyhedral complexes areas at crushing of triangulations of lateral surface of Schwartz cylinder or "boot"
by means of computer and mathematical modeling are investigated. Bifurcation points, attraction pools,
computational procedures and fluctuations of state parameters, computer design and side results of the
study of the "area" of lateral surface of regular and irregular Schwartz cylinder are identified and
characterized. Hierarchy forms and means of students ' research activity: resource and laboratory and
design classes, complex multi-step mathematical and information jobs, design methods and networking.

B.C. A6atyposa’, E.. Cuupuos?, A.A. FOnycosa®,
AJL Koxos?, A.A. IOnycos®, I.K. )Kymany.iaes*

IPFA EFO xone Peceit )KBI'M PBK OHTycTik MaTeMaTHKa MHCTUTYThI, Bnagukaskas, Peceli;
2OBIOY «Peceit XKBFM K.JI. Yuruuckwuii aTbiiars SIpociaBib MEMIIEKETTIK TIEIaTOTHKATBIK YHUBEPCUTETI»,
Spocnasns, Peceit;
3KazakcTan MHKEHEPITi-TIeIarOTHKAIBIK, XaIbIKTap JOCTHIFE yHUBEpcHTETI, [IInvkenT, Kazakcran;
“M.Oye308 arbinaarel OHTYCTiK Kazakcran MemnekerTik yausepcureri, LbiMkent, Kazakcran

JKOFAPBI BUIIM BEPYJIE MATEMATHUKAJIBIK JTAMBIHIBIKTHI )KY3ET'E ACBIPY JIbIH
TEXHOJIOT'UAJBIK KOHCTPYKTILJIEPI

AnHoTanus. Makanaja MaTeMaTHKAaHbI OKBITYaFbl CHHEPTeTUKAIBIK dceplep/l e3eKTeHAipy OaphIChIHIa MaTeMa-
TUKaNBIK OimiMIi GyHIaMeHTalusay KiacTepiepi MEH CHHpalibAapibl epicTeTy Herizinie meparorukaibik JKOO-na
Oonamrak MaMaHAApABl KOCiOM TaspiayIblH MHHOBALVSIIBIK TEXHOJOTHSUIBIK KOHCTPYKTOPJIAPBIH d3ipiey YCHIHBUIFaH.
OyHpaMeHTaNIpl  TpoLEAypajap HeriziHme Kypuenmi Oimimuai, Qpakrtanasl e3apa ic-KUMbUIIAPABI JKOHE Kasipri
MaTeMaTHKaJa WHTETPATUBTIK OaillaHBICTAp/Abl 3€PTTEY JKOHE ONApABI KOCIOM MAMBIHIBIKTHIH TEXHOJOTHSIIBIK alaHbIHA
KOILIpy KaTblp. AKMapaTTHIK TEXHOJOTHSIAPABI KOJAAYIBIH op TYPIi JKaFJalapblHAa MeAarorHKajblK MiHACT peTiHae,
MaTeMaTUKAHBIH KYpJAeNi Ma3MYHBIH MEHrepy OOHMBIHIIA CTYICHTTEpAiH WHHOBAIMSUIBIK KBI3METi KOHE MaTeMaTHKaHBI
OKBITY TEXHOJOTUSUIAPBIHBIH KOMIIOHEHTTEpI MEH Ma3MyHBl YChIHbUIFaH. CTyIeHTTepHiH KociOM Ky3bIPETTLIIriH,
KOMMYHHKATHBTIK OHE KEKEe KAaCHETTepiH THIMII JaMbITy, 0OJjallak MaMaHAapblH yXKAEMECIH apTThIpy OOJKaHA/BI.
MonepHu3anusiay JxargaibiHga 0oialiak MaMaHHBIH MaTeMaTHKAJIBIK O11iM Ma3MYHBIH ipIKTEYAiH HHHOBALMAJIBIK TICLI
— CHHEPreTHKAaJBIK dcepiep MEH Oonairak KociOW iC-opeKeTTiH TaHBIMABIK CTHJIIH, MaTeMaTHKAJbIK HBICAHAApD MCH
IOpOLECTepAiH TYIFalbIK KaJbIITacybl MEH BH3yalJlbl MOJENbJEY HEri3iHJe KOpiHeTiH KelleHJl OimiMal urepy.
MaremaTukanbiK OiiM OepyiiH CHHEPreTHKAJIBIK IeJarOTHKANIBIK TEXHOJIOTHICH — OYJI ©3iH-631 YHBIMAACTBIPYFa KOHE
KYpAei MaTeMaTHKaNbIK OLIiMII UTepyaAiH >KOCHapilaHFaH >KOHE BIKTUMaJl KeIiIIeHIpUIreH HOTIKeIepiHe KOl KeTKizyre
OKEJETIH MYFaJiM MEH OKYIIBIHBIH OIpJICCKEeH iC-OpeKEeTiHIH MOHI. AJlaiijia, HAKThI OMIpJIe YHUBEPCUTETTIH AaMYBbI, 9JICTTE
KocinTik OinmiM Oepy Ma3MyHBIHBIH JOCTYpJi Ma3MyHBbIHA, OEKITUIN€H OKYy IIOHAEPIHIH JKHUBIHTBIFBIHA XOHE OKY
KocHapiapbl KYpbUIBIMBIHIAFBI OJIAPBIH KOJeMiHe azasabl. OKiHilIke opail, Oy YpAiCTiH KOpiHIiCl TeK )KOFaphl ACHrenre
FaHa eMec, COHBIMEH Oipre opTa MeKTenke ae KaTblcThl. Ockl Makanana kenripinren B.J. lanpukos nen E.M. CmupHOB
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d3ipJyiereH ipretac TYKbIPHIMIAMACHIHBIH TEXHOJIOTHSUIBIK KOHCTPYKUMsUIaphl Oenriyii Olp YHHBEPCHTETTIH OYpbhIHHAH
OeKiTUIreH KocinTik OitiM Oepy Teopusiapbl MEH TEXHOJIOTUsIIApbIHA HETI3AENreH Kociou OitiM Oepy/iH KaHa KYpbLIbIMBbI
MEH Ma3MyHbl 0ap MHHOBAIMSUIBIK OiiM Oepy KypbUIBICTapbIH callyFa HakThl MyMKiHziktep Oepeni. K.JI. Yiunckuit
aTBIHIAFbl  SIpOCNaBib MEMIICKETTIK IEeNArorHKajblK YHUBEPCUTETIHIH «MaTeMaTHKa» MaMaHIBIFbl  OOMbIHIIA
9KCHEPUMEHTTIK OiniM Oepy cTaHIapThIHBIH Oeiiri periHae Ooialiak MaTeMaTHKa MYFaliMiH KOCiOM maspliay/ibiH
MHHOBAIUAJIBIK Ma3MYHBIH 5KY3€Tre achlpyAarbl Oiperei Toxipubeci yChIHbIIAbL.

Tyiiin ce3iep: KOpJAHIBIPY MPHHIMII, TEXHOJOTHSIBIK KOHCTPYKTOPJAp, KOCiOM MalbIHABIK, KOPHEKI MOJICIBACY,
(bpakTas reOMeTpHsL.
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TEXHOJIOTMYECKHE KOHCTPYKTbI ®YHIANPOBAHMSI
MATEMATHYECKOMU NIOAI'OTOBKH B BBICIIEM OBPA30OBAHUN

AnHoTanus. B cratbe nmpencrabneHa  pa3paboTKa  MHHOBAIlMOHHBIX — TEXHOJIOIMYECKMX  KOHCTPYKTOB
npoecCHOHANBPHOM MOATOTOBKU OYMyIIHX CIEIHAINCTOB B MeJarOTMYECKOM By3€ Ha OCHOBE Pa3BEpPTHIBAHUS CHHpPANEH U
KJIacTepoB (QyHIMPOBAHUS MaTeMAaTHUYECKUX 3HAHUH B XOJ€ aKTyalUd3allud CUHEpreTudeckux 3GQekToB B 00yuyeHUM
MaTteMaTuke. B ocHOBe (yHIUPYIONMX TIpomEeRyp JIeKHT HCCIEIOBaHHE CIOKHOTO 3HAHUA, (paKTaTbHBIX
B3aMMOJEHCTBUII M HMHTETPATUBHBIX CBA3€H B COBPEMEHHOH MaTeMaTHKE M HMX IIEpEHOCa B TEXHOJIOTMYECKOE II0JIe
npoecCHOHANPHOH TOATOTOBKH. IIpencTaBieHs! KOMIIOHEHTHI M COAEPKaHWE TEXHOJNOTHH OOydeHHs MaTeMaTHKe U
HMHHOBALIMOHHOM JEATENBHOCTH CTYIEHTOB I10 OCBOEHHIO CII0KHOTO COJAEP KaHUs MATEMAaTHKH KaK IIE€aroru4eckoil 3a1auu
B Pa3IMYHBIX YCIOBUSX MOANEPKKHM HMHOOPMANMOHHBIX TexXHONOTHi. IIporHosmpyercs sddexTuBHOE pasBHUTHE
npodeccuoHanbHBIX KOMIETEHIMH, KOMMYHMKATHBHBIX U JIMYHOCTHBIX KAaueCTB CTYJCHTOB, IIOBBIIICHUE MOTUBALUH
OyIymux CIenManucToB. B 0CHOBE MHHOBAaIMOHHOTO MOAXOJAa K OTOOPY COIEpXKaHMS MaTeMaTHYECKOro 0Opa3oBaHMS
Oyayliero coequanucTa B BbICHIEH IIKOJIE B YCIOBUSX MOJCPHU3ALUHU JICKUT OBJIAJEHUE CIOXKHBIM 3HAHUEM C
HPOSBICHHEM CHHEpreTndeckux 3(P(GeKToB M KOTHHTHBHBIM CTHIEM Oynymed mpodeccCHOHATbHOH NeATeNbHOCTH Ha
OCHOBE IIPOLIECCOB (DYHAUPOBAHUS OIBITA JIMUHOCTH M HAMVIAHOTO MOJEIMPOBAHUS MAaTEMAaTUUECKUX OOBEKTOB MU
nporneccoB. [lemarorndeckast TEXHOJIOTHS CHHEPTMH MaTeMaTHYECKOro 0Opa3OBaHUS IPEICTaBIAeT COOOH CyIIecTBO
COBMECTHOH JAEATENBHOCTH NPENOAABATENs U CTYJEHTA, BEMYIEE K CAMOOPraHU3alUK M JOCTIKEHUIO IUIAHUPYEMBIX U
BEPOSTHOCTHO TapaHTUPOBAHHBIX PE3YJIbTATOB OCBOSHUS CIIOKHOI'O MaTeMaTHYeCKOro 3HaHus. OJJHaKO B peaabHOM KU3HU
BY30BCKHE DPa3pabOTKH CBOAATCA, KaK MHPaBHUIO, K TPAJWIMOHHOMY HAIMOJNHEHHIO COJEpXKaHHSA Ipo(decCHOHAIBHOM
HOATOTOBKY, allpOOMPOBAHHOMY HabOpy yueOHBIX IPEIMETOB U UX 00bEMY B CTPYKTYype yueOHbIX MmnaHoB. K coxanenuto,
HPOSIBJICHHE 3TOW TEHAEHLMH OTHOCUTCS HE TONBKO K BBHICIIEH, HO U K cpefHell mkone. TexHonornyeckue KOHCTPYKTHI
KoHUenuuu (yHauposanus, paspaboranHoil B.JI. IlagpuxosbiM u E.M. CMHPHOBBIM, IpEJICTaBICHHBIE B HACTOSAILEH
CTaTbe, AT pealbHBIC BO3MOXKHOCTH JUIi KOHKPETHOTO By3a BBICTPAaHBaTh HHHOBAI[MOHHBIE 00pa30BaTENIbHBIC
KOHCTPYKTBI, HOBOH CTPYKTypoHl U coJepskaHueM NpodecCHOHANBHONH MOATOTOBKU, ONUPAIOLIMECS Ha Yyxe
anpoONpOBaHHBIE TEOPHM W TEXHONOTHH TIPO(ECCHOHANBPHOTO 00pa30BaHMA. YHHKANbHBIH ONBIT SIpociaBckoro
rOCyJapCTBEHHOIO MeAarorudeckoro ynusepcurera uM. K.JI. YmumHckoro no peanusanyuyd HHHOBAaOHHOIO COJAEPXKAHUSA
npoecCHOHANBHOM TOATOTOBKH OYyIyIIero ydWTens MaTeMaTHKH B PaMKaxX 3KCIEPUMEHTAIbHOTO 00pa30BaTENbHOTO
CTaHJapTa M0 CHELUAIBHOCTH «MATEMATUKaY.

KiroueBble cioBa: mpuHOUN (QyHANPOBAHWSA, TEXHOIOTHYECKHE KOHCTPYKTHI, Mpo(ecCHOHANbHAS IIOJTrOTOBKA,
HaMIAHOE MOJISTUPOBaHUE, (hpaKTaabHasi FEOMETPHUSL.
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MULTIPERIODIC SOLUTIONS OF LINEAR SYSTEMS
INTEGRO-DIFFERENTIAL EQUATIONS WITH
p,-OPERATOR AND ¢ -PERIOD OF HEREDITARY

Abstract. The article explores the questions of the initial problem and the problem of multiperiodicity solutions
of linear systems integro-differential equations with an operator of the form D, =0/0r +c, /ot, +...+¢, Ofct,

¢=(c,,...,c, )—const and with finite hereditary period g=const>0 by variable T that describe hereditary

phenomena. Along with the equation of zeros of the special differentiation operator D_ are considered linear systems

of homogeneous and inhomogeneous integro-differential equations, sufficient conditions are established for the
unique solvability of the initial problems for them, both necessary and sufficient conditions of multiperiodic
existence are obtained by (r,t) with periods (9, a)) of the solutions. The integral representations of multiperiodic

solutions of linear inhomogeneous systems with the uniqueness property are determined 1) in the particular case
when the corresponding homogeneous systems have exponential dichotomy and 2) in the general case when the
homogeneous systems do not have multiperiodic solutions, except for the trivial one. The article proposes a research
technique for solving problems that satisfy initial conditions and have the property of multiperiodicity with a given

& heredity period for linear systems of integro-differential equations with a special partial differential operator D_.

Multiperiodic solutions obtained along characteristics t =t° + ¢z —cz° with fixed (fO,tU) are used as an application

in the theory of quasiperiodic solutions of systems of integro-differential equations.
Key words: integro-differential equation, hereditary, fluctuation, multiperiodic solution.

1.  Problem statement.
In this paper, we’ve researched the problem of the existence of (&, «)-periodic solutions u(z, t)

by (r,t)=(z,t,,...,t, )€ RxR" systems of
D.u(z,t)= Az, tu(z, t)+ IK(r,t, s,t—cr+cs)u(s,t—cr+cs)ds+ f(z,t) (1.1)

T—¢&

with a differentiation operator p_ of the form

D, =0/or+(c,o/et), (1.2)
that turns into the operator of the total derivative ¢ /dz along the characteristics t=Cr —CS+ o with
initial data (S,0)€ RxR", where R = (—o0,+o0), C is constant vector, 5/t = (8/et, ,...,8/at,,)
is vector, <C, 8/8t> is the scalar product of vectors, A(z,t) and K(z,t,s, o) are given 1 X 1-matrices,

f(r,t) is N -vector-function, (49, )= (g, w,, a)m) is vector-period with rationally
incommensurable coordinates, &£ is positive constant.



mailto:sartabanov42@mail.ru
mailto:gulsezim-88@mail.ru

News of the National Academy of sciences of the Republic of Kazakhstan

The problem of this kind involves the research problems of hereditary vibrations in mechanics and
electromagnetism. For example, if the oscillation phenomenon is hereditary in nature, then the equation of
motion of the string at a known moment m(z) is set by changing the angle of string torsion a)(r)

d?o(r)

2
T

=ho(r)+ j.(o(r,s)a)(s)ds, where 4 and h are

T—&

subordinated to the ratio m(r)—,u

constants and & is the hereditary period of the vibrational phenomenon. It is also known that the
hereditary biological phenomenon “predator-prey” is related by the law of oscillations described by the
system of integro-differential equations.
The given integro-differential equations are the mathematical model hereditary phenomena described
by system
‘;_f = P(e)x(e)+ [Q(r, s)x(s)ds + y(z). 13)

Where x(r) is unknown I -vector-function; P(z), Q(T, S) are NXN-matrices; y(z) is N -
vector-function; & >0 is a constant. Since the process is oscillatory, as arule, P(z) and y (7 )are almost
periodic by 7, and the kernel Q(z,s) has the property of diagonal periodicity by (z,s)e RxR. In

particular, the indicated input data of system (1.3) are quasiperiodic by 7 € R with a frequency basis

V= 971,V1 = a)f, eV = a)r;l, then in the theory of fluctuations, the question of the existence of

quasiperiodic ~ solutions  x(z) of system (13), with a changed frequency basis

1~ -1 ~ -1 . .
v,=0",v,=Cw,,....,v, =C. @, is of great importance and we set

e<f= W, <o, <...<®,. An important role in solving this problem is played by the well-known

theorem of G. Bohr on the deep connection between quasiperiodic functions and periodic functions of
many variables. According to this theorem, matrix-vector functions are defined A= A(z,t),

K =K(z,t,8,0), 0=t—=CT+CS, f=1(s,t), u=u(r,t) with properties of A‘HT = P(T),
K‘t:w :Q<T’S)’ f‘t:w :W(T)’ u t=cr

differentiation operator p_ of the form (1.2).

Thus, the problem of quasiperiodic fluctuations in systems (1.5) becomes equivalent to the problem
on the existence of (&, w)-periodic by (z,t) solutions u(z,t) of the system partial integro-differential

equations of the form (1.1) with differentiation operator (1.2).

The above problems on string vibrations and fluctuations in the numbers of two species living
together associated with the task indicate the relevance of the latter, in terms of its applicability in life.
Along with this, it is worth paying special attention to the fact that the methods of researching
multiperiodic solutions of integro-differential equations and systems of such partial differential equations
belong to a poorly studied section of mathematics. Therefore, the development of methods of the theory of
multiperiodic solutions of partial differential integro-differential equations is of special scientific interest.

In the present work are investigated to obtain conditions for the existence of multiperiodic solutions
of linear systems integro-differential equations with a given differentiation operator D.. To achieve this
goal, the initial problems for the considered systems of equations are solved from the beginning, the
necessary and sufficient conditions for the existence of multiperiodic solutions of linear systems are
established, integral structures of solutions linear systems are determined.

The theoretical basis of this research is based on the work of several authors. As noted above, taking
into account the hereditary nature of various processes of physics, mechanics, and biology leads to the
consideration of integro-differential equations [1-3], especially to the research of problems for them
related to the theory of periodic fluctuations [2]. If the heredity of the phenomenon is limited to a finite
period & of time T, then the hereditary effect is specified by the integral operator with variable limits

from 7 —¢& to T. Integro-differential equations describing phenomena with such hereditary effects are

=X(2’) and the operator d/dl‘ is replaced by a

—— 94 ——
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considered in [3]. The various processes of hereditary continuum mechanics are described by partial
integro-differential equations, the study of which began with the works [1]. The work of many authors is
devoted to finding effective signs of solvability and the construction of constructive methods for
researching problems for systems of differential equations, we note only [2,4,5]. The research of multi-
frequency oscillations led to the concept of multidimensional time. In this connection, of the theory
solutions of partial differential equations that are periodic in multidimensional [6-13]. In [6], an approach
is implemented where quasiperiodic solutions of ordinary differential equations are studied with a
transition to the study of multiperiodic solutions of partial differential equations. This method was
developed in [7-11] with its extension to the solution of a number of oscillation problems in systems of
integro-differential equations.

In this research, it is examined for the first time that the problem of the existence multiperiodic

solutions of systems integro-differential equations with a special differentiation operator Dc, describing

hereditary processes with a finite period & of hereditary time 7. In solving this problem, we encountered
the problems associated with the multidimensionality of time; not developed general theory of such
systems; determination of structures and integral representations of solutions of linear systems equations;
extending the results of the linear case to the nonlinear case; the smoothness of the solutions integral
equations equivalent to the problems under consideration, etc. These barriers to solving problems have
been overcome due to the spread and development of the methods of works [12-13] used to solve similar
problems for systems of differential equations.

2. Zeros of the differentiation operator and its multiperiodicity

By the zero of the operator p_ we mean a smooth function u = u(z, t) satisfying the equation of

D_u = 0. The linear function y is a general solution of the characteristic equation with the initial data
040} .. . . e . .
(T 1t ) its integral is the zero of the operator p_satisfying condition h(ro,r,t} , =t. Note that if

T=

w(t) is an any smoothness function e = (1,...,1), by t e R™, then
u(e®, 7, t)=w(h(z° 7.t)) 2.1)
is the zero of the operator Dc satisfying condition U‘T:TO = l,//(t). Since the w(t) is arbitrary in the
class Ct(e) (R " ) relation (2.1) is a general formula of the zeros.

We give the properties of the characteristics of the operator Dc:

h(s + 8,7 + 6,t)=h(s, z,t), (2.2)
h(s,z + 8,t)=h(s,z,t)—c@, (2.3)
h(s,z,t + @)= h(s,z,t)+ qw, go = (q,@,,...,q,®, ), J€L". (2.4)
If u(z,t) isthe zero (&, w)-periodic, then the u\mo =u°(t) is ® -periodic by t:
U°(t+qo)=u’(t)eCY(R™)gez". (2.5)

Therefore, (2.5) is a necessary condition for the (&, «)-periodicity of zero u(r, t) € Cft‘e) (R x R™ )
. Suppose that for zero u(z, t) is satisfied (2.5). From (2.1):

u(z,t)= Uo(h<TO,T,t)). (2.6)
Based on (2.3), zero U(T,t) is @ -periodic by T if Uo(h<fo,r+9,t))= = uo(h(TO,T,t)—Cﬁ).
This takes place if there is a vector q° eZ" and
c0+9°w=0. (2.7
By virtue of (2.2), the zeros U(TO ) T,t) form (2.1) have the property of diagonal & -periodicity by
(ro \ z'). The proof follows from (2.2) and (2.1).
—— o5 ——
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Theorem 2.1. 1) If condition (2.7) is not satisfied, then only constants are the (&, «)-periodic zeros

and it does not have multiperiodic variables zeros. 2) If condition (2.7) is satisfied, then any zero of the
operator p_ with an initial function of the form (2.5) is (&, a))-periodic, in particular, it can be any

constant. 3) Zero of the form (2.1) has the property of diagonal & -periodicity by (z‘o ) T), and from its

@ -periodicity zeros by T follows its & -periodicity by 7°.
3. Linear homogeneous equations and its multiperiodic solutions.
We consider the initial problem for a linear homogeneous system

D u(z,t)= Az, tu(z IK 7,t,8, h(s z,t)u(s, h(s, 7,t))ds (3.1)
u(z, t){ eCPR") (3.17)
under assumptions of
Az +6,t+qo)=Alr,t)e c{;’f;)(R xR™) qez"™, (32)
K(r+6,t+qo,5,0)=K(z,t,s+ 6,0 +q0)=K(r,t,5,0)e
eCL=O2I(RxR" xRxR") qeZ". (3.3)

From [17-19] with (3.2), using the method of successive approximations, we can construct a matricant
W(TO T, t) of the system D_w(z,t)= A(z, t)w(z, t), and

DCW(ro,r,t): A(T,I)N(TO,T,I), W(TO,TO,I)z E, (3.4)
D W ’1(T°,r,t):—W ’1(T°,r,t)A(T,t), (35)
W(r°+0,r+9,t+qa)):w(r°,r,t), qeZ". (3.6)

Then, using the replacement of U(T,'[)ZW(TO ) T,t)\/(T,'[) system (3.1) is reduced to the form of
integro-differential equation

D V(z,t)= IQ(Z’ z,t,8,h(s, 7, t))\/(s, h(s,z,t))ds (3.7)

with the kernel Q(r0 TS, a)=W = (r" , r,t)K (z,1,5, a)N(rO 'S, 0'). By virtue of (2.2)-(2.4), (3.3)
and (3.4)-(3.6), Q(TO,T,'[, S, G) has the properties:
Qe° +6,7+0,t+qm,s+6,h(s+6,7+0,t+qw))=Q(r°, z.t,5,h(s, 7,1))=
:Q(ro,r,t,s,a)e Cr(lo’ylft”ljz_(RxRx R™ x R x Rm),q ezZ"

Further, under condition (3.3), integrating along the characteristics: 7 =17, t = h(s, 7,t), using the
group property of the characteristic, from equation (3.7):

V(s,z,t)=E + j dz I Q(s,7,h(n,7,). & (& 7, )V (s,&,h(g, 7,t))ds . (38)

n—e&

Obviously, by virtue of (3.8) and multiperiodicity, we have

D.V(s,z,t)= J'Q s, 7,1, &, 0(&, 7, )V (&, (&, 7,1))dE, (3.9)

V(s,s,t)=E. (3.9°)
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The A, K, & are such that matrix V(s,z,t) is invertible. The matrix U(s,7,t)=

—W (s, z,tV (s, z,t): DU(s,z,t)= A(r,tJ (s, 7,t)+ jK(r,t,f,h(é,r,t))J (&,h(&,7,1))déE,

T—&

U(s,s,t)=E, (3.10)

U(S +0,7+06,t+ qa)):U(S,r,t)e CS;;”(R x R x Rm), qeZ". (3.11)

Properties (3.10)-(3.11) are consequences of (3.4)-(3.6), (3.9)- (3.90). The matrix U (s, r,t) is
called the resolving operator of system (3.1).

Theorem 3.1. Let conditions (3.2)-(3.3) are satisfied. Then the solution U(Z’O : T,t) of the problem
(3.1)-(3.1°%) is uniquely determined by the relation

u(z°, 7,t)=U (%, 7.t (h(z°, 7. 1)), (3.12)

Proof. 4By condition (3.1°), (2.5), (2.6) Uo(h(ro ) Z',t)), is the zero of the operator pD_. Taking into
account the group property of the characteristic, (3.10) it is shown that (3.12) satisfies the system (3.1).»

Theorem 3.2. Let the conditions of theorem 3.1 are satisfied. The solution u(r, t) of system (3.1) is
(.9, a))-periodic, it is necessary, that its initial function U(O, t) =U 0 (t) at 7=0 should be @-
periodic continuously differentiable:

U (t+qo)=u’(t)eCc(R") qgez". (3.13)
Proof. «Indeed, for z° = 0, from the solution (3.12) we have
u(r,t)=U(0,7,tJu°(n(0,7,t)), (3.14)
and itis (&, w)-periodic by (z,t), in particular
u(r,t+qo)=u(r,t)gez". (3.15)

Using (3.14), (3.15), (2.4), (3.11) and (3.10), we find. u°(t+qa)):u°(t). The smoothness of

u°(t) follows from smoothness of solution u(z,t) of system (3.1).

Theorem 3.3. In order for the solution u(r,t) of system (3.1) for being @ -periodic by t e R™
under the conditions of theorem 3.2, it is necessary and sufficient for condition (3.13) be satisfied by the
initial function Uo(t) for 7=0.

Proof. € Necessity follows from Theorem 3.2. For sufficiency, to show relation (3.15) follows from

condition (3.13).»
Theorem 3.4. In order for the solution u(r,t) to be @ -periodic by 7 € R under the conditions of

theorem 3.3, it is necessary and sufficient that the initial function Uo(t) a @ -periodic solution of the
linear (@ -periodic by { functional difference system with difference p=cé byt

U(0,8,t’(t-co)=u’(t) (3.16)
<«The necessary and sufficient condition (3.16) follows from (3.14), (2.3), (3.10) .»

Theorem 3.5. In order for the solution u(r, t) to be (9, ) -periodic solution of (3.1) generated by
the (@, w)-periodic zero UO(T,t) of the operator p_ under the conditions of theorem 3.4, it is
necessary and sufficient that the uo(r,t)zv(t) be an eigenvector of the monodromy matrix
U(0,0,t)=V (t): [V(t) — E(t)=0.

The necessary and sufficient condition (3.16) follows from Theorems 2.1 and 3.4.
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We assume that the operator U (To ' T t) of system (3.1) satisfies condition
U(s,z,t)<ae ™ a>1,a>0,72s. (3.17)

Theorem 3.6. In order for the system of integro-differential equations (3.1) has no multiperiodic
solutions, except for the zero one under the conditions of theorem 3.4, the fulfillment of condition (3.17) is
sufficient.

Note that theorem 3.6 is valid if condition (3.17) is replaced by condition ‘U (S, T, t)‘ <ae*" ™,
a>1, o >0, r<s.The resolving operator U (s,z,t) is represented as:
U(s,z,t)=U (s,7,t)+U, (s, 7,t), (3.18)

T

DU. (S, r,t): A(Z','[)J$ (S, 2','[)+ J- K(z‘,t, ¢, h(cf, 2',t))J¢ (S, ¢, h(ﬁ, z',t))df ,

—&

(3.19)
and satisfying conditions

\U_(s,r,t){gae*‘”“*s), r>2s,a>land >0, (3.20)
\U+(s,r,t)(£ae“<"s), 7<s,a>land a>0. (3.21)

Under conditions (3.18)-(3.21), they say that the resolving operator U (s, r,t) has the property of

exponential dichotomy.
Theorem 3.7. Let conditions (3.2), (3.3), and (3.18)-(3.21) be satisfied. Then system (3.1) has no
multiperiodic solutions, except for the trivial one.

4. Linear inhomogeneous equations and its multiperiodic solutions
We consider the system of integro-differential equations

D u(z,t)= Az, tu(z,t)+ jK(T,t,g, h(&, 7, (& h(E, 7, t))dE + f(r,1), (4D

where the f (z,t) is given N-vector-function possessing property

f(r+9,t+qa)):f(r,t)eCii‘e)(Rme),qum. (4.2)
Find a solution to system (4.1) satisfying the initial condition
u_, =u’(t)eC(R") (4.1

We seek a particular solution u’ (TO ) z','[) of system (4.1) with zero initial condition
U*(TO,T,'[] =0. (4.19)

with an unknown N-vector function V(z,t) e C%°) (R xR" ) in the form
u*(ro,r,t): IU(S,r,t)\/(S,h(S,r,t))dS- (4.3)
Acting by the operator Dc on vector-function (4.3), considering v(r,t), we have

Dcu*(ro,r,t):A(r,t)u*(ro,r,t)Jr :i.K(r,t,f,h(cf,r,t))u*(ro,f,h(cf,r,t))derv(r,t). (4.5)

Substituting (4.3) and (4.5) into (4.1) we obtain that v(z,t)= f(z,t). Then




ISSN 1991-346X 1. 2020

(20,7 t)= j;U(s, £ 0)F (s, h(s, 7,1))ds (46)

The solution (4.6) satisfies condition (4.1"). The general Cauchy solution of system (4.1) with initial
condition (4.1°) has the form

u(ro , T,t): U (TO , T,t)lo(h(ro , r,t))+ u*(r0 , T,t). (4.7)

Theorem 4.1. Under conditions (3.2), (3.3) and (4.2), the initial problem (4.1) - (4.1°) has the unique
solution in the form (4.6)-(4.7).

<« For the proof we use (4.6) and (4.7).»

Under the conditions of Theorem 3.7, the existence of multiperiodic solutions of system (4.1) is
investigated by the method of Green's functions, exponential  dichotomy  of

Uf(S,T,t), T25S
G(S’T’t):{—U+(S,7,t), T<S

Theorem 4.2. Suppose that the conditions of theorem 4.1 are satisfied and the matrix A(r,t) with
kernel K(z,t,s, o) are such that the system (3.1) has the property of exponential dichotomy, expressed
by the relation (3.18)-(3.21). Then system (4.1) has the unique (9, ) -periodic  solution

u(r,t)= fG(S, z,t)f (s, h(s, 7,t))ds, satisfying estimate ‘u*

<a/a|f|.

<€ Under the conditions of Theorem 3.1, the properties of the Green's function, the proof of the
theorem is carried out. Exponential dichotomy (3.1) ensures the uniqueness of a multiperiodic solution to
system (4.1).»

Lemma 4.1. Let the homogeneous linear system (3.1) under conditions (3.2), (3.3) and (4.2) have no
(8, ) -periodic solutions except zero. Then the corresponding inhomogeneous linear system (4.1) can

have at most one (&, w)-periodic solution.
Finding the (@, w)-periodic solution u(z,t) of system (4.1) among the solutions with initial
conditions, it is shown that it is defined as

W t)=0 0.7+ 0.)-U 0.0 [U, (5,20, (5. r.)ds. @)

Theorem 4.3. Suppose that conditions (3.2), (3.3), (4.2) are satisfied and the linear homogeneous
system (3.1) has no (9, a))-periodic solutions, except for the trivial one. Then the system of

inhomogeneous linear integro-differential equations (4.1) has the unique (9, a))-periodic solution
u(z,t) of the form (4.8).

Note that uniqueness follows from Lemma 4.1.

We note that the research problems of the considered systems can be studied along characteristics
with fixed initial data. From the proved theorems as a corollary, we have statements about the existence of
solutions to the initial problems for ordinary integro-differential equations and about the existence of their
guasiperiodic solutions in the sense of Bohr generated by multiperiodic solutions of the original systems.

Conclusion.

In this article proposes the method for (research) researching solutions of problems that satisfy the
initial conditions and have the property of multiperiodicity with given periods for systems of integro-
differential equations with a special D. operator in partial differential, & hereditary effect and the linear
integral operator. This technique is a generalization of methods and solutions of similar problems for
systems of partial differential equations with the operator D.. The problems under consideration in this
formulation are researched for the first time. The relevance of the main problem is substantiated. The
solutions of all the subtasks analyzed to achieve the goal are formulated as theorems with proofs.
Scientific novelties include the multi-periodicity theorems of zeros of the operator D¢; about solutions to
initial problems for all considered of systems; about necessary as well as sufficient conditions for the
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existence of multiperiodic solutions of both homogeneous and inhomogeneous systems, the integral
representations of solutions systems in cases: exponential dichotomy and the absence of non-trivial
multiperiodic solutions. We note that the consequences deduced by examining the results obtained along
the characteristics refer to their applications in the theory of quasiperiodic solutions of systems ordinary
integro-differential equations. The technique that developed here is quite applicable to the research of
problems of hereditary-string vibrations and the “predator-prey” given in delivered part of work, which
can be attributed to examples of applied aspect.

7K.A. Caprabanos, .M. AiliTeHoBa

K. J)KybanoB aTbiHarsl AKTeO€ OHipIik MEMJIEKETTIK yHUBepcuTeTi, Akrebe, Kazakcran

DC—OHEPATOPJILI J)KOHE & -DPEJNTAPJBIK IEPHOATHI CHI3BIKTEI MHTETPAJIIBI-
TN ®PEPEHIAAIIBIK TEHJEYJIEP )KYHAECIHIH KONIEPAO/THI INEINIM/IEPT

AnHoTanusa. Makamana D, = 8/81' +c, a/atl +...+C, a/atm OTIePaTOPIbl, ¢ — const JKOHE TYKBIM

KyanaylIbUTBIK CUIATTAFbl KyOBUIBICTAPIBI CUMIATTAWTBIH | yaKbIThI GOibIHIIA & aKBIPIbI PEAUTAPIIBIK IEPHOATHI
CBI3BIKTHI HHTETPAIBI-TU( HepeHIHATABIK TSHILYJIIED KYHEeCIHIH KOIEePHUOTHI MEeIIiMIepi )KOHIHAETI ecenTep MEeH
Gacrankpl ecen macenenepi seprreneai. ApHaiibl D auddepeHunaniay onepaTopbiHblH HONICPIHIH TCHACYIMEH
Katap, ChI3BIKTHI OIPTEKTI KoHE OIPTEKTI eMec MHTerpaubl-TuddepeHIMaNIbIK TeHACYIep KyHeci KapaCThIPhUIIBI,
oJIap YIIiH 0acTanKbl ecenTepaiH OipMoHII MEIiTIMAUTITIHIH KETKITIKTI MapTTaphl aHBIKTAIFaH, (z-, t) OoMbIHIIIA
(0, a)) MCPUOJITHI, KOIIEPUOATH MICHIIMACPIiH Oap OONMYBIHBIH KAXKETTi e, KCTKUTIKTI J¢ IIapTTaphbl ajbIHFaH.
JKanfpI3IbIK MIAPTHIHA M€ CHI3BIKTHI OIPTEKTI €MeC JKYHEHIH KOIMepUOATHl MICIIIMICPiHIH HHTETPAIIIBIK 6PHEKTEPI,
1) nmepbec xarmaiifa, sSKH TEHJACYre COWKeC OIpTEKTI KyHenep SKCHOHCHIMANIBI TUXOTOMISUIBIK KACHETKE HE
OonFaHa XoHe 2) JKaJmbl JKaFmalaa, OipTeKTi KyhenepaiH HelJeH 0acka KeIMepHoATH MmenriMaepi 0ommMarania
afikprHanabl. Makanaza aepOec TybIHABUIBI apHaiibl D auddepeHumaniay onepaTopibl ChI3BIKTBl HHTETPalibl-
nuddepeHMANIBIK TeHISYIEp JKyieci YIIiH OepiireH ¢ dpeauTapiblK MePHUOATHI KOTIIEPUOITHIIBIK KaCUETIHE He
XKOHE 0acTamKpl [MAPTTAPFa KAHAFATTAHIBIPATHIH €CENTEp/i LICHIYIH 3epTTeYy OHICTEMECi YCHIHBLIFAH. (To,to)
exitinren t=t° +Cc7z —C7° xapakTepucTHKamap GOWBIHIA ANBIHFAH KONIEPHOATH UICHIMIEp KapamaifbiM
uHTErpanasl-1udGepeHInANIBIK TEHACYJICp XKYHCCIHIH KBA3HUIMEPHOATHI IMICIIIMACD TCOPHUSACHIHAA KOJIaHOABI
TYpJe NaiiianaHbUIa kL.
Tyiiin ce3mep: unTerpanabl-auddepeHINANIBIK TCHILY, IPSAUTAPIBIK, PIYKTyaIlHs, KOIIEPHOITHI IICIIIM.

K.A. Caprabanos, I'.M. AiiTeHoBa

AKTIOOMHCKHH PEeTHOHAIBHBIN TOCYy1apCTBEHHBIN YHHBEPCUTET
nmernn K. XKybanosa, Axro6e, Kazaxcran

MHOTI'ONEPUOINYECKHWE PEINEHUSA JUHEMHBIX CUCTEM
UHTETPO-IU®®EPEHIIUAJILHBIX YPABHEHUA C Dc - ONIEPATOPOM
U € -NEPUOJAOM DPEJJUTAPHOCTHU

AHHoTanus. B cTaTthe uccrneayroTcs BOIPOCH HaYaabHOM 33Jau U 3aJja4d O MHOTONEPUOJIUYHOCTU PEIICHUH
JIMHEHHBIX cucTeM uHTEerpo-auddepeHnnantbHbIX ypaBHEHHH c onepaTopoM BUJA

D, = 6/8‘[ +c, a/atl +...+C, a/atm , c—_const M KOHEUHBIM MepHOIOM dpeautapHocT £ = CONSt > 0
o BpeMeHH [, KOTOpHIC ONMCHIBAIOT SBJICHMS HACIEACTBEHHOro XapakTepa. Hapsay ¢ ypaBHEHHEM HyJieit
crenuanbHoro omneparopa  auddepeHuuposanus D, PacCMOTPEHb JIMHEHHBIE CHCTEMbl OJHOPOIHBIX M
HEOTHOPOAHBIX HMHTErpo-au(epeHInanbHEIX  ypaBHEHUH, U1 HUX YCTAQHOBJEHBI JOCTATOYHLIE YCIIOBHS

OZLHO3Ha‘IHOI7[ pa3p€iiuMOCTH HavaJlbHBIX 3aJia4, MOJYUYCHbI KakK HeO6XOﬂI/IMLIe, TaK W JOCTATOYHBIC YCJIOBUA
CyHI€CTBOBAaHHS MHOT'ONCPUOJUYCCKUX 10 (T,t) C nepuojamMu (0,(()) peIHeHP[fI. Onpeaeneﬂm HUHTCTpaJIbHbIC

MIPEICTaBICHUS MHOTOIEPUOINICCKUX PEIICHUH JTUHEWHBIX HEOJHOPOIHBIX CHCTEM, OOJaJaroIIUX CBOWCTBOM
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€MHCTBEHHOCTH, |) B YacTHOM cCilydae, KOT/Ia COOTBETCTBYIOIIHME OJHOPOIHBIE CHCTEMBI 00JamaioT
SKCHOHEHIMATBHON JMXOTOMHYHOCTEIO M 2) B OOIEM ciy4ae, KOTJa OJHOPOIHBIE CHCTEMBI HE HWMEIOT
MHOTOIIEPHOINIECKUX PEIIeHUH, KpOMe TPHBHAIBHOTO. B cTaThe mpeioskeHa METOINKa HCCIICAOBAHHS PEIICHUs
3a[a4, YAOBJIECTBOPSIOMNX HAaYaJbHBIM YCIOBHSM M OONANArOIINX CBOWCTBOM MHOTONEPHOIMYHOCTH C 3aJaHHBIM
€ — nepuoIoM 3PEIUTAPHOCTH VIS IMHEHHBIX CUCTEM MHTErpO-Au(depeHIIMaIbHbIX YPABHEHHHI CO CIEHMATbHBIM
oneparopom AndppepeHumpoBanust D, B YaCTHBIX NMPOM3BOAHBIX. MHOTONEPHOANYECKUE PELICHNS, IOJNYYCHHbIC

B1oms xapaktepuctuk t =t° + ¢z —c7° ¢ duxcupopannoit (TO t° ), MIPUMEHSIOTCS B BUJIC TIPUIIOKECHUS B TECOPUHU

KBa3UIIEPHOINYECKHIX PEIICHUI CHCTEM OOBIKHOBEHHBIX HHTErpO-1u(depeHHanbHbIX ypaBHEHHH.
Kirouesnbie ca0Ba: uHTerpo-auddepeHnnaiILHoe ypaBHEHHUE, 9PEIUTAPHOCTb, ¢dykryanus,
MHOT'OIIEPUOJUYECKOE PELICHHE.
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ON BASIS PROPERTY OF SYSTEMS ROOT VECTORS
OF A LOADED MULTIPLE DIFFERENTIATION OPERATOR

Abstract. In the case of non-self-adjoint ordinary differential operators, the basis property of systems of
eigenfunctions and associated functions (E&AF), in addition to the boundary value conditions, can be affected by
values of coefficients of the differential operator. Moreover, it is known that the basic properties of E&AF can be
changed at a small change of values of the coefficients. This fact was first noted in V.A. II’in. Ideas of V.A. II’in for
the case of non-self-adjoint perturbations of the self-adjoint periodic problem were developed in A.S. Makin where
operator was changed due to perturbation of one of the boundary value conditions.

In Sadybekov M.A., Imanbaev N.S., we studied another version of the non-self-adjoint perturbation of the self-
adjoint periodic problem. In contrast to A.S. Makin, in Sadybekov M.A. and Imanbaev N.S. perturbation occurs due
to the change in the equation, which belongs to the class of so-called loaded differential equations, where the basic
properties of root functions are investigated.

In this paper we consider perturbations of a second order differential equation of the spectral problem with a
loaded term, containing a value of the unknown function at the point zero, with regular, but not strongly regular
boundary value conditions. Question about basis property of eigenfunctions and associated functions (E&AF)
systems of a loaded multiple differentiation operator is studied.

Keywords: Eigenvalues, eigenfunctions, associated functions, adjoint operator, multiple differentiation, loaded
operaor, Riesz basis, root vectors.

Mathematics subject classification: 34B09, 34L15, 34L05

1. Introduction

In the case of non-self-adjoint ordinary differential operators, the basis property of systems of
eigenfunctions and associated functions (E&AF), in addition to the boundary value conditions, can be
affected by values of coefficients ofthe differential operator. Moreover, it is known that the basic
properties of E&AF can be changedat a small change of values of the coefficients. This fact was first
noted in [1]. Ideas of [1] for the case of non-self-adjoint perturbations of the self-adjoint periodic problem
were developed in [2], [3], where operator was changed due to perturbation of one of the boundary value
conditions.

In [4], we studied another version of the non-self-adjoint perturbation of the self-adjoint periodic
problem. In contrast to [2], [3], in [4] perturbation occurs due to the change in the equation, which belongs
to the class of so-called loaded differential equations, where the basic properties of root functions are
investigated.  Problems about the basis properties of root functions of loaded differential operators are
thoroughly studied in [5], [6]. In these papers, it was possible to extend the spectral decomposition method
of V.A.Il’in [1] to the case of loaded differential operators. By the other method questions about the basis
property of functional-differential equations were investigated in [7].

The Riesz basis property of the E&AFsystem of periodic and anti-periodic Sturm-Liouville problems
was studied in [8].
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In [9], consisting of the Sturm-Liouville equation, together with eigenparameter that depended on
boundary conditions and two supplementary transmission conditions; we constructed the resolvent
operator and prove theorems on expansions in terms of eigenfunctions in modified Hilbert Space L,(a,b).

The basis properties in Lp(—1,1) of root functions of the nonlocal problems for the equations with

involution have been studied in [10]. Moreover, using these asymptotic formulas, we proved that the root
functions of these operators form a Riesz basis in the space L,(0,1) [11].

In the case when the potential is zero, the system of eigenfunctions of the periodic problem is usual
trigonometric system, which forms a complete orthonormal system in L, (0,1). And if the potential is non-

zero, then additional research is required, which answer is the results of [4].

2. Problem Statement and Main Result

Inthispaperweconsiderperturbations of equation of the following spectral problem with a loaded term
containing value of the unknown function at the point zero:

Ly(u)=-u"(x)+ a(xp(0)=Au(x), q(x)eL,(0,1) 0<x<1 (1)
U,@)=u(0)-u@)=0, U,(u)=u)=0 @

Firstweconstruct characteristic determinant of the spectral problem
(1)-(2). Assumingthatu(0)isasomeindependentconstant, it is easy to prove thatwhen A # 0, general

solution of (1)can be represented as follows:
u(x)=C, -cos/Ax+C, - Sm\/_x J-T_)Sln\/_ ) 3)

Hence, supposingfirstx =0, andthensatisfymg (3) bytheboundaryvaluecondition (2), wegetthe system
of three equations, which can be represented in the following vector-matrix form:

-1

0 1 C
_ Csind2 L pensindA@-¢) | 2|
cos+/A NG 1 Lqigi—ﬁ d¢ || C, |=

_\/Isin\/z —cos/4 —J‘:@cos\/ﬂl—é)dg_ ()

Byusing simple calculations, we obtain

A(2)= —1-(%£@cosﬁ(l—§)sin Jade+ cos\/_—%jol@sin ﬁ(l—f)cosﬁdf] +

+0+(cos2 /1+sin2«/z) 4)

After the standard transformation of (4), we find that the characteristic determinant A(1)of the
spectral problem (1) - (2) is represented as

Al(/i):l—cos\/_—%j:@sinﬁgdg (5)

Now we define the operator ;. Using the Lagrange formula for all functionsu e D(L,)and
Ve D(L;), due to boundary value conditions (2), we find:

L 0 -0 0l V)10 i - [

Consequently, theoperator L isaconjugateoperator to the operator L,, which is given by the
differential expression:

o O O

Li(v)=-v"(x)=Av(x), 0<x<1 (1a)
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and the boundary-value conditions
1
Vy(v)=v'(0)- V(@)= fa(xN(x)dx, a(x)eL,(01), V,(v)=v(0)=0. (2b)
0
Ifg(x)=0, then this problem is called Samarskii - lonkin problem [13]. Inthiscase,
boundaryvalueconditions (2) and (2b) are regular, but not strongly regular boundary value conditions [13].
Characteristic determinant of the Samarskii-lonkin problem will beAO(/l):\/Z(l—COS\/I). The
number /18 = 0 isasimpleroot, thatis single eigenvalue, and VO(X)=\/§X is a corresponding eigenfunction
of the Samarskii-lonkin problem. O ther eigen values of the Samarskii-lonkin problem are double:
A =(2kr), k=123,...
V2

Moreover,VE0 :\/Esin(ZkﬂX) are the ir corresponding eigen functions, andv31=7xcos(2k;p<) are

associated functions.
Due to the biorthogonality conditions (Vfl,ufl)=1we have thatugl :4\/ECOS(2k7ZX)iS an eigen

function and UEO :Zﬁ(l—x)sin(ZkﬂX) is an associated function of the conjugate problem to the

Samarskii-lonkin problem. The system {UEO,Ufl}forms Riesz basis inL, (O,l) [13].
Functiong(x) can bep resented in the form of biorthogonal expansion in a Fourier series by the

system {ufo,ufl}:
q(x)= i a Ul + i a Ul = i 3, - 24/2(1— x)sin(2kzx) + i a, 42 cos(2km).  (6)
k=1 k=0 k=1 k=0

Using (6), wefind more convenient representation of the determinant A (4). To do it first we calculate
the integral in (5). Simple calculations show that

- ~ B S| 2kma, 28,
L@smﬁgdg_zm(l COS&{%{(z-(zkﬂ)Z)z z—(zm)zn'

By usingthisresult, determinant (5) after conversion is converted to

A(2)=A7,(2)- A2), (7
0 R k _ k
A1)=1-442 o N -1
Where ( ) kz;[iza (/1—(2k7r)2)z +a ﬂ,—(2k7z) J

Therefore, it is proved
Theorem2.1.Characteristic determinant of the spectral problem (1) - (2) when q(x)=0 can be

represented in the form (7), where A (1)is the characteristic determinant of the Samarskii - lonkin
problem, a, , a,, are Fourier coefficients of the biorthogonal expansion (6) of the function g(x) by the
E&AF system of the conjugate Samarskii-lonkin spectral problem.

Thefunction A(2)in (7) has poles of the second and first orders at points A = lﬁ, but the function

A, (/l)has zeros of the second order at these points. Thus, thefunction A (1), representedbytheformula(7),
is an entire analytic function of the variable A .

Ifatsomeindex j coefficientsof(6) d;, = 0, aj = 0, then ilj = /1? is a double eigenvalue of the spectral
problem (1) — (2).

—— 34 ——
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Ifa;, =0,a; #0, then £, = 4] isasimpleeigenvalue of the spectral problem (1) - (2).
The characteristic determinant (7) looks more simply, whenq(x) is represented as (6) with a finite

first sum. That is, when there exists a number N such thata_ko =0, a_kl =0 for allk > N . Inthiscase, the
(7) -thformulatakesthefollowingform

A=A, )1- 4\5% " - (2kk7r)2]2 T 2Ky

From this particular case of the formula (8) we justify the following
Corollary 2.1. For any pre-assigned numbers: complex 2 and natural M, there always exists a

(8)

function q(x) such that 7 is an eigenvalue of the problem (1) - (2) of the multiplicity m.

From the analysis of (8), we note, thatAl(/ig)= Oforallk > N . That is all eigen valueslg , k>N, of
the Samarskii-lonkin problem are eigenvalues of the spectral problem (1) - (2). Moreover, multiplicity of

the eigen valuesig , k> N, is also preserved.

From the orthogonality condition q(x) 1 V?O, q(x) 1 V?l for all j > N it follows, that in this case
1 1
Iqi XV, (X)dx = _[qi XV, (x)dx = 0.
0 0

Therefore, eigenfunctions V?O(X)andassociatedfunctions V?l(X) oftheSamarskii-lonkinproblemforall

j > N satisfythespectralproblem(1)-(2) and, consequently, they are eigenfunctions and associated
functions of the spectral problem (1) — (2). Thus, inthiscaseE&AFsystemofthespectralproblem (1) — (2)
and E&AFof the Samarskii-lonkin problem (forming Riesz basis) differ from each other only in a finite
number of first members. Consequently, the E&AF system of the spectral problem (1) - (2) also forms the
Riesz basis in L,(0,1).

ByBwedenoteasetoffunctions q(x) e L,(0,1), representable in the form of a finite series (6), which is
everywhere dense in L,(0,1). Thus, we formulate the main result of our paper:

Theorem 2.2.Letq(x)e L,(0,1). Then E&AF system of the spectral problem (1) — (2) forms Riesz
basis in L, (0,1)and the set B is everywhere dense in L, (0,1).

Since the adjoint operators simultaneously possess the Riesz basis property of root functions,

consequently, we get
Corollary 2.2.The set Bof functions q(x) e L,(0,1), for which the E&AF system of the conjugate

problem (1a) - (2b), that is, of the multiple differentiation operator I‘1With integral perturbation of the first
boundary value condition of the Samarskii-lonkin problem, forms a Riesz basis in L,(0,1), is every where

dense L, (0,1).
Previously, other approaches to the study of similar problems (1a) - (2b) with integral perturbation of
the second boundary value condition were published in our papers [14], [15], [16].

The work paper [17], we prove uniqueness theorem, by one spectrum, for a Sturm-Liouville operator
with non-separated boundary value conditions and a real continuous and symmetric potential.
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H.C. Uman0aeB

OmnrycTik KazakcTan MEMIICKETTIK MeJarorukaibiK yausepeurerti, [leimkent, Kaszakcran;
KP bxF'M Marematuka »xoHe MaTeMaTUKAJIBIK MOJIENb/IEY MHCTUTYThI, AnmaThl, Kazakctan

ECEJI JUOPEPEHIIUAJIIAHATBIH )KYKTEJITI'EH ONIEPATOP/IbIH
TYBIPJIK BEKTOPJIAP )KYHECIHIH BASUCTLIIIT ZKAWJIbI

AHHOTauMA. by Makamama peryssipibl, Oipak KYNICHTUITEH PeTysapiibl eMec METTIK mapTTapMeH OepiireH
JKYKTENTeH eKiHII perti auddepeHnnaniplK OnepaTOpablH CIeKTpalabIK ecebi  KapacTelppuianbl. Ecemi
nuddepeHaNIaHATEIH KYKTEITSH ONepaTopAblH TYOIpIiK BeKTopiap KyheciHiH OasmcTimiri 3eprrenemi. Kes
KeJI'eH ©3iHe-031 TyHiHJeC MIeTTIK MapTTapMeH KoHe e3iHe-031 TyliHnec ¢popmanbal quddepeHnnanaplK aMmaaMeH
OepisreH, CHEKTPi AUCKPETTi OOJNATHIH ONEpaTOPAbIH MEHIIIKTI (DYHKIUSIAPHI )KYHECiHIH OpTOHOpPMalaHFaH 0a3uc
KypaiTeIHABIFB! Oenrii xkail. CoHbIMEH Oipre e3iHe-e31 TyHiHaec emec ail nuddepeHIraIIbIK onepaTopiapabiH
TYOIpimiK (QyHKOMsIAphl JKYHeciHiH 0a3MCTiIriHe IIETTIK HapTrapaaH Oeiek, AndQepeHIraIIblK OnepaTopIbiH
KO3 pUIUEHTEPIHIH MOHEPI JIec ocep eTeTiHairi oenrini. MyHnaai xarmaiaa, ko3hGUIMEeHTSPAIH MOHACP] [IIaMaJTbl
FaHa ©3repreHHiH o3iHie, TYOIpiik QyHKUMsUIapAblH O0a3uCTUIK KacuerTepine OipieH acep erenmi. TyHFBII per
MyHgai paxt B.A. VInbuHHIH )XYMBICEIHIA KeNTipinai. ©3iHe-e31 TyHiHIec mepHoATH ecen ymriH B.A. WneuaHIH
UAescH e3iHe-o31 TYHiHIeC eMec TONKBITY karmaifbiHna A.C. MakuHHIH eHOeriHJe NaMBITBUIIBL. Byl jKyMmpICTa,
IIETTIK IIapTTapOblH OipeyiH TOJKBITKAH Ke3de omepaTtop esrepreH OomateiH. An, M.A. CagplOekoB IeH
H.C. Uman0aeBThIH MaKaJaChIHIa TIEPUOATHI IIAPTTAPMEH OCPITeH KYKTEITeH eKiHII peTTi auddepeHnaiIbK
OTepaToOpABIH MEHIIIKTI (YHKOMSIAPHl JKYHWeciHiH Oa3ucTilik KacwerTepi 3eprrenreH. byn makamama
KapacTHIPBUIFaH €CenTe 03iHe-031 TYHiHIeC MePHOATHI ecen YIIiH o3iHe-031 TYHiHIeC eMec TONKBITY KaFaaibl OOIBITT
tabbimansl, Oipak A.C. MakunHiH eHOeringe 3eprrenreH ecenteH M.A. CaznpibexoB men H.C. VMmanGaeBTbIH
MaKaachlHIa KapacThIPbUIFaH €CENTIH epeKIIeNiri MeTTIK MapTTapAblH eMec, TEHACY/IH TOJKBITUTYbIHAA OOJIBII
TYP.

XKykrenren auddepeHnuanibK onepaTopiaapAbH TYOIpiik QyHKIMsIIApBIHBIH 0a3UCTLUIIK KACHETTEPIH 3epTTey
macedenepi V.C. JIoMoBThIH xyMbIcTapbinaa 3eprrengi. B.A. Uneunnig cniextpanasik xikrey aaici 1.C. JIoMoBTBIH
MaKaJlaJapblH/Ia KYKTenreH auddepeHunanplk oneparopiap YIIiH COTTI KOJIIaHBUIBIT JaMbIThuiabl.  A.M. T'omuiko
MeH ['.B. PamgsumeBckuiiniy KyMbICTapblHAa (YHKIHOHAJIBK-TU(QQEPEHINANIIBK TeHACYICPAiH TYOipIik
BEKTOPJIAPBIHBIH 0a3HCTLTIK Macenenepi 6acka dicTepMeH 3epTTENTeH.

A, aTalMBIII MakKajaja eKiHIII PeTTi, HeJ HYKTECiHAe XYKTeNiHreH auddepeHnnanaslk TeHACY VIIiH
HNEePHOATHl eMeC MLICTTIK INapTTapMeH OepiIreH eceNTiH XapaKTepPUCTHKAIBIK aHBIKTAYBIIBl JKa3bUIBI, OHBIH
CIEKTPANIBIK MapaMeTp OOHBIHIIA OYTIH aHAIUTHKAIBIK (QYHKIUS OONATHIHABIFEI KOPCETUTIN, MEHIIIKTI MOHAEpi
anpIKTadrad. OcblFaH coiikec, TYOIpiik (QyHKUMSIIAPBIHBIH 0a3MCTUIIK KACHETTEpPiHIH OPHBIKTBUIBIFBI Kbl
Teopema nonenjeHeni. byn ecemke Tyiinmec ecenm - TonkbIThuiraH Camapckuii-MoHKMH ecebi 00MaThIH/IBIFBI
KOpCETLJITeH.

Tyiiin ce3mep: MEHIIIKTI MOHAEP, MEHIIIKTI (YHKIMsIIAp, TIpKeJIreH QyHKUMsUIAp, TyHiHAeC oneparop, eceii
muddepenmanaay, KyKTeiareH oneparop, Pucc 6azuctiniri, TyOipIik BeKTopiap.

H.C. Uman6aeB

IOxHO0-KazaxcTaHckuil rocy1apCcTBEHHBIN rearorndeckuii yauBepcutet, IIsimkenT, Kazaxcran;
HucrutyT MaTemaTuku 1 Maremaruueckoro moaenupoBanuss MOH PK, Anmartel, Kazaxcran

O BABUCHOCTHU CUCTEM KOPHEBBIX BEKTOPOB
HATPYKEHHOT' O OITIEPATOPA KPATHOI'O JTU®®EPEHIIMPOBAHUA

AHHoTanusl. B Hacrosmei craThe paccMaTpuBaeTCsl BOSMYMICHUS AnGEepeHIINaIbHOTO YPaBHEHHS BTOPOTO
MOpSIIKA CHEKTPaIbHOW 3aladM C HArPY)KEHHBIM CJIATacMbIM, COACPXKAIINN 3HAYCHHUE NCKOMOW (DYHKIMU B TOUYKE
HyJb, C PETYJSIPHBIMH, HO HEYCWJICHHO PETYJSIPHBIMHM KpaeBbIMH yciloBusMH. Mccmemyercst Bompoc 0a3ucHOCTH
cuCcTeM COOCTBEHHBIX W TpucoenuHeHHBIX (yHkmmi (Culld) HarpykeHHOTO omepaTopa KpaTtHoro AuddepeHnn-
poBaHuA. XOpOIIO U3BECTHO, YTO CHCTEMa COOCTBEHHBIX (DYHKIUH oIepaTopa, 3aJaHHOTO (OpMaIbHO CaMOCOIpS-
KEHHbIM JU(QEepeHIHANbHBIM BBIP2KEHHEM, C IPOHM3BOJILHBIMH CaMOCONIPSDKEHHBIMU KPaeBBIMH YCIIOBHUSIMH,
o0ecrieunBarOIIMMHU JTUCKPETHBIN CIIEKTP, 00pa3yeT OpTOHOPMHUPOBaHHbIN Oa3uc. Hapsay ¢ 3TuMm, W3BeCTHO, 4TO B
cllyyae HECaMOCOIPSHKEHHBIX OOBIKHOBEHHBIX AHM(p(PEepeHINATBHBIX ONEPAaTOPOB HA 0Aa3MCHOCTh CHCTEM KOPHEBBIX
(GYHKIMHA, TOMHMO KpaeBbIX YCIIOBHH, MOTYT BIMATH TaKke 3HaueHHs KoddduuueHToB auddepeHnnansHoro
ornepatopa. [Ipu 5ToM Ga3ucHbIE CBOMCTBA KOPHEBBIX (DYHKIMH MOT'YT U3MEHSATHCS JaXe IIPU CKOJIb YTOAHOM MalloM
W3MEHCHUH 3HaYeHHH K0d(HUIueHToB. BriepBrie 3ToT dakt ObuT oTMedeH B pabote B.A. UnpuHa. Unen B.A. Wnenna
6butn pa3BuThl A.C. MakuHBIM Ha CIydail HECaMOCOIPSDKECHHOTO BO3MYIIEHHSI CAMOCOIPSHKEHHOHN NepHOANIEcKON
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3amagn. Oneparop B padore A.C. MaknHa U3MEHSJICS 32 CYET BO3MYIIEHHUS OJHOTO M3 KPAaeBBIX yCIIOBUM. B cTaThe
M.A. CanwibekoBa, H.C. VMmanbaeBa wncciemnoBaHbl Oa3HCHBIE CBOHCTBA KOPHEBBIX (DYHKIHH HArpyXeHHOTO
muddepeHansHOTO OmepaTopa BTOPOTO IMOpPSIKa C MEPUOANIECKUMH KPaeBBIMH YCIOBHSIMH, KOTOPBIH Takxke
SIBISIETCSI HECAMOCOTIPSHKEHHBIM BO3MYIIIEHHEM CaMOCOIIPSLKEHHON MepHOANYecKor 3aiaun. B otamame ot paboTsl
A.C. Makuna, B cratbe M.A. CanpibexoBa u H.C. MimaHOaeBa BO3MyIIEHHE IPOUCXOJHUT 3a CUET H3MEHEHHUS
ypaBHeHHs. Bompocbl 0a3ncHOCTM KOpPHEBBIX (YHKIHMH HarpyXeHHBIX AW(QEpeHLNAIBHBIX ONEepaTopoB ObLIN
n3ydensl B pabotax U.C. JlomoBa. EMy ynanoce pacnpocTpaHuTh METOJ| CHEKTPaJIbHBIX pazioxeHuid B.A. Nipuna
Ha Clly4all HarpyXeHHbIX An(pQepeHINaIbHBIX ONepaTopoB. /IpyruM MeToAoM BOHPOCH 0a3sMCHOCTH (YHKIHO-
HanbHO-TU( hepeHInabHBIX YpaBHEeHU ObuIN HccnenoBanbl B pabote A.M. 'ommiko u I'.B. Pagzuesckoro.

A B HacrosAmeW paboTe HCCIEAyeTCS BOMPOCH 0a3MCHOCTH KOPHEBBIX BEKTOPOB An((epeHIHaTsHOTO
orepaTopa BTOPOTO TOpSAKA C HArpy)KEHHBIM CJaraéMbIM B TOYKE HOJIb C HENEPUOAWIECKUMH KpPAacBbIMU
ycnoBusiMH. [TocTpoeH XapakTepuCTHIECKUIT ONepeIeNUTeNb, KOTOPBIH SBIISETCS [EI0H aHATUTHIECKOH (QyHKIMEH.
Jlokazana TeopemMa 00 YCTOHYMBOCTH CBOWCTBa Oa3MCHOCTHM KOPHEBBIX BEKTOPOB M IIOCTPOCH CONPSKCHHBIN
oneparop, KOTOpBIN OKa3ajics BO3MYyLIEHHOH 3anauelt Camapckoro-MoHkuHa.

KioueBble cjioBa: COOCTBEHHBIE 3HA4YCHHE, COOCTBEHHBIC (YHKIMH, TPHCOCIUHEHHBIE (YHKIIWH,
COMPSDKEHHBI  orepaTop, KpaTHoe auddepeHIpoBaHre, HArpy)XEHHBIH omeparop, 0Oa3uc Pucca, KopHeBbe
BEKTOpa.
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ANALYTICAL SOLUTION OF PARTIAL TASKS
OF SHEAR WAVE IN A CYLINDRICAL LAYER
(in the case of the constant values y-a + 2 =0 and a = )

Abstract. The concept of phase velocity is introduced as the rate of change of the phase medium in studies of
shear wave processes of circular elements in deformable bodies. In the case of harmonic oscillations of a cylindrical
shell, the phase velocity is expressed in terms of the frequency of natural vibrations freely supported along the edges
of the shell, and therefore, the study of waves in a cylindrical layer is most directly related to the problem of
determining the natural forms and vibration frequencies of shells of finite length. The results of this work on one-
dimensional cylindrical waves in elastic and viscoelastic media and rods allow us to study the influence of the
characteristics of the material of the media on the wave fields in the material. The problems of the theory of
viscoelasticity have recently attracted the special attention of many researchers and engineers in connection with the
use of polymer materials in various industries.

Key words: deformable bodies, shear wave, vibrations, cylindrical shell, rod, viscoelastic medium.

FORMULATION OF THE PROBLEM

Let a shear cylindrical wave propagate in an elastic inhomogeneous transversally isotropic
cylindrical layer. At the moment t = 0, the tangential stress pulseoc,.or the displacementu,, but
changing in coordinate 6.

We solve the problem in dimensionless variables

bt R u
T=—; r=—; u=-= (1)
To To To

where 1y - is the inner radius of the layer; b - is the shear wave velocity.

Hooke's law in an elastic inhomogeneous medium has the form

= py (1) a—u;
(1) 2% @
The equation of motion reduces to the following
I oy = p(DR S ©

Substituting (2) into equation (3) we obtain the basic equation, which has the form
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*u [1 ui(r)]a_u 1 pp(r)d*u _ b2p(r) 9%u 4
ar? r o ouMlor T r2pu (meez T u () ar2 (4)
Let the boundary conditions for this problem have the form
Oz = fm(7) cos(m@)forr = 1 (5)
o, = 0forr =y (andr; > 1) (6)

In addition to the boundary conditions, it is necessary to specify initial conditions that are zero in our
problem, i.e.

ar

o =0 ulT:O =0 (7)

=0

Since a linear problem is considered, it is advisable to use the one-sided Laplace transform over
dimensionless time to solve it.
We apply the Laplace transform with respect to t to equation (4) and obtain

S ) S e = e ®
The solution to equation (8) is sought in the form
uy = T(r) cos(mo) 9)
Flat
Uy = fom u(r,0,t) e Pidr (10)
Then equation (8) takes the form
IO [b 4 OO () o0 ] 1y @
In the future, we will assume that the in homogeneity of the medium has the form
w(r) = pyor® pa(r) = M1o7’ﬁi p(r) = por? (12)
Moreover, b? = %; a, B,y — constants.
Then equation (11) takes the form
r2T"(r) + r(1 + )T () — (mzrﬁ_“y% +p?rY"**2)T(r) = 0 (13)
Here v2 = E—jg

Suppose thaty — a + 2 = Oanda = f3.
Then equation (13) takes the form

r’T"(r) +r(1+ )T’ (r) — [y2m? + m?2]T(r) = 0 (14)

The general solution of equation (14) is equal to

&+ ’p2+y12m2+(a—2) -&- /p2+y12m2+(a—2)
T = C1T 2 4/ 4+ Czr 2 4 (15)

The boundary conditions of the problem in the images takes the form

ar _  fmo(P) _

=z M T= 1 (16)
dT
o= Ompur =1, an
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The constants C_1 and C_2 are determined from the boundary conditions (16) - (17) and have the

form

me (p)

C1 = ) 242 2+<a2)
a a2 - /P yime+|\ -
pobz(;+\/p2 +yfm? + (7) [1-7 ]
-2 p2+y%mz+<0fl_—z>
(18)

fmo (p)Tl

2
-2 p2+y%m2+<aT)
2% 2402m24 (%
pob? (5= [p?+yim?+|—- )[1-1y ]

C2=_

Substituting (18) into (15), we obtain

2 2\ _, |p2i 22 (9
_(%+ p2+y%mz+<%> _(%_ p2+y§mz+(‘%) 2 [p2+yim +(4>
r r T
) (19)

T=f‘m0(p) _
2
@+ Jpravime+(S)a-r, | forrimes (D)o, |
or
(% 2 2.2 Ol_z
@ | S @)
- pobz 7'1

+ \/pz +y12m2 + (aTz)
Gt (5) o (@)
T,

- 1
L 2 202 4 (42
<2+\/p +yim +(4)>
{ —[Inr+2ninr ] pz+)/12m2+0;—2 e—[lnr+2(n+1)lnr1] ’p2+y12m2+0:2}
(20)

S

I

(=}
N

_fmo(P) -2 e
" pob? N 2
Po - a 2 a a 2 a
n=0 { ( + Jpz +yim? + (T) G+ Jpz +yim? + (T)

We introduce the notation
@1 = Inr + 2ninr; ;
@1 =—lnr+2(n+ 1)inny

a? a?
e—<pl(r),/p2+ylzm2+7 e—<pz(r),/p2+ylzm2+7

(21)

Then (20) takes the form

@)
_Tr : 2. 2
PV AR Er a4 () G Jprrime 4 (D)

Considertheexpression
[—¢1(r),/p2+y12m2+“72|
T,(r) = —
e o)

—— 40 ——
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az
e[—wl(r)4/p2+ylzm2+7] a 1

= = 5" z @2)
\/pz +yfm? + () k=0 (Jpz +y7m? + (L)k

Wedenote

a2
e[—<p1(r)1/ p2+yim?+]

FlO - 2 ) wen
2 2,012 a”
Jp tyim®+ ()
(23)
=01 [pvim+ ]
Fiy = -
o
(\/p2 +yim? + (5 ))k
There is a relation
_(® -] ) _[®
Fip = f(pl(r)l—!ledf: Fi1 = f(pl(r) Fyod§
_(® E-eamP? . _(®  [Emeim]*?
F13 - f(pl(r) 21! Flodf: -"Flk - f(pl(r) (kl_l)! F1od€ (24)
Then expression (22) takes the form
« [ ay? (2 [E =@ ()]
Ty (r) = Fyo — 5 J Fiod$ + (E) f 1—,1F1odf
@1(1) '
@1(1) 5 K1
a 3f°° [§ —¢1(r)] ayk (2 [§— @ (M]*
—\= ——————Fpdé+ -+ (= f ——Fpdé+ -
@) o) 2 @ py (k=D
_ a alé— ()] a2 [§ = o (M)]?
=Fo=7 f {“‘ET*@ 7
@1(r) o1
k=1 [§ — i ()]
+ (E) W‘}‘ A }Flodf (23)
or
_po_are  —(3)E-ew)
Ty = Fio—3 o1 € Fiod$ (24)
Let
®2(1) p2+y%m2+<“72>]
T, =% - =
%+ p2+y12m2+(“7)>
[—p2(r) p2+y%m2+<72>]
e 1 (25)

— Voo Ok
B 20022 (@2 n=0(2) 2022 (¥ \ Kk
pe+yim +(T) ((pe+yim +(T))
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2
e[—tpz(r)qu2+vim2+°‘7]

Jpz +yim? + (£)

We denote

— 2 2.2 a_Z
ol <pz(r)1/p +yim?+—-]

Fy =
(\/p2 +yim2 + (L))t

As previously put

o [f §02(r) ondf F21

For = f<pz(r> 1 f(,, ™)

Fyodg
(27)

e

0 _ k-1
[f P2 (T) ondf sz [E (pz(T)] ondf

Fos = f(ﬂz(r) 2! ffpz(r) (k—1)!

Consequently:

(00} 5 - B
O
@2(1) @2(r) : )
SNl @y [ = gl
' (E) OJ‘Pz(T)TFZOdf L (E) J-<,oz(r)WF20df - Fy
alf =] | @[~ oI
f t+ 1—12+ ) -

Fyod§

2
@2(1r)

a\k=1[E — @, (r)]Ft
+ (E) (k — 1!

a _(&\(&—
+ - YFp0dE = Fpo + Fpg +E f e (2)(5 (pZ(r))ondf (28)
@2(1)

Thus, the expression for T takes the form

-T= le;lgp) ) in= O{Flo __L;o(r) (E)(f_(pz(r))Flodf+on +

2 [ e DE O, gl @)
Inverting the expression in p, for the displacement u (r, 0, t) we obtain

(0,0 = 222G Z f f e G 0Op ag)f, (r - )dg

n=0 <p1(r) <p1(r)

+2 j [P0+ j S0P dg ), (v — £)dg (30)
n=0 ¢, (r) @2(r)

Where

R 2
Fio=Jo aj +m2yf 12 — f (MH(T — 91 (7))

—— 4 ——
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N 2
Fa0 =Jo aT +m2yf 12 — @3 (NH(T — ¢1(1))

n, = [ﬂ];nz = [Hlnr] -1 (31)

2lnry 2lnry

Thenumbersn, andn,show the number of cylindrical waves diverging and descending, or incident and
reflecting from the boundary r; = raffecting the point r in the perturbed region, depending on the
dimensionless time t.

Similarly, we can obtain expressions for the stresses a,,and o,g.

dF;, dF;,

O = T2 {EpLo Ll o FT = O dg — L flr— 9y ()] = BpL,lf7 o f(— )0 s —

~flr = g1 ("]cos (m0)} (32)
020 = mitpor” = o 2 {0 [Rg — e O R e fiu (e - ) + + Tho [y a0 +

T e 260 ger (7 — f)de} cos(m®) sin(md) (33)

Consideraparticularcase.
Fory; = 1theshearmodulusisu,o = u,q ;hence the solution for an isotropic medium, i.e. the
propagation of shear cylindrical waves occurs in an isotropic medium and forF;, F,owe get:

Fio =1, ’%2 +m?- 12 = i (NH(T — ¢1(1))
Fao = Jo | +m? - 7 = GEH( - 91(r)) (34)

Fora = Oandf (t,0) = %aOS(e)H(E), expressions (31)
Take the form
Fio = Jo(my1y/12 = 9 (NH(@ = 91 (1)
Fo = Jo(my1y/12 = 93 (NH (T = 95 (1) (35)

Formulas (30), (31) and (32) give an exact solution to the problem, taking into account the entire
complex wave picture.

JI.C. Kann6aea', A.K. Cmaxanosa!, K. Kaun0aiikei3er',
M.M. Jlinmaxanosal, JL.Y. Taiimypatosa?, A. K. Ceiitmypartos’

'KopxpIT ATa ateiaaarsl Keissuiopaa MemiiekeTTik yausepcuteti, Kprseinopaa, Kasakcran;
2[1I. EcenoB atsinaarsl Kacnmii MeMileKeTTiK TEXHOIOTHs JKoHe HHKMHUPUHT YHUBEpcHTeTi, Akray, KasakcTan

IMUJINHAPJIK KABBIKINAJAFBI BIFBICY TOJKBIHIAPBIHBIH
JEPBEC ECEBIHIH AHAJINTUKAJIBIK IIEIINIMI
( TYpakTBHI MOHI Y — a + 2 = 0 k9He a = [ mIaMachl KaFrIadbIHIA)

AnHoTanus. JlepopmanusiaHaTbIH JEHeNIeperi JOHTeNeK DJIEMEHTTEpAIH BIFBICY TOJKBIHBI HPOLECTEPiH
3eprTeyae, (pazaiblK KbUIIAMIBIK YFBIMBI (ha3alibIK OPTaHBIH ©3repy JKbUIIAMABIFBI peTiHe eHrizineni. Lnmmuapiik
KaOBIKTBIH FapMOHMKAJIBIK TepOelici xaFaaibinaa, (a3aiblk KbULAaMABIK KaOBIKTBIH IMICTTEPIHAE €PKiH TipesireH
TepOestic )KUUTIMEH CUIIAaTTaNabl, COHIBIKTaH MIHHIPIIK Ka0aTTaFbl TOJKBIHAAPBI 3ePTTEY apKbLIbl Y3bIHIBIKTAFbI
KaObIKTapblH Taburu Qopmanapsl MeH TepOeiic KHiUIriHe Tikened OainaHbICThL. JKYpri3iireH KyMBICTBIH
HOTIDKECI Oip enmeMIi IWIMHAPIIK TOJNKBIHAAPABIH CEpIIMIi JKOHE JKAOBICKAK OpPTaJarbl, MIBIOBIKTAFHI,
MaTepuallIarbl TOJIKBIH OPICIHIH XapaKTepPUCTHKAChIH 3epTTeyre MyMKIHAIK Oepeni.

KermtereH 3eprreysiepae TOIKbIHAAPBIH CHIIATTaMaJIapblH aHBIKTAY YIIiH 9JETTe €Ki oMiC KOJIIaHbUIA/IbL:

1) opranbiH Genriii 6ip yakpIT MOMEHTIHE COMKEC KENeTiH JIe3/1iK Ky 3epTTee/i.

2) KapacTBIPBUIBII OTHIPFaH HYKTele ACHEHIH KYii yaKbITHIHBIH ©3TepyiH 3epTTey.
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KapacTeIpsiisIll OTBIpFaH 3epTTCYNEp JKyHie MaTepHalNbIHBIH PEOJIOTHSIIBIK KACHETTEPIH €CKepe OTBHIPHII
JKYpri3ijice HeMmece KopIlaraH OpTaHBIH aifHamackIHIa 0oJica, OHIa OYJI PEOJIOTHSIIBIK KacueTTep i KepceTeni, Oy
ozicTepi KoiaHy aiTapibsIKTail KHBIHFA coranel. MyHnmail skarmaiimapna, KOMIUIEKCTI (ha3ajbIK KBUIIaMIIBIKTEIH
PEOJIOTHSUTBIK, TTapaMeTpiepi, TepOeric sKUUTITIHIH HAKThI MOHJEPI ecenTenei. byl skyMbIC JKa3bIKTBIK TIEH JTOHTEIEK
ANIEMEHTTEP/IIH TOJIKBIHIBIK MPOLECTEPIHIH TYPAKTHUIBIFBIHBIH JHHAMUKACHIH 3CPTTCYIre apHAIFaH, COHBIMEH KaTap
KabaTThl, CepIIM/I JKa3bIKTHIK OCTiHE KO3FalaThIH JKYKTEMEJIEpIiH acepi Typaibl XKa3bIKTHIK €CENTepi, CHI3BIKTHI
eMec nedopmanmsuiapaaH OoJaThIH KEpHEYJIEpHiH 3aHbl KapacThIpbUIFaH. bysl ecenTiH KOIAaHOAIBIIBIFBI COJI
JMIUHAMUKAJIBIK €CETITeP/Ii My AiH PTYPJIi CAHIBIK ATOPUTMACPIH kKacay YIIiH KOJAaHBLUIAbL.

JedopmanusuiaHaTblH OpTalaFbl  OPTYPJi HEPUOATHI KOHE MEPHOATHI €MEC KO3FalBICBIHBIH 0acThl MOHI
KapamaiibM TapMOHHUKAJBIK THITETi Xa3BIKTHIK TOJKBIHAAPHI, OJIAPIBIH dcCepi OCHl OETKe >KaKbIH OpHAIACKAH.
ConnpikTan Pene Tapamy TONKBIHBIHBIH e€ceOiH KapacThipa ajaMbl3. JKapTeutaif Ka3bIKTBIKTaFBl MaTepHaNIbIH
KO3FallbIC TEHAEyl TMOTEeHIMalAa O,y TONKBIH TEHACYJIepiMeH cHmaTTaiansl. KypsUlbIMaapasl  HeMece
KYpBUTBIMIApAB! KoOanay Ke3iHAe MaHBI3ABI MapTTapaelH Oipi — KYpBUIBIMIOApABIH TYPAKTBUIBIK JKargalbl MEH
AIEMEHTTEPI eCKepiIe .

Erep Y3BIHIBIKTBIH [OHTENCK CEPIIMIi ©3eriH KapacThIpaThIH Ooiicak, Oenrimi Oip yakpITTa INTaMHBIH
YIITapblHa WHTEHCUBTUIIKTIH OCHTIK ChIFbUIAThIH P(t) Kymii KomgaHeLtamgel aem 60KaiMbI3. JIoHreleKk MbIOBIKTHIH
TYPaKTBUIBIKTHI )KOFAITYbl MaTEMaTHKAJIBIK TEOPHsI HETi31H/Ie aHE IOHIeIeK 03€KTiH KojieHeH TepOelici Herizinae
seprreneni [3]. Ocbl Macenenepre CyiieHe OTHIPHII, OFaH KAIBIIThI HEMECe aifHaIMalIbl BIFBICY KEPHEY1 KOJIIaHbUIFaH
Ke3le, KaTaH Hemece aedopMalisulaHAThIH MICKapadapMeH MICKTEITeH CepmiMIi KabaTThIH TepOeicCiHiH Kehoip
AKCHUMETPHSUIBIK MOCeNeNepiH KapacThipaMbl3. KapacThIpbUIbIT OTBIPFaH MaceNeNepIiH MeniMaepi HHTerpalabIK
TYpJICHIIPYJIEPiH KOMETIMEH KOOpANHATA HKOHE YaKbIT OOMBIHIIA allbIHFaH.

Tyiiin ce3mep: neopmanusUIaHATEIH ICHE, BIFBICY TOJNKBIHBL, TepOetic, MIIHHAPIIK TepOeic, CHIPHIK.

JI.C. Kaun6aeBa!, A.K. CmaxanoBa®, K. Kann6aiikb3nr!,
M.M. Iuasmaxanosa’, JI.Y. Taiimypatosa?, A. K. CeilitmypaTos®

'KpI3bII0pAMHCKHIH TOCYAAapCTBEHHEIH yHUBepcuTeT UM. KopkeiTAta, KbI3bliopaa;
2KacnuiiCKuii TOCYIapCTBEHHBIN YHUBEPCUTET TEXHOIOTHI 1 nHkuaupuHra uM. 111, Ecenosa, Akray, Kazaxcran
& b

AHAJIMTUYECKOE PEHIEHUE YACTHBIX 3AJTAY CABUT'OBBIX BOJIH
B HWJIMHAPUYECKOM CJIOE
( mpu packJjiajie NOCTOSIHHBIX BeJIMYMH ¥ —a+2 =0u a = f)

AnHoTanus. [Ipy uccnenoBaHnsAX CABUIOBBIX BOJHOBBIX MPOIECCOB KPYTOBBIX AJIEMEHTOB B Je(hOPMHUPYEMbIX
TeJlaX BBOAWTCS MOHATHE (DA30BOI CKOPOCTH KaK CKOPOCTH M3MeHEeHHUs (pa3oBoil cpenpl. B ciydae rapMoHHYECKHX
KoJieOaHUH IMIMHAPHYECKOH 000IOUKH (ha30Basi CKOPOCTh BBIPAXKAETCS 4Yepe3 YacTOTy COOCTBEHHBIX KOJIEOaHHH,
CBOOOIHO OMNEPTOil MO KpasiM OOOJIOYKH, M TO3TOMY HCCIIEAOBAaHUE BOJH B LIMJIMHIPUYECKOM CJIO€ UMEET CaMoe
npsIMOE OTHOLICHWE K IpoOsieMe omnpesesieHuss COOCTBEHHBIX (OPM M YacTOT KoJjiebaHHWH 000JI0YeK KOHEYHOW
quinHbl.  [IpoBoauMBble B JaHHOW paboTe pe3ynbTaThl MO0 OJHOMEPHBIM LWJIMHIPUYECKHM BOJHAM B YIPYTHUX U
BSI3KOYIPYTHX CPe/iaX U CTEPIKHSIX MO3BOJISIOT MCCIIEN0BATh BIMSHUE XapaKTEPUCTHK MaTepHaa Cpejl Ha BOJHOBOE
ojie B MaTepHuae.

Bo MHOTHX HccIen0BaHMAX AJISI ONPEEICHUS XapaKTEPUCTHK BOJTH OOBIYHO TOCTYNAIOT JBYMS METOIAMH.

1.ccnenyercss MTHOBEHHOE COCTOSIHHE CpPEIbl, COOTBETCTBYIOIIEE HEKOTOPOMY (DPMKCHPOBAaHHOMY MOMEHTY
BpPEMEHH.

2.Hccaenyercss n3MEHEHHE BO BPEMEHM COCTOSHHE PAacCMaTPUBAEMOIO Tella B HEKOTOPOH (PUKCHpOBAHHOM
TOYKE.

Ecnu wccnenoBaHusi MPpOBOAATCS C YYETOM PEOJIOTHYECKHUX CBOMCTB MaTepHaja pacCMaTpHBaeMOil CHUCTEMBI
WIM UMEETCS OKpYXKaromlas CHCTeMy Cpefia, TakKe B OOIIeM CiIydae NpOSBIAIOIIAs PEOJIOTHYECKHE CBOMCTBA,
UCIIOJIb30BaHHE 3TUX CIHOCOOOB 3HAYMTENHLHO 3aTPyIHEHO. B Takux ciyyasix M3ydaeTcsi BIMSHHE PEOJOTHUECKHX
apaMeTPOB Ha COCTABIIAIOIINE KOMILICKCHOM (Da30BO CKOPOCTH MPH ONPEACICHHBIX 3HAUCHHUSIX YaCTOT KOJICOaHHH.
H03TOMy pa60Ta IMOCBAIICHA M3YYCHHUIO AWHAMHKH yCTOI\/’I'-II/IBOCTI/I BOJIHOBBIX TIPOICCCOB INIOCKHUX M KPYTOBBIX
9JIEMEHTOB, & TAK)KE PACCMATPUBACTCS KJIACC IUIOCKHX 3a/1a4 O BO3JCUCTBUU MOABMKHBIX HAIPY30K Ha IMOBEPXHOCTh
CJIONCTOH yHpyro# MOoJyIUIOCKOCTH TPH HEJIMHEHHOM 3aKOHE 3aBHCHMOCTH HAIpsDKEHWH OT aedopmanuid. 3axadn
JAHHOTO KJIacca IPEeJCTaBISIOT OOJBIION NMPHUKIJIAJHONW MHTEPEC M, KPOME TOTO, MOTYT CIYXKHUTb 3TaJIOHOM JUIS
pa3paboTKy TeX WIIM MHBIX YUCICHHBIX AJITOPUTMOB JUISl PEILICHUS] TUHAMUYECKIX 3a/1a4.

Cpeny pa3MYHbIX MEPHOJUYECKUX M HETIEPUOJUYECKUX JBIDKEHUH NeopMHUpYEMBIX Cpejl Ba)XKHOE 3HAYCHUE
UMEIOT IIJIOCKHE BOJHBI MPOCTOIO TAapMOHHYECKOTO THIA, PacHpOCTPAHSIONIMECS] IO MOBEPXHOCTH Teja WIN
MOJYIUIOCKOCTH, BIIMSHAE KOTOPBIX OTrPaHWYMBAETCS OKPECTHOCTBIO 3TOM MNOBepXHOCTH. IloaToMy MOXKHO
paccMOTpETh 3ajady O paclpoCTPAHEHUH BOJHEI Perest.
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Ecnu paccMOTpeTh KPYIIIblil yHOPYrUil CTEPIKEeHb JJIHMHBI, TO MOXEM MpeANoiarath, YTo K TOpLAM CTEpPKHS B
KakoW-1mb0 MOMEHT BpPEMEHHM TIPUKJIAJbIBACTCS oOceBas CkKuMaromas cuia wuHreHcuBHocTr P(t).IToteps
YCTOWYHMBOCTH KPYTJIOTO CTEPXKHS OyJIeT HCCIeI0BaThCs HAa OCHOBE MATEeMaTHYECKOW TEOPUH M IOMEPEYHOTO
KoJIe0aHusT KPyTIIOTo CTEePKHS, N3TIOXKEHHOH B paboTe [3]. Ha ocHOBe 3THX 3a7ay MOKHO PaccMOTPETh HEKOTOPHIE
OCECMMMETPHYHBIC 3aJayll KoOJeOaHWsI YOPyroro CcJos, OIPaHHYCHHBIC JKECTKHMH WIH JIe(QOPMHUPYECMBIMU
IpaHUIIAMU TIPU BO3JCHCTBHM HAa HErO0 HOPMAIILHOTO WJIM BPAIaTEIHbHOTO KAcaTelIbHOTO HampsbKeHWs. PerneHus
paccMaTpUBaeMbIX 3aJad IOIYYCHBI C HCIOJh30BAHUEM HMHTETPAJbHBIX MPeoOpa3oBaHUil MO KOOPAWHATE WU TI0
BpPEMCHHU.

KawueBble ciaoBa: negopMmupyeMoe TelO, CIBUTOBas BOJHA, KOJCOAHUs, IUIMHAPHYECKAs O00JIOUKA,
CTEpIKEeHb, BSI3KOYMPYyTas cpe/a.
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M-FUNCTION NUMBERS:
CYCLES AND OTHER EXPLORATIONS. PART 1

Abstract. This paper establishes the cyclic properties of the M-Function, which we define as a function, [M(n)],
that takes a positive integer, adds to it the sum of its digits and the number produced by reversing its digits, and then
divides the entire sum by three. Our definition of the M-Function is influenced by D. R. Kaprekar’s work on a
remarkable class of positive integers, called self- numbers, and his procedure, [K(n)], of adding to any positive
integer the sum of its digits [1]. We analyze the distribution of numbers that make the defined M-Function behave
like a cyclic function, and observe that many such “cycles” form arithmetic sequences. We examine the distribution
of numbers that produce integer ratios between the outputs of Kaprekar’s and the M-Function functions,
[K(n)/M(n)]. We also prove that the set of numbers with equal outputs to both Kaprekar’s and M-Function functions,
[K(n)=M(n)], is infinite.

Key words: M-Function, D.R.Kaprekar, self-numbers.

1. Introduction. Indian mathematician D.R. Kaprekar is especially known for the discovery of the
“Kaprekar Constant.” His another prominent work, described by the famous American science writer
Martin Gardner in his book “Time travel and other mathematical bewilderments,” [1] is called self-
numbers, discovered by Kaprekar in 1949. Choose any integer n and add to it the sum of its digits S (n).
The resulting number K (n) = n + S (n) is called a digitaddition, and the initial number n is called its
generator. A digitaddition can have several generators. A self-number is a positive integer that does not
have a generator. In the “Columbian Numbers” article published by mathematicians Recaman and Bange
in “The American Mathematical Monthly” [2] magazine in 1974, it was proven that there are infinitely
many self-numbers.

The discoveries that D. R. Kaprekar made engaged not only serious mathematics scholars and
researchers, but also astonished many high school students - Kaprekar’s core discoveries do not require
knowledge of concepts outside of a normal high-school curriculum to understand. Followed by Kaprekar’s
discoveries, many scientific articles, scientific projects in mathematics, and software products globally
examined various new properties of the “Kaprekar Constant” and the sets of self-numbers and
digitadditions. There were many math Olympiad problems based on Kaprekar’s remarkable class of
positive integers and their properties. Thus, Kaprekar’s discoveries inspired and drew the attention of
mathematicians of many levels.

This paper outlines the investigation of a function similar to Kaprekar’s function, a function defined
as the M-Function. M-Function takes a positive integer, adds to it the sum of its digits and the number
produced by reversing its digits, and then divides the entire sum by three:

For positive integer n — M (n) = (n + S (n) + r (n)) / 3, where r (n) is a number with the digits of n in
reverse order. For example, if n = 358, M (358) = (358 + (3+5+8) + 853) / 3 = 409.

In the case of Kaprekar’s digitaddition procedure, the inequality n < K (n) holds true for all positive
integers n. However, in the case of the M-Function, all three inequality cases are possible: n <M (n), n =
M (n), n > M (n). As it turns out, there could be many interesting properties and consistencies that
fascinatingly flow out of the defined M-Function. The procedure for obtaining new positive integers n —
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M (n) is a simple mathematical operation, yet it can produce fascinating properties. The research also
involved a study of relationships between Kaprekar’s function and the M-Function, and raises general
guestions concerning a particular number set (distribution problems) or the mutual relationship of several
number sets (such as the coincidence of elements of two sets, multiple ratios of elements of integer sets).

The research outlined in this paper focuses on discovering fundamental mathematical dependencies,
properties and theories within Number Theory field. Hence, the openings of the research are valuable to
the ever-growing field of Number Theory. Perhaps, its results would have no immediate practical
applications, however, as the scientific development progresses forward, there might be a number of
applications of M-Functions beyond the fundamental Number Theory in fields like computer science and
computational biology.

2. Distribution of m-cycles and their properties. Let’s give some definitions. Let N be the set of
positive integers. For all n € N, let S(n) be the sum of digits of n, n be the number produced by
reversing n’s digits.

Let the number d(n) be the “order” of the number, the quantity of digits of n. Then, for any n such
that ne N, the condition 10¢M™-1 < < 104 js true.

The definition of the M-Function is M(n) = %(n +S(n)+n) and K(n) =n + s(n).

If n = M(n) thenn is called a stationary number.
Let [ be the least positive integer such that M!(n) = n for some ne N. Then, the number [ is the
length of the cycle:

n-Mmn) - M*(n)-...- M1(n) > M) =n.

Table 1 Table of the distribution of m — cycles for numbers 1 to 101°

The length of the cycle (1)
d(n) 1 |2 |3 |4|5|6 [9 |10|12|13| 15 | 16| 18| 19| 21| 23| 24| ¥ %o
(total)

1 9 9 100
2 4 1 5 5.556
3 4 3 1 8 8.89

=101
4 12 1322 1 20 222

= 1071
5 8 | 1]12 412 27 3«1072
6 8 9 6 1 24 2.67

= 1073
7 12 | 10| 16 3 17| 2 1 111 64 7.11

= 1074
8 8 12 2 (1 1 1 2 27 3.0+107%
9 8 7|21 T4 1 2 3 1 1 55 6.11

= 1076
10 12 |2 (172|113 |53 3|1 2 3121 1 58 6.44

= 1077
h 85 (23|93 4|2 |25|12(21| 7|1 4 L8 |25 |13 297
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Using a C++ program, we can compute all m — cycles for numbers from 1 to 101°, and make a list of
them. Based on this data, we can compose a table of distribution of m-cycles in the set N (Table 1). Their
total quantity is 297. Also, we can observe from the table that the length [ of m-cycles can be of any value
from 1 to 24, except the numbers 7, 8, 11, 14, 17, 20 and 22. m-cycles with length [ = 10 occur just
among the numbers when d(n) = {4,7,10 }. As seen from the table, the proportion of m-cycles out of all
positive integers in the given order decreases rapidly as d(n) increases. In the table below, the percentage
(%) represents the proportion of m-cycles out of all positive integers in the given order d(n). So, among
ten-digit numbers (we are considering 9*10° integers), there are 58 m-cycles, which means that the
percentage of m-cycles out of all 10-digit positive integers is 6.44*10~7%.

Conjecture 1. m-cycles with length greater than [ = 24 don’t exist. m-cycles with length [ = 10
occur only in the numbers that have order d(n) = 3k + 1, where ke N.

Considering the table, we might be curious in looking at m — cycles with length [ = 10 : they might
possess interesting properties.

Among the four-digit numbers, there is only one m —cycle with length [ = 10:

1297 - 3079 —» 4267 —» 3970 —» 1594 —» 2188 —» 3673 — 2485 —» 2782 —» 1891 —» 1297

These numbers form an arithmetic progression, where a; = 1297 - is the initial term, d = 297- is
the common difference.

Hence:
1297 = a4, 3079 =a, + 6d = a,, 4267 = a; + 10d = a4,
3970 = a; + 9d = a4, 1594 = aq; + d = a,, 2188 = a; + 3d = ay,
3673 = a; + 8d = aq, 2485 =a, + 4d = as, 2782 = a; + 5d = aq,

1891 = a,]_ + Zd = a3.

If we write in terms of a(n) where al = 1297 and the nth term belongs to the arithmetic sequence, then
we can write the sequence of the cycle as follows:

a; 2> a7 > A11 2 Q10 2> Az 2 Ay = A9 2 A5 > Qg > A3z = Ag

Note that the term ag= 3376 is not in the sequence, which we can define as a stationary number
(ag = M(ag)).

We can draw a circle and label points 1-11 on the circle (in order), each equally spaced. We can
construct a hendecagon, an eleven-sided polygon, by connecting points in the order of the cycle (that is,
connect al to a7, then a7 to all, etc.), excluding a8. We can draw a “mirror” AB with a length of the
circle’s diameter. We can observe an interesting picture: the mirror is symmetric with respect to the
diameter AB, where the endpoint A is 8! (Figure 1).

We can draw another circle, but this time with the order of the cycle in terms of an arithmetic
progression (points 1, 7, 11, ... , 6, 3), also equally spaced. We can construct two pentagons, connecting
every other point for one pentagon, and connecting the remaining points on the other. (Figure 2).

1

3 m .
1
[ 11
1
5 1M
10
B ] 2
% 4
Figure 1 Figure 2
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We can sum the vertices of each pentagon, and notice that the sums are equal:
1+114+24+9+6=74+10+4+5+3=29
In terms of the arithmetic sequence, this found property means the following:
a, +ay,+a,+ag+ag=a;+ag+a,+ as+as.
If we designate numbers by the sequence of the cycle, it will have the following order:
Up 2 Uz P Uz 2 Uy 2 Us P Ug = Uy = Ug = Ug = Ugg > Ug
and the given property will be written as:
Uy + Uz +Us +U; +Ug = Uy + Uy + Ug + Ug T+ Uyqyp.

Now, let’s look at m —cycles with [ = 10 for seven-digit numbers: there are 17 of them. There are
only 8 m — cycles where the numbers form an arithmetic progression in some sequence.

1) There are 4 m —cycles with a common difference of d = 32670 that are related to each other
with a difference of 1000002

a; = 1102982 , Og, Qg, g, Oy, A1g., Az, A, Ag ,A7.

D +1000002
b, = 2102984, bg, bo, bs by byp bz by, bc,bs.

D +1000002
D +1000002

Where  b; = a; + 1000002, c¢; = a; +2000004, e; =a; +3000006, i =1,10. Note
that 2000002, 2000004, 3000006 are stationary numbers!
2) There are also 4 m —cycles with a common difference of d = 27270:

hH=1127282, fg fo fo fo fr0 f5 [ s 1o

Cq :3102986, Cg, Cq, Cg, Cqs Cis C3: C3, Cg, C7.

ey :4102988, €g, €9, Eg, €4, €1p, €3, €3. €5, E7.

D +1000002
g1 = 2127284, gg. gs. Ge: Ga G10- G3: G2: Gs: J7-

3 +1000002
hy = 3127286, hg ho, he hs hyo hs o, he, ho.

D +1000002
j1=4127288, js Jo Je Ja J10o N3 j2. Js. J7

Where g; = f; + 1000002, h; = f; + 2000004, j; = f; + 3000006, i = 1,10.
All 8 m-cycles of length 10 form a similar arithmetic sequence:

Ay > 0ag > Qg 2 Ag D Qg > Q19 2 A3 P Ay 2 Ay > A7 > Aq .

Placing points 1-10 around the circle in order and connecting the points in the order of the arithmetic
sequence, we get another symmetry with respect to diameter AB (Figure 3). The endpoints of the
diameter, B and A, are centered in the midpoint of an arc between 5 and 6, and between 10 and 1,
respectively. We can draw another circle, but this time putting the points in the order of the arithmetic
sequence terms. We get the following circle with 10 “slices” (Figure 4).

We see that the sum of diametrically opposite 2 numbers is always equal to

1+10=8+4+3=9+2=6+5=4+7=11

If we consider the sequence in terms of a cycle rather than in terms of an arithmetic progression, then
we can describe it as follows:
U 2 Uy P U3 DUy U 2 Ug > U7 2 Ug > Ug ™ Uqg -
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Figure 3 Figure 4

The observed pattern means that for all 8 m-cycles, the following equation holds true:
Uy +Ug = Uy +U; = Uz + Ug = Uy + Ug = Ug T+ Uyqy.

We verified the aforementioned statement algebraically.

3. Solutions to the equation K(n) = M(n). Let’s investigate the following question: for what values
of n, where n € N, will the output of Kaprekar’s function K(n) be equal to the output of the M-Function
M(n)? Let K(n) = M(n) for some n € N. Then, we can simplify the equation:

n+Smn) =%(n+5(n)+ﬁ),

3n+3S(n) =n+Sn)+n.
Here we get the equation
2n=-2x*S(n)+n. (Equation 1)

By solving Equation 1 using a C++ program, we obtain the following results for numbers up to 101°:

27 24894 450009 24600294 450000009
459 45009 2460294 45000009 2460000294
4509 246294 4500009 246000294 4500000009

As evident in the list of solutions, starting with 6-digit numbers up until 10 digits, there are only 2
solutions for each order d(n), having the following types:

ay = 2460..0294, By =450..09.
d—6 d-3

Proposition 1. For all integer values n € N of d(n) where d(n) > 10,numbers a4 and B4
satisfy Equation 1. Hence, there is an infinite number of solutions to the equation K (n) = M (n).

Proof. 1). We can express a solution from the type o in general form as follows:

ag = 2460 ...0294.
d—6

We can multiply it by 2, and get the following:
2045 =4920...0588.

d—6
Then, we know that 2 *S(ay) =22 +4+6+2+9+4) =54,

and @z =4920..0 642.
d—6
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Recall the simplified equation above, and substitute n with oy :
200 = =2 * S(ay) + ag.

Algebraically, we show that the equality holds true and hence, we prove Proposition 1.

Consequently, K(ayz) = M(ay) when d(n) > 10, which means we are convinced that there are
infinitely many solutions to the equation K(n) = M(n).

2) We can express a solution from the type B, in general form as follows:

Ba=450..009.
d-3
We can multiply it by 2, and get the following:

2B;=90..018.
d-3

Then, we know that
2%S(By) =2(4+54+9) =36,
and Bs1=90..054.
d—3

Again, recall the simplified equation, and substitute n with S :

2 Bq =—2+%S(Ba) + Pa-

Algebraically, we show that the equality holds true and hence, we prove Proposition 1.
Consequently, K(B;) = M(B;) for d(n) > 10, which is another evidence that there are infinitely
many solutions to the equation K(n) = M(n).

Conjecture 2. Equation 1 does not have any other solutions except a; and S; when d(n) > 10.

4. Arithmetic progression with n, K(n), M(n) terms. We are intrigued to know for whatn €
N do numbers n, K(n), M(n) form an arithmetic progression in a certain order. Since n < K(n) for
all n € N, there are only 3 distinct orders possible to form an increasing arithmetic progression.

4.1. Let n, K(n), M(n) be the order of an arithmetic progression. Then, by definition

n+ M(n) = 2K(n),
which we can simplify to
n+z(m+5Sm) +7) = 2(n+SMm).

Algebraically rearranging the equation, we can express it as follows:

2n=-5xS(n) +n. (Equation 2)
Using a C++ program, we found the following solutions to Equation 2 for numbers up to 101°:
18 15003 186273 15000003 186000273
153 18873 1500003 18600273 1500000003
1503 150003 1860273 150000003 1860000273
Proposition 2. All numbers in the form a; =150..03 and b; =1860..0273,  where
d-3 d~6

d(n) > 10, satisfy Equation 2.
Hence, the numbers a4, K(az), M(ayz) and by, K(bg), M(bg) form arithmetic progressions.

The proof is similar to the proof of Proposition 1: we recall the simplest form of the equation, plug in
the values for a; and b, and show the proof algebraically.
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4.2. Let n, M(n), K(n) be the order of an arithmetic progression. Then, by definition

n+Kn) =2x*MMn),
which we can simplify to

2
n+ (n+S(n)) =§(n+5(n) + n).

Algebraically rearranging the equation, we can express it as follows:

4n = —-S(n) +2n. (Equation 3)
Using a C++ program, we found numbers that satisfy Equation 3 for numbers up to 101°:
387 36027 3600027 360000027
3627 360027 36000027 3600000027

Proposition 3. All numbers in the form c¢; =360...027, where d(n) > 10, satisfy Equation 3.
d~4
Hence, the numbers c;, M(c4), K (cq) form an arithmetic progression.
Again, the proof is similar to the proof of Proposition 1.

4.3. Let M(n), n, K(n) be the order of an arithmetic progression.  Then, by definition
M(n) + K(n) = 2n.

which we can simplify to
%(n +S(n) +n)+ (n + S(n)) = 2n.
Algebraically rearranging the equation, we can express it as follows:
2n=4S(n) +n. (Equation 4)
Using a C++ program, we found solutions for Equation 4 for numbers up to 101°:

45 2124 42048 420048 2670435 21000024 47700459 420000048 2670000435
234 4248 210024 477459 4200048 26700435 210000024 477000459 4200000048
468 21024 267435 2100024 4770459 42000048 267000435 2100000024 4770000459

Proposition 4. When d(n) > 10, all numbers of the following types

eq=210..024 f, =2670..0435,
d—4 d—-6

g, =420..048 , hy = 4770..0459
d—4 d—6

are solutions to Equation 4.

Consequently, the following numbers:
M(eq), eq, K (eq); M(fg), fa, K(fa);  M(ga), ga, K (8a);
M(hy), hg, K (hy) - all form an arithmetic progression when d(n) > 10.

The proof is similar to the proof of Proposition 1.
According to our results for equations 2, 3, and 4, we can devise the following conjecture:
Conjecture 3. When d(n) > 10, equations 2, 3, and 4 don’t have any other solutions except

solutions specified in propositions 2, 3, 4.
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C. MakpIloB

M-®YHKIUSA CAHIAPBI:
HOUKJIJAP )KOHE BACKA 3EPTTEYJIEP

AnHoranua. Manusneik matematuk [I.P. Kanpekap amxan “Kanpekap Koncrantace” - 6174 caHbIMeH aca
TaHbIMaJ.

KanpekapaplH TaFbl 0ip amKaH >XaHAJIBIFBI ©3IHAIK TyBIHJaFaH CaHIap KJIachkl OENrili aMepHKajibIK FhLIBIM
HacuxaTTaymbickl Maptun ["apanepain «YakpIT OoiibiHIIa casixat» [1] arTel kiTaObiHna OasHnanran. Kes kenren
HATYpaJ N CaHbIH aJaMbI3 JKOHE OJ CaHFa IUPPIAPBIHBIH KOCHIHIBICH S(n)—ai kocambi3. lllsikkan can K(n)=n+S(n)
TybIHJaFaH CaH, aJl JFallIKbl call N — OHBIH I'eHepaToOphl Jen aTajajbl. Mbicanbl, erep 53 caHbIH alicak, OHAA
TybIHAaFaH caH 53+3+5=61 caHbl O0nabL.

TybIHOaraH CaHHBIH T€HEPATOPIAPBIHEIH CaHBI OipIeH apTHIK 00mysl MyMKiH. Exi reHepaTophl O0ap eH Kimni caH
101, ax onbH reHepaTopiapsl 91 xoHe 100 canmapbl. O3iHIIK TYBIHIAFaH CaHJAp — TeHEpaTOpIaphl JKOK CaHIap.
«The American Mathematical Monthly» [2] skypHasibIHIa KapUsTaHFaH MaKaiaga e3iHIIK TybIHIaraH CaHIapabIH
LIEKCI3 KON eKEeHAIr jkKoHE O3iHMIK TybIHIaraH caHjap TybIHIaFaH CaHlIapFa KaparaHaa eTe CHUpPEK Ke3JeCeTiHIIri
JIOTIEeTIICHT eH.

Kanpekap amkan ochl )KaHQJIBIKTap KONTETeH MaTeMaTHUKTEPAi KbI3BIKTHIP/ABL. OpTypii engepae «Kanpexap
KoHcTaHTaChIHBIHY, ©31H/IK TYbIHAAFaH JKOHE TYBIHAAFaH CaHAapbl XKHUBIHIAPBIHBIH XKaHA KACUETTEPIH JKaH-)KaAKThI
3epTTETeH KOITETeH MaKajajiap, MaTeMaTHKAJIBIK FRIIBIMU jk00aap MEH IporpaMMalibIK OHIMIEP KapblK KepIi.

Men Kamnpekapra cyiieHe OTBIPBII, HATYPAJl CaHAAPIbl alybIH JKaHa dMiciH TanteiM: n—M(n)=13(n+S(n)+n),
MYHJIAFbl 1 — coll nudpiaapmen, Oipak Kepi GarbiTTa skas3buran can. M(n) cadbl opkauian OyTiH can Oonazsl, ce6ebdi
n,S(n),n cangapeIHbIH 3-Ke OONreHeri KalabIKTapsl opKaman TeH 6omansl. Erep Kanpekap xarmaiisiaga n<k(n)
TEHCI3/1ir1 Ke3 KeJIreH HaTypall n caHJaphIHIA OpBIHAaNca, MCHIH KypraH QYHKIHSIMIA dPTYpIli KaTeiHacTap OOJabl,
sFHU OapIbIK 3 xkarmail qa opbid anaael : n<M(n), n=M(n) u n>M(n) .

MeH TankaH kaHa HaTypan caH any (yHkuuscel n—M(n) oapi KapamaiibiM, Taburu xone Kamnpekap n—K(n)
(YHKIMSACBIHBIH aHAJIOTBI.

Makanansly 1-6esiMiHIe M-IUKIIAPBIHBIH Tapalybl jKOHE OJIApJbIH KacuerTepi 3eprreneni (erep Ml(n)=n
TEHIIri OpBIHAAJATBIHAAN eH Kimi HaTypan can | Oonca, oHga n—M(n)—M2(n)— ..—»MIl-1(n)— Ml(n)—n
caHIapsl M-IUKIL Kypaiasl. A K(n) skarmaiibiaaa DUKIIap TybiHAaMainel, cededi . n<K(n)<K2(n)....). CousiMen
katap K(n)=M(n) GyHKuMsIapelHBIH TEHAIN cyparbl sxoHe N, K(n) xone M(n) canaapblHbIH KaHAai qa Gip peTneH
apu(MeTHKAIBIK TPOrPECCHUsI KYPAHTBIH CYpaKTaphl 3epTTEITEH.

Makanansiy 2-6eximinge n,K(n) sxone M(n) caHmapbIHBIH apachlHIAaFbl €CelliK KaThIHACTAP KapacThIPBUIFaH.
SraM, Kadmaii Hatypan t caHmapeima, t>2, K(n)=tM(n), tK(n)=M(n), n=t M(n), n-t=M(n) Ttenmikrepi
OpBIHIANIATHIHIBIFEL 3€PTTENTeH (aliTa KeTeiik, n xoHe K(n) canmapsl apacslHia eCeliK KaTbiHACTAP GOIYBl MYMKIH
emec). CoHbIMEH KaTtap M—TYbIHAaFaH CaHAap JKUbIHBIHBIH Tapaslybl KOHE KacHeTTepi 3epTTelireH (Mm—TybIHAaraH
caHJgap M—e3iHAIK TyBIHJIAFaH CaHjapra KaparaHga eTe cupek keszneceni. COHIBIKTAaH M—TYbIHIAraH CaHIap
KUBIHBIH 3ePTTey M—e3iHAIK TYbIHIaFaH CaHAap XUbIHBIHA KaparaHaa MaHb3ABIpaK). Ockl OemiMae “kepri”, sSFHI
KaTapJiac TYpFaH M—TybIH/aFaH CaHJApP KUbIHBI 3€PTTEITCH.

3eptrey OapbickiHaa 1 Macene xaHe 9 rHIIOTe3a TYXKBIPBIMAAJIFaH.

Tyiiin ce3nep: M-dynknus, [I.P. Kanpekap, e3iHaik TybIHAaFaH caHaap.

C. MaksbIlIOB

YUCJA M-OYHKIUN:
OUKJIbI 1 APYTUE HUCCIEJOBAHUA

AnHoranusi. Muaniickuii marematuk JI.P. Kanpekap ocoOeHHO u3BecTeH cBOMM OTKpbITHEM “KoHcTaHTy
Kamnpekapa™- uucinom 6174. [Ipyroe Bolaaromieecs oTkpbiThe Kampekapa, onmucaHHOE M3BECTHBIM aMEPUKAHCKUM
nomynspusaropoM Hayku MaprtuHom ['apnuepom B cBoelt kHure “IlyremectBue Bo BpemeHH[1] — 3T0 Kmacc
CaMOTIOPOKACHHBIX urced. Bribepem mo0oe HaTypaidpHOE 9YHCIO N M MpHOAaBUM K HeMy cymMmy ero mudp S(n).
IMonyuennoe uncino K(n) =n+ S(n) Ha3bIBACTCS NOPOINCOCHHBIM, & WCXOAHOE UYHCIO N — €0 2eHEpamopoM.
Hamnpumep, eciiu BeiOepem 4uciio 53, mopoxkaeHHOe UM Yucio paBHo 53 + 3 + 5 = 61.

[TopoxaeHHOe YHCII0 MOXKET UMEeTh OoJsiee oJHOro reHeparopa. HamMenslee 4mucino ¢ IByMsl TeHepaTopaMu
paBHo 101, u ero reneparopamu sBisitorea yucna 91 u 100. CamonopoxI€HHOE YUCIIO0 — 3TO YUCII0, Y KOTOPOro HET
reHepatopa. B cratbe xypHama «The American Mathematical Monthly»[2] nokasbiBamocs, 4TO CyIecTByeT
OECKOHEYHO MHOTO CaAMOTIOPOKICHHBIX YHCEII, HO BCTPEYAIOTCSI OHU rOPa3Jio Pexke, YeM MOPOsKACHHbIE YnCIa.
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Otu oTKpeITHA Kamnpekapa 3anHTepecoBaIl MHOTHX MaTEMaTHKOB, M B Pa3HBIX CTPaHAaX MHUpPA MOSBHINCH MHOTO
HAay4YHBIX CTaTheH, HAyYHBIX IPOEKTOB IO MaTeMaTHWKe, MPOTPaAaMMHBIX IIPOAYKTOB, B KOTOPBIX HCCIIEIOBAINCH
pasnuuHbie HOBBIE cBoiicTBa “KoHcraHThl Kampekapa” W MHOXECTB CaMOIIOPOXICHHBIX YUCENT M TOPOXKICHHBIX
9HCe.

Crnenyst Kanpekapy, st Hamien HOBBIH CIOCO0 MOTydeHHsT HATYpaIbHBIX guced: n — M(n) = %(n +S(n) +n),

rae I — 9Mcio, 3aMMCaHHOE TEMH ke IudppaMu, HO B o6paTHOM mopsiake. Yucio M (n) GymeT Bceraa meibiM, Tak
Kak uncaa n,S(n), 1 Oa0T OJAWHAKOBBIE OCTATKW TpH neieHnd Ha 3. Ecim B cimyuae Kampekapa HepaBeHCTBO
n < K(n) BBIMOIHSAETCS MPH BCEX HATYPAIBHBIX 7, TO B MOEM CIIyuae TOJIOKEHNEe pasHooOpas3Hee, T.e. BO3MOKHBI
Bce 3 cayuas: n < M), n=Mm) u n> M(n).

Most GpyHKIHUS TOJTyYEHHs HOBBIX HATYypaIbHBIX ymcesl N — M(n) mpocras, eCTECTBEHHAsl, U OHa SIBIISETCS
ananorom Qpyukiuun Kanpekapa K(n). B 1-ii yacTu JaHHOW CTaThbM HWCCIENOBAHBI pactpeneieHie m-IUKIOB 1
ux cpoiictBa. (Ecnm | — HauMeHbllee HaTypanbHOe Takoe, uto M!(n) =n, 1o umcma n — M(n) » M%(n) -
..o M7(n) > M'(n) > n obpasylor m-tmkin. B cnydae ¢dynkimmm K(n) HMKIBI HEBO3MOXKHBL, T.K. N <
K(n) < K?(n)..). Takxe wusydeH Bonpoc paseHcTBa uucel K(n) =M(n) wu Bompoc o6pa3oBaHus
apu(PMETUUECKON TPOTPECCUH B HEKOTOPOM Nopszke uuciamu n, K(n) u M(n).

Bo 2-if uacTi cTaThbd HM3yYeHbl KpaTHbIE OTHOLICHUS Mexay uuciamu n, K(n) u M(n). T.e. uccienoBaHsl
BOIIPOCHI: TIPH KaKuX t HATypaibHOM, t = 2, BO3MOKHBI paBercTBa K(n) = tM(n), tK(n) = M(n), n =t M(n),
nxt=M(n). (OrMeTHM, YTO KpaTHble OTHONICHHS Mexmy unciamMu nu K(n) nHeBosmoxHbl).  Taxke
HCCJICIOBAHbl  pAcOpe/ieieHHe M CBOWCTBA MHOXECTBA 1M —MOPOXKACHHBIX YHCEN (M —MOPOXKICHHBIX YHCEI
BCTPEUAIOTCS TOPA3l0 Peke, YeM M — CaMOIMOPOXKJCHHBIE, MOITOMY H3yUEHHE MHOMXKECTBA 1M —MOPOXKIEHHBIX
HAMHOT'O Ba)KHEE, YeM U3yUYEeHHUE Kilacca M — CAMOMOPOXKAEHHbBIX uncen). B 3Toil yacTu WCCIe0BaHO MHOXECTBO
“cocenHuX”, T.€. MOCIEIOBATEIbHBIX M —IOPOKACHHBIX YHCET.

B mpomnecce ncciemoBanus cdopmynupoBaHsl 1 mpobiema w9 rumores.

Kawuesbie cioBa: M-dyuxnus, JI.P.Kanpekap, caMONOpoKAeHHbIE YUCIIA.
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INVESTIGATION OF TWO FIXED CENTERS PROBLEM AND
HENON-HEILES POTENTIAL BASED ON THE POINCARE SECTION

Abstract. In this paper, we study the Henon-Heiles potential and the problem of two fixed centers. In studies of
nonlinear systems for which exact solutions are unknown, the Poincare section method is used. For the Henon-
Heiles potential, Poincare sections were obtained. Next, the potential of two fixed centers was investigated. It was
shown on the basis of the Poincare section that, in the case , = 4, =1 the internal cross-sectional structure

decomposes from the values H =—1.7, but the internal cross-sectional structure is preserved in the interval
H €[-0.5,-1.6], in the case  =0.9and ., =0.1 the internal cross-sectional structure decomposes from the

values H =-0.9 but the internal cross-sectional structure is preserved in the interval H €[-0.3,—-0.8], in the case

of 4, =0.7 and g, =0.3 the internal cross-sectional structure decomposes from the values H =-0.8, but the
internal cross-sectional structure is preserved in the interval H <[-0.2,—0.7]. W.ith increasing energy, many of

these surfaces decay. It is assumed that the numerical results obtained will serve as the basis for comparison with
analytical solutions.
Keywords: Henon-Heiles model, the problem of two fixed centers, Poincaré section, numerical solutions.

Introduction. Interest in the existence of the third integral of motion for stars moving in the potential
of the galaxy revived in the late 50's and early 60's of the last century. Initially it was assumed that the
potential has a symmetry and does not depend on time, therefore in cylindrical coordinates (r,d, z) this
will be only a function of r and z. There must be five integrals of motion that are constant for the six-
dimensional phase space. However, the integrals can be either isolating or non-isolating. Non-isolating
integrals usually fill all available phase spaces and do not restrict the orbit.

Henon and Heiles tried to find out if they could find any real proof that there must be a third isolating
integral of the motion. Making numerical calculations, they did not complicate the astronomical meaning
of the problem; they only demanded that the potential investigated by them be axially symmetric. The
authors also suggested that the motion was tied to a plane and passed into the Cartesian phase space (X, Y,
X,y). After some tests they managed to find a real potential. This potential is analytically simple, so that

the orbits can be calculated quite easily, but it is still quite complex, so that the types of orbits are
nontrivial. This potential is now known as the potential of Henon and Heiles [1-3].

Some particular solutions to the three-body problem are known, but a general solution has not yet
been found. One of the special cases of the three-body problem is the problem of two fixed centers. It was
first considered by Euler in 1760 [4]. Jacobi showed that the equations of motion can be integrated in
terms of elliptic functions [5]. This problem can be used as some first approximation in astronomical
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problems about the motion of minor planets and comets under the influence of gravity of the Sun and
Jupiter. The period of revolution of Jupiter is about twelve years, and for a short period of time the motion
of these celestial bodies can be considered in the framework of the problem of two fixed centers. Also, the
problem of the motion of a spacecraft to the Moon can be considered within the framework of this task.
The flight time of the spacecraft to the Moon is about four days. During this time, the Moon will move
slightly in a circular orbit of the Earth. The study of the problem of two fixed centers was carried out in
different directions [6-22]. For example, V.V. Kozlov and A.O. Harin considered a modification of the
problem of two fixed centers on a sphere [23].

Methods and calculations. The Henon-Heiles potential is undoubtedly one of the simplest, classical
and characteristic examples of open Hamiltonian systems with two degrees of freedom. The above topic
was devoted to a large number of research scientists [24-26].

The potential of the Henon-Heiles system is determined by the formula:

U(x,y):%(x2+y2+2x2y—§y3) (1)

Equation (1) shows that the potential actually consists of two harmonic oscillators, which were

connected by the perturbing terms xzy—%y3.

The basic equations of motion for a test particle with a unit mass (m =1) are:

, oU
X= v —X—2Xy
y=-S =y iy ?
oy
Consequently, the Hamiltonian of system (1) has the form:
H:%(xz+y2)+%(x2+y2)+XZY—%y3=h' C)

where Xand y are the momenta per unit mass, xand Y are the coordinates of the system; h>0the

numerical value of the Hamiltonian, which is conserved. It is seen that h>0the Hamiltonian is symmetric
with respect to x — —x, and H also exhibits a symmetry of rotation at 27 / 3.
Below are the dependencies of the coordinates of the functions in time for the systems of equations

).

To study the Henon-Heiles system, the Poincaré section method is used. Advantages of this method
are especially evident when we consider nonlinear systems for which exact solutions are unknown. In this
case, the phase trajectories are calculated by numerical methods.

To solve the systems of equations (2), boundary conditions are chosen so that they satisfy equation
(3). Further, the systems of equation (2) are solved on the basis of the Runge-Kutta method. To construct
the Poincaré section, those values that intersect the plane X =0 are chosen. Below are the Poincaré
sections for Henon-Heiles systems for different energy values: E =1/12, E=1/8. With increasing
energy, the structure of the cross sections is destroyed. The results obtained are in agreement with other
authors [1, 2].

o AT
gt i Hy
03 TL’J;.' i?,* ke ’
Y
| & F O

Figure 1 - Poincare section at E =1/12 Figure 2 - Poincare section at E =1/8
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Next, we study the problem of two fixed centers. Imagine that on the OXY plane there are two fixed
points S1 and S2 with masses m1 and m2 under the influence of Newtonian attraction of which the
material point S of mass m moves in the same plane. Thus, the equations of motion of a material point can
be written in the following form [27]:

., ouU X X
== —fm, = — fm, =,
oX I r,
oU -C +C )
y’=—=—fm1y3 —fmzy3 ,
oy n r
Where y — (™, M2y, f is gravitational constant.
n I,
r
x
S (m)
S1(my) S,(m,)
-C 0 C v

Figure 3 - Scheme of the task

Radius vectors are defined as follows:

L=JX+(y=C)°, r,=yX" +(y+c)’ (5)

The canonical equations of the problem of two fixed centers will have the form [28]:

dx oH  dx oH
_:+_, —_— =4 —
dt ox dt oy

. ) (6)
di__oH dy_ oM
d  ox ' dt oy
where the Hamiltonian is defined by the formula
H=T-U :%(x2+y2)—f(%+%) , H =const 7

1 2

We introduce the following notation: .4 = fm,, u, = fm,. Consider the case ., =u, =1, the
second case g, =0.9 and x4, =0.1, the third case , =0.7 and g, =0.3. These parameters show different
mass ratios of fixed centers. Now we study the Poincare section for the indicated model of the problem
and parameters. Based on the results obtained, we can say that, in the case , =z, =1 the internal cross-
sectional structure decomposes from the values H =-1.7, but the internal cross-sectional structure is
preserved in the interval H €[-0.5,-1.6], in the case x4 =0.9and ., =0.1 the internal cross-sectional
structure decomposes from the values H =-0.9, but the internal cross-sectional structure is preserved in
the interval H [-0.3,-0.8], in the case of , =0.7 and ,, =03 the internal cross-sectional structure

decomposes from the values H =-0.8, but the internal cross-sectional structure is preserved in the
interval H €[-0.2,-0.7].
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Figure 4 — Poincare sectionat H =—0.9, ¢=0.5, Figure 5 — Poincare sectionat H =—1.7, ¢=0.5,

=10, u,=1.0 1, =10, 1,=10

y(t) - y(t)

y(t) y(t)
Figure 6 — Poincare sectionat H =—0.6, ¢=0.5, Figure 7 — Poincare sectionat H =—0.9, ¢=05,
#,=09,,=01 1, =09, 1,=01
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Figure 8 — Poincare sectionat H =—0.6, ¢=0.5, Figure 9 — Poincare sectionat H =—0.8, ¢=0.5,
w=0.7,1,=03 w =07, 4,=03

Conclusion. Thus, the results obtained by the numerical method determine the structure of the
Poincare sections for the model of the problem of two fixed centers and serve as the basis for comparative
analysis in determining the analytical mapping.
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IIYAHKAPE KHMACBIHBIH HEI'T3IHJE
KO3FAJIMAUTBIH EKI HEHTP ECEBI MEH
XEHOH-XEWIEC IIOTEHHUAJIBIH 3EPTTEY

AHHOTanusA. OTKCH FachIpAbIH SO0-KBULAAPBIHBIH asfbl MEH 60-)KbULIApBIHBIH OachlHAa TalaKTHKa MOTCH-
[UANBIHA KO3FAJIATBIH JKYJIIBI3Ap YIIIH VIIHII WHTErpalibiHA KhI3BIFYIIBUIBIK TYybIHAAW Oactambl. bacramkeina
MTOTEHIMAJ CHMMETPHAIIBI JKOHE YaKbITKa TOyeJCi3 JIeN KapacThIPBULABI, COHABIKTAH MIIHHIAPIIK KoopauHaTana (I,
6, Z) GyHKIUA TEK ' MEH Z-Ka FaHa Toyenai Oonaapl. ANThI ememMai (pa3ayiblk KeHICTIKTEe TYPaKThl O0eC KO3FalbIC
WHTEpranbl Ooysl Kepek. bipak, WHTerpangap IIEKTEJTeH HeMece IIeKTeIMEreH OONybl KaxeT. OJeTTe,
HIEKTEeIMETeH HHTerpaniap 0apislk (a3aiblk KEHICTIKTI TONTHIPAIbI )KHE OpOUTAHBI IIEKTEMEH .

XeHoH MeH XeWiec VIIHIN IIEKTENTeH KO3FaJbIC WHTETPAJBIHBIH Oap CKCHIITiHE HAKTHI JQJeNaep TaOyra
THIPBICTBHL. CaHIBIK ecenTeyep XKypri3e OThIpa, oyap Oy MPoOIeMaHbIH aCTPOHOMUSUIBIK MaFbIHACHIH JKCHUIICTYTE
TBIPBICTHI; OJIAp 3EPTTENIN OTHIPFaH MOTCHIMAIBIH aKCHAbIi-CAMMETPHUSITB O0TybIH Tajam eTTi. COHbIMEH KaTap
aBTOpJap, OyJI KO3FAIIBIC JKa3bIKTHIKKA TOYEN/l JKOHE NEKApPTTHIK (a3alblK kKa3bIKTHIKTA (x, Y, )'(,y) JKaTalbl eIl
TanThl. BipHeme ToxipubdenepeH keiiH, HaKThI IIOTSHITHATB Taba alapl. byl MOTeHIMAaN aHAIUTHKAIIBIK TYPFhIIaH
KaparaibiM, COHABIKTAH OpOHWTAaIapAbl aHBIKTayFa OOJaIbl, COHBIMCH KaTap MOTCHIUAN XETKUIIKTI TyplIe KHUBIH,
COHJIBIKTAH OpOuTaNap TPUBHAIIBI eMec Typre kataabl. Kasipri Tapma Oyt moteHIman XeHoH- Xeiioc NOTCHIIHATBI
JIeT aTaJajpl.

Ym gene ecebiHiH KeiOip aepOec mremriMzepi aHBIKTaNFaH, Oipak TONBIK MIENINMi JKOK. YII JeHe eceOiHiH
nepbec memrMaepiHiy Oipi — KO3FaaMalThIH eki IeHTp ecebi. byn ecenri amram pet 1760 xwputer  JI. Ditnep
KapacTelpabl. An Slkobu Gosca, KO3FalmbIC TEHIEYJIEPi SJUIMNTUKANBIK (QYHKIUAIAp TEPMHHICPIHJIE MHTErpasaa-
HaTBIHBIH KepceTTi. bepinren ecen keitbip kimn ruraHetanap MeH komertanapablH Kyl xone IOmmtep rpaBurarys-
CBIHIAFBl KO3FAJIBICHI XKaWIbl aCTPOHOMHUSUIBIK ecenTepiae OipiHmmi KybiKTayna KonnmaHeutansl. Omurepmin KyHni
alfHay mepruobl 12 KbUTFa )KYBIK JKOHE OCHI YaKBIT apallbIFbIHAa KOMETaaap MEH Killli TUTaHeTalapIblH KO3FaIbICHIH
KO3FaJIMaMTBIH €Ki EHTp ecebi peTiHae amyra Oonanpl. bepinren ecemnte, FapsIll KeMeciHiH AliFa Iy KO3FaIbICHIH
KapacTeIpyFa 6omamsl. FapbeimTeik keMeHiH Ajfra yiry yakeITel — 4 ToyJikke KysIK. Ounait 6ojca, ocel yakeITTa At
XKepnain opOutaceiHOa KilIKeHe FaHa Kosfanmaapl. KosramMalTeiH exi meHTp ecebi OipHemie OarbITTa 3€pPTTEIreH
0O0JIaTHIH.

Bepiren Makamama XeHOH-XellleC TOTCHIHANBI MEH KO3FAIMANTHIH €Ki IIEHTp ece0i KapacTHIPHUIAJIbIL.
CBI3BIKTHI eMec JKYHenepAiH HaKTHI ImermiMaepi Oenrici3 6onranma, [lyaHkape kuma ofici KoJMmaHbBIIAmel. XEHOH-
Xeiinec noreHnuaisl yurid ITyankape Kkumachl ansiHasl. COHBIMEH KaTap KO3FaJIMaWTBIH €Ki IeHTp ecebi 3epTTeni.
IlyaHkape KUMAchIHBIH HETi3iHAE KO3FaJIMAlTBIH €Ki IIeHTp ecebiHe Keneciledl Ty XbIpbIMAamanap — ajbIHAbL:
1 = 1, =1 Kesinge H = -1.7 moninen Gacran imki kuma sisipaiiasr, an H € [-0.5,—1.6] apansirbinaa imki Kuma
cakrananasl; g =0.9xoHe w4, =0.1 Ke3iHze H = —0.9 moninen 6acran imki kuma siabipainel, a1 H €[-0.3,-0.8]
apanbIFbIHIA IIIKI KMMa cakranaasl; g4 =0.7 k%oHe u, =03  Kesinge H = —0.8 moninen 6acran imki xuma
piapipaiasl, a1 H €[-0.2,-0.7] apansirbinga imki kuma cakranansl. COHBIMEH KaTap, SHEPTHSIHBIH 6CYIMEH, OChI
KUMaJIap IbTH KOTIIIJIIT] BIABIpaiabl. AJBIHFAH CAHABIK HOTIIKENEP aHATMTUKAIBIK MICIIMISPMEH CABICTRIPY YIIIiH
Heri3 00aabl 1emn 6omKaHyaa.

Tyiiin ce3nep: XeHoH-Xelnec Moeli, KO3FaIMaiThIH €Ki IeHTp ecebi, [TyaHkape KuMachl, CAaHIIBIK IIEITiMIep.
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HNCCJIEJOBAHUME 3AJJAYH JIBYX HEITIOABUKHBIX HEHTPOB U ITIOTEHIIUAJIA
XEHOHA-XEWJIECA HA OCHOBE CEYEHMS ITYAHKAPE

AnHoTanus. MHTepec K CyIIECTBOBAHUIO TPETHETO HUHTErpana ABIKEHHS Ui 3Be3[, JBUXKYIIUXCA B
MOTEHI[MaJe TalaKTUKH, BO3poAuics eme B KoHue 50-x u Hagane 60-x rogoB npouuioro cronetus. IlepBoHadansHo
MpEearoiarajgock, 4YTo MOTEHLUAN HUMEeT CHUMMETPUIO M HE 3aBUCUT OT BPEMEHH, MO3TOMY B IMIMHIPUYECKHUX
koopauHaTax (I, 6, z) 310 Oyaer ToabKo (QYHKIMS OT I' U Z. JIOJKHBI CYIIECTBOBATH IIATh WHTEIPAJIOB JBMKEHHUS,
MIOCTOSIHHBIX JJISl IecTUMepHOro (azoBoro npocrpancTBa. OJHaKO WHTErpajbl MOTYT OBITH JIMOO M30JIMPYIOIIUMH,
60 HenzosmpyoumMiu. Hensonupyroniue HHTerpasbl 0ObIYHO 3aI0JIHSIOT BCE IOCTYIHbBIE (pa3oBble MPOCTpaHCTBA
U HE OTPaHUYUBAIOT OPOUTY.

XeHoH n Xeiiniec NONbITAINCh BBISICHUTH, MOTYT JIM OHU HAlTH Kakoe-TH00 pealbHOE J0Ka3aTelbCTBO TOT0, YTO
JOJDKEH CYIIECTBOBATh TPETUI HM30NMPYIONIMHA HHTETpai IBIKCHMA. [IpOBOIS YMCIICHHBIC BBIYMCICHHS, OHH HE
CIIMIIKOM YCIIOXHSUIM aCTPOHOMHYECKHH CMBICT MPOOJIEMBL; OHM TPEOOBAIHM TOJIBKO, YTOOBI MCCICAOBAHHBIN UMHU
MOTEHIMAN OBLT aKCHATbHO-CHUMMETPHYHBIM. ABTOPBI TAaKXKE MPEANONOXKWIN, 9YTO MABMKEGHHE MPUBSI3aHO K

IJIOCKOCTH M TepeluIn B JieKapToBo (asosoe npoctpanctso (x, Y, X,V). Ilocie HEKOTOPBIX MCIBITAHMHA MM

yJaJIOCh HAWTH JEWCTBHUTENBHBIA MOTEHIMal. DTOT IOTEHIHMaN aHAJIWTHYECKH IIPOCT, TAK YTO OPOMTHI MOXKHO
BBIYHMCIIUTD JIOBOJIBHO JIETKO, HO OH BCE €I JOCTATOYHO CIJIOXKHBIH, TaK YTO TUIBI OPOHUT HETPUBHAIBHBI. JTOT
MOTEHIMAJ Telepb U3BECTEH KaK IMOTeHIMall XeHoHa 1 Xeieca.

M3BecTHBI HEKOTOPBIE YaCTHBIC PELICHUs! 3a/laudl TPeX Tej, HO olllee pelleHue emie He HalaeHo. OmHUM u3
YAaCTHBIX CIy4aeB 3aJayd Tpex Ted SIBISEeTCS  3ajada JBYX HEMOIBIKHBIX IIeHTpoB. OHa Obuia BIIEpBbIC
paccmoTpena OJitmepom 1760 1. Sxo0M TOKa3an, YTO YpaBHEHHUS ABIDKCHHS MOTYT OBITh HHTETPHPOBAHBI B
TEpMHUHAX IUIMNTHYCCKUX (yHKuui. JlaHHas 3agada MOXKET OBITh HCIONB30BaHA Kak HEKOTOPOE IMEpBOE
NpUOIMKEHHE B aCTPOHOMHYECKHX 3a7adax O JBIDKCHHH MaibIX IUTAHET W KOMET MO JCHCTBHEM TpaBHTAlMN
Comnna u FOnurepa. Ilepuon obpamenus FOmurepa cocTaBiseT OKOJIO JBEHAIIATH JIET, U B TeUEHHE HEOOIBIIOTO
MPOMEXYTKa BPEMEHM IBHMKCHHE YKa3aHHBIX HEOECHBIX TEeJ MOXHO pacCMaTpHBaTh B paMKax 3aladdl JABYX
HETIOJIBIDKHBIX IIEHTPOB. Takke 3a7ady O ABM)KEHMHM KOCMHUYECKOro Kopabist k JlyHe MOXHO paccMaTpuBaTh B
paMKax yka3zaHHOW 3ajaud. Bpewms monera kocMuueckoro kopabust 1o JIyHbI COCTaBIISIET OKOJIO YEThIPEX CYTOK. 3a
9T0 Bpemsi JlyHa mo kpyroBoil opOute 3emiM IepeMecTHTCs He3HauuTelnbHO. McciemoBaHue 3amaud JBYX
HECMOABUIKHBIX HEHTPOB MMPOBOAWIIOCH PA3JIMYHBIX HAIIPABJICHUAX.

B nanHOl paboTe uccnemyeTcs MOTeHIMan XeHoHa-XeWneca M 3a7adya JBYX HEMOIBIDKHBIX LeHTpoB. Ilpu
HUCCICO0OBAHUU HEJTMHEHHBIX CHUCTEM, IJII KOTOPBIX HEHU3BCCTHBLI TOYHBLIC PCHICHUSA UCIIOJIB3YCTCA MCETOJ CCUCHUA
ITyankape. [ moreHmmana XeHoHa-Xelneca OputH moNydeHBI cedeHus [lyankape. Jlamee ObUT mccliemoBaH
MOTEHIMAJ 3aJa4il JBYX HEITOJBIDKHBIX IEHTPOB. bpulo moka3aHo Ha ocHoBe cedenus [lyankape, uro B ciydae
14 = t, =1 BHYTpEHHsAA CTPYKTypa CedeHMH pacnagaercst co 3HayeHud H =-1.7, HO BHYTpeHHss CTPYKTypa

cedeHuit coxpansiercst B otpeske H €[-0.5,-1.6], B ciiyuae g4 =0.9u g, = 0.1 BHyTpEHHss CTPYKTypa CeH4eHHI
pacriagaercst co 3HaueHuit H =-0.9, HO BHYTPEHHSs CTPYKTypa ceucHuii coxpansiercs B orpeske H €[-0.3,-0.8],
B ciydae g =0.7u u, =03 BHYTpEHHSS CTPyKTypa cedeHHil pacmamaercs co 3Hadermmii H =-0.8, Ho
BHYTPEHHSII CTPYKTypa cedeHmii coxpansercss B otpeske H €[-0.2,-0.7]. C yBenmudyeHnnemM SHeprHd MHOTHE W3

9THUX HOBerHOCTeﬁ pacmaaaroTcA. HpeanonaraeTCﬂ, 4YTO IMMOJYYCHHBIC YHUCJICHHBIC PE3YJIbTAThbl MOCITYXKaT OCHOBOM
JJIA CpaBHCHHS ¢ aHAJIUTUYCCKUMU PCHICHUAMMU.

KiaioueBble cioBa: MOACIIb XeHOHa-Xeﬁneca, 3agada JABYX HCHOABUIKHBIX HEHTPOB, CCEYCHUC HyaHKape,
YHNCJICHHBIC PCIICHUA.
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GREEN TENSOR OF MOTION EQUATIONS
OF TWO COMPONENTS
BIOT’S MEDIUM BY STATIONARY VIBRATIONS

Abstract. Here processes of wave propagation in a two-component Biot’s medium are considered which are
generated by periodic forces actions. By use Fourier transformation of generalized functions, the Green tensor - a
fundamental solutions of oscillation equations of this medium has been constructed. This tensor describes the process
of propagation of harmonic waves of a fixed frequency in spaces of dimension N = 1,2,3 under the action of power
sources concentrated at the coordinates origin, described by a singular delta -function. Based on it, generalized
solutions of these equations are constructed under the action of various sources of periodic perturbations, which are
described by both regular and singular generalized functions. For regular acting forces, integral representations of
solutions are given that can be used to calculate the stress-strain state of a porous water-saturated medium.

Key words: Biot’s medium, solid and liquid components, fundamental solution, generalized direct and inverse
Fourier transform, regularization.

Various mathematical models of deformable solids mechanics are used in the study of seismic
processes in the earth's crust. The processes of waves propagation are most studied in elastic media. But
these models do not take into account many real properties of the ambient array. These are, for example,
the presence of groundwater, which complicates the construction and operation of surface and
underground structures, affect the magnitude and distribution of stresses. Models, which take into account
the water saturation form the earth's crust structures, the presence of gas bubbles, etc., are multi-
component medium. A variety of multicomponent media, the complexity of the processes associated with
their deformation, lead to a large difference in the methods of analysis and modelling used in the solution
of wave problems.

Porous medium saturated with liquid or gas, from the point of view of continuum mechanics, is
essentially a two-phase continuous medium, one phase of which is particles of liquid (gas), other solid
particles is its elastic skeleton. There are various mathematical models of such media, developed by
various authors. The most famous of them are the models of M. Biot, V.N. Nikolaevsky, L.P. Horoshun
[1-7]. However, the class of solved tasks to them is very limited and mainly associated with the
construction and study of particular solutions of these equations based on the methods of full and partial
separation of variables and theory of special functions in the works of Rakhmatullin, H. A., Saatov Ya. U.,
Filippov I. G., Artykov T. U. [6,7], Erzhanov Zh. S, Ataliev Sh.M., Alexeyeva L.A., Shershnev V.V. [8,9]
etc. In this regard, it is important to develop effective methods of solution of boundary value problems for
such media with use of modern mathematical methods.

Periodic on time processes are very widespread in practice. By this cause here we consider the
process of wave propagation in the Biot’s medium, posed by the periodic forces of different types. Based
on Fourier transformation of generalized functions we constructed fundamental solutions of oscillation
equations of Biot’s medium. It is Green’s tensor, which describes the process of propagation of harmonic
waves at a fixed frequency in the space-time of dimension N=1,2,3, under the action of concentrated at
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the coordinates origin. By use this tensor we construct generalized solutions of these equations for
arbitrary sources of periodic disturbances, which can be described both regular and singular distributions.
They can be used to calculate the stress-strain state of a porous water-saturated medium by seismic waves
propagation.

1 The parameters and motion equations of a two-components M. Biot medium
The equations of motion of a homogeneous isotropic two-component M. Biot medium are described
by the following system of second-order hyperbolic equations [1-3]:
(A + u)graddivu, + pAug +Qgraddivu, + F*(x,t) = pyl, + py,l;
: : . . @
Qgraddivu, + Rgraddivu, + F' (x,t) = py,l; + py,U,
(X,t) eR" x[O,oo) . Here N is the dimension of the space. At a plane deformation N=2, the total
spatial deformation corresponds to N=3, at N=1 the equations describe the dynamics of a porous liquid-
saturated rod. We denote  Ug =Uj (x,t)ej a displacements vector of the elastic skeleton,

U = Uy (x,t)ej is the displacements vector of a liquid, €; (j =1.., N) are the basic orts of the

Lagrangian Cartesian coordinate system (everywhere by repeating indices there is summation from 1 to
N).

Constants 1y P21 Pap have the dimension of mass density and are associated with the density of

the masses of the particles, composing a skeleton Qsand a fluid o by relationships:

P11 :(1—m),05 — P2, P =Mp¢ — Py,

where mis a porosity of medium. The constant of the attached density 7 is related to the dispersion of

the deviation of the micro-velocities of the fluid particles in the pores from the average velocity of the
fluid flow and depends on the geometry of the pores. Elastic constants A, ; are the Lame parameters of an

isotropic elastic skeleton, and Q, R characterize the interaction of the skeleton with a liquid on the basis of
Biot law for stresses:

Gij :(ﬂ/akuk +Q8kUk)5U -I-,u(@iui +8jui)
O-:_mp = R@kUk +Q@kuk

)

Here O'ij(X,t) are the stress tensor in the skeleton, p(X,t) isa pressure in the fluid. Further we use

the notations for partial derivatives: Ok :ﬁ1 Uk :akuj, A =5k5k is Laplace operator. The
OX
external mass forces acting on the skeleton F3 :Fjs(x,t)ej and on the liquid component

f f
F'=F; (x,t)e;.

There are three sound speeds in this medium:

[, 2 [ 2
= s 5 = s 3=, |
\ a2

2
Cl 2a2 2062

where the next constants were introduced:
2
a, = (ﬂ' + 2:”)1022 +Rp, —2Qp,, @, =pupy, - (:012) r = (ﬂ’ + 2/”) R-Q*
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The first two speeds C,Co (cl > Cz) describe the velocity of propagation of two types of
dilatational waves. The second slower dilatation wave is called the repackaging wave. A third velocity Cq
corresponds to shear waves and at O = 0 coincides with velocity of transverse waves propagation in

an elastic skeleton (C3 < Cp).

We introduce also two velocities of propagation of dilatational waves in corresponding elastic
body and in an ideal compressible fluid:
A+ 2u R

S ) C¢ =

P11 P22

2 Problems of periodic oscillations of the Biot’s medium

Construction of motion equation solutions by periodic oscillations is very important for practice
since existing power sources of disturbances are often periodic in time and therefore can be decomposed
into a finite or infinite Fourier series in the form:

Fo(x,t)= Zn:FnS(x)e'i“’”t, Fh(xt)= Zn:an (x)en" ()

where periods of oscillation of each harmonic Tn = 272'/(0n are multiple to the general period T of

oscillation. Therefore, it is enough to consider the case of stationary oscillations, when the acting forces
are periodic on time with an oscillation frequency @ :

Fo(xt)=F(x)e™, F'(xt)=F"(x)e™ (5)
The solution of the equations (1) can be represented in the similar form:
Us (X,t)=ug(x)e™™, ug(x)=us(x)e™™ (6)

where the complex amplitudes of the displacements Ug (X) Us (X) must be determined. If the solution
has been known for any frequency mi, then we get similar decomposition for the displacements of the

medium:
us (X,t) _ Zursl (X)e_iw”t, u f (X,t) _ Zurr (X)e—ia)nt (7)
n n
which give us the solution of problem for forces (4).

We get equations for complex amplitudes by stationary oscillations, substituting (6) into the system
(D):
(2 + w)graddivu® + pgAu® +Qgraddivu’ + F*(x) = —pj0°U° - p,0°u’

Qgraddivu® + Rgraddivu’ + F " (x) = —p,0°u® - ppeu’

(8)
To construct the solutions of this system we define Green tensor of it.
3 Green tensor of Biot equations by stationary oscillations
Let’s construct fundamental solutions of the system (1) in the form:
o) (olile, ] |
= s(x)e™, k=1..,N,j=1..2N 9)

f - -
F Sihe

—— §4 ——
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where 5kj is Kronecker symbol. They describe the motion of Biot medium at the action of sources of

stationary oscillations, concentrated in the point x=0. The upper index of this tensor fixes the current
concentrated force and its direction. The lower index corresponds to component of the movement of the
skeleton and fluid, respectively k =1,...,N and k =N +1,...,2N .

Their complex amplitudes Ur{'](x, ®) (J,m=1,...,2N) satisfy to the next system of equation:

(/1+,L1)U lj(,ji +IUUI|TJJ +C£)2p11Uik +QU lj(le —a)zplzuik+N +5(X)5}( =0

(10)
k 21k k+N 21 1 k+N K
QUj i + P20 Ui ¢ +RU i + prr0”U; +5(x)5j+N -0
jzll---yzNg k=1,,2N
Since fundamental solutions are not unique, we’ll construct such, which tend to zero at infinity:
j
Ul (x,0) >0 at |[x|—> )

and satisfy to radiation condition of type of Somerfield radiation conditions [10].
Matrix of such fundamental equations is names Green tensor of Eq. (8).

4 Fourie transform of fundamental solutions

To construct U nJ1 (X, ®) we use the Fourier transformation, which for regular functions has the form:

Flp(x)1=9(&)= J‘ go(x)ei(f’X)dxl--.dXN

RN

(2i)N Ig(éz)e_i(é'x)dfl----di
RN

where é:: (51""’§N ) are Fourier variables. Let’s apply Fourier transformation to Eqgs (10), and use
property of Fourier transform of derivatives [10]:

Fa(¢)=0(x)=

0

— © - (12)
OX;

Then we get the system of 2N linear algebraic equations for the Fourier components of this tensor:
—K 2 —k —k o—k o—k K
—(ﬂ+ﬂ)§j§ju j —ﬂ||§|| Uj-QZiSjU i + puo°Uj+ pp0°Ujin + 65 =0,

—k —k —k —k
—Q¢igiUj—RSiGU jun +/7120)2U j +P22502U j+N +5}(+N =0,

j=1.,N, k=N+1..,2N (13)

By use gradient-divergence method this system has been solved by us. For this the next basic function
were introduced

1 fiao(&@) o
e~ (Ea)=—UT) g 14
Ck2||§||2 - 0* a (g a)) —lo . 44)

and the next theorem was proved [11,12].

fox (50))
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Theorem 1. Components of Fourier transform of fundamental solutions have the form
J=LN, k=1N,

:( If )(—ifk)[ﬂl f0+ 5,1, + 55 f23]+ai(p125Jk+N ,0225}-() fos

Ulj”“ :(_igj)(_iégk)[% fo+ 7250 +7s f23 : 5Jk+N ”é:” Fos = ('01151'(+N +,0125;<) fos
a,
j=1..,N k—N+1... 2N

:(_igj)( i& N)[771f21+772 fro +15 23]+ (p125}(+’\' '0225}() fos

UE”\' = (_iéi )(_ié:ka )[Q frtc,fnts; f23] - ,U J+N ||5|| fas = ('0115}(”\‘ + p125;() fos

2 2
where the next constants have been introduced:
1 2 2
Dl - Aol | m =G ~C, 0 =Qp —(A+4) P12, Uz =p1uR—Qpiy,
2U12
d, = (/1"'/1):022 -Qpy, 4, =Qp, —Rpy,, Oy = plZCjZ -0 (j=12)
Gv i) 2
By =) —L(dby+d,dy;), By=- (dby; +d,0s);
)5 U3 U3
i1 Dy f Dyciup,
7i=(1) (qlbfj +00s5), 73 Z——(Q1bf3+Q2d33);
OoU3 OpU31U3;
1 Dy 02 c2v
U =(-pit—=L (d jdzj +dab; ) 713 = ———(dydgs +d,bs, );
U3 UaU31U3
1 Dicf i
+ _QLy
= (-1’ (%daj +0abya j)S) Gy =~ (tyllas + Uplsg ) by = 0,0 = o0y,
A7V pU31U37

This form is very convenient for constructing originals of Green tensor.
5 Green tensor construction. Radiation conditions
At first let’s construct the originals of basic function:
D, (X,0) = F_l[ me(":’w)] ,
which, in accordance to its definition (14), satisfy to the equation
(cAllgl” - @?) fom =1. (15)

Using the property (12) for derivatives from here we get Helmholtz equation for fundamental
solution (accurate within a factor C;Z ):

—— ff ——
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(A+Kk2) Dy, +C.75(x)=0, k, :Cﬁ (16)

m

Fundamental solutions of Helmholtz equation which satisfy to Sommerfeld conditions of radiation: at
— o

Do () — k@ (1) = OG), N =3,
Do () = ik o () = OG- %), N=2.

are well known [10]. They are unique. Using them we obtain:

for N =3 Do, = 4;;02 e"‘mr, ko, :%;
for N =2 Dy =4L(:2Hél)(kmr),
where H 21) (kmr) is cylindrical Hankel function of the first kind;
o - sink,, |X
for N =1 om = m

. . —iot i . . e
These functions (subject to factor € @ )) describe harmonic waves which move from x=0 to infinity
and decay at infinity. Last property is true only for N=2,3. In the case N=1 all fundamental solutions of
Eq. (16) :

don’t decay at infinity.
From theorem 1 the next theorem follows.

Theorem 2. The components of Green tensor of Biot’s equations at stationary oscillations with
frequency 1, satisfying the conditions of radiation, have the form:

for j=1, k=1N,

52
_2 (DOm 1 k
= — 5K O: |Dpa,
E P OX 2%, 052 (/312 +N P22 1) 03

3 2
_ 0D y7i _ 1 K 4 055D
J+N ——w? E Ym o a?(r: + sz (0325( )+k3®0m)5J+N % (10115j+N P12 j) 03

for j=1,..,.N k=N+1,..,2N

52
_2 q)om 1 k
= E b} o; |D
T ox. 8xk a2(1012 j+N P22 j) 03

3 2
) 0 CDO 1 k
UJ+N =—® ng . 8Xn|: + a2w2 (c3 ( )"‘ k3q)0m)51+N (P115J+N +,0125j )‘DO3
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where

d’® 1 .
dxzom = (km2(3|nkm|x|)—2km5(x)) for N =1,

m'm

0%, i ) 1
8XjaXr|n( :_4(;% (0.5km(HO(kmr)_ Hz(kmr))r,j My +kH1(kml’)I’,jk) for N =2,

2
adjom = 1 2 eikr r’j Fy (Ikm _Ej +i2 + r-’J'k(ikm _lj for N =3;
OX;0X,  4nrc, r r r

X, 1 X X.
A L

c r r r
Proof. By use originals of basic functions , property (12) of derivatives, we can obtain from

m

—k
formulas for U j in theorem 1 the originals of all addends, beside that which contain factor ||.§||2 But
using (16) we have

AD =25 (X) + k2D <> [|E] fom = €2 + K2 o

Then formulas of Theorem 2 follow from formulas of Theorem 1.
Conclusion. Under the action of arbitrary mass forces with frequency @ in the Biot’s medium, the
solution for complex amplitudes has the form of a tensor-functional convolution:

u;(x,t) =U5(x,@)*F (x)e”", j,k =12N (17)

Note that mass forces may be different from the space of generalized vector-function, singular and
regular. Since Green tensor is singular, contains delta-functions, this convolution are calculated on the rule
of convolution in generalized function space. If a support of acting forces are bounded (contained in a ball
of finite radius), then all convolutions exist. If supports are not bounded, then the existence condition (17)
require some limitations on behavior of forces at infinity which depend on the type of mass forces.

The obtained solutions allow us to study the dynamics of porous water and gas-saturated media at the
action of periodic sources of disturbances of a sufficiently arbitrary form. In particular, under the action of
certain forces on surfaces, for example cracks, in porous media that can be simulated by simple and
double layers on the crack surface.

There is another interesting feature of the Green tensor of the Biot equations, which contains, as one
of the terms, the delta function what complicates the application of this tensor for solving boundary value
problems based on the boundary element method or boundary untegral equations method [13,14]. Here,
when constructing the model, the viscosity of the liquid is not taken into account, which, apparently, leads
to the presence of such terms, and requires improvement of this model taking into account the viscosity.
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JI.A. Anekceesal, E.B. Kypmanos!?

Maremarnka k9He MaTeMaTHKaNIbIK Moaenbaey uHeTuTyTsl KP BFM, Anmater, Kazakcran;
2on-Dapabu ateingarsl Kasak ¥YarTeik Yausepcuteti, Anmatsl, Kazakctan

CTAIHMOHAP TEPBEJIICTEP KE3IHAET'T
EKI KOMITIOHEHTTI M. BUO OPTACBIHBIH
KO3FAJIbIC TEHAEYIHIH I'PUH TEH30PbI

AnHoTtanusi. KarTel cepmimzai koHE WUACaNIbl CYHWBIKTAH TYpPAaThIH €Ki KOMIIOHEHTTI bwo opTaHb
KapacThlpaMbl3. MyHzaif OpTaHBIH KO3FAJIBICHI KATTHl JKOHE CYWBIK KOMIIOHCHTTEPIiH OpPBIH aybICTHIPYHI YILIH
TUITepOOJIANBIK THIITET] eKiHIIl peTTi AuddepeHInanapK TeHIeYIepAiH OipikKKeH KYHeciMeH CHIaTTaIaabl. OpTypii
THUITErl HePUOATHI KYIITEp TYABIPAThIH OO OPTaNarkl TOIKBIHAAPIBIH Tapaly IpOLecTepi 3epTTeNreH.

Byn xytieHiq cramuonapisl memiMaepi N = 1,23 enmemaep KeHICTITiHAETi TapMOHHUKAIBIK TepoOemicTepi
cumartaiinel. bynm skarmaiima Kypaeni TepOelic aMIUIMTyJachl VINIH TEHZAEYNep JKYHeci SIUTUNTHKAIBIK TYpIe
Oomamsl. XKanmeimasrad QyHKIUSUTapIBIH JKOHE OHBIH KacueTTepiniH Oypre TypieHaipyi Heri3iHae oprara Tepoeric
TEH/ICYJIEPiHiH ipreii meniMi — CHHTYISIPIIE 1enbTa (YHKIUACHIMEH CUITaTTallFaH MIBIFY KO3iHe MOFBIpIIaHFaH KYII
KO3JepiHiH oCEepiHEH TYpPaKTHl KUUTIKTETI yaKBITTHIK-TAPMOHHUKAIBIK TOJKBIHAAPABIH TapalyblH CHIIATTaWTHIH Bro
opta — ['pHH TEeH30PbI TYPFHI3BULIBL.

TypakTsl ’KoOHE CHHTYJISPIbI JKalNblIaHFaH (QYHKIMSUIAPMEH CHUIIATTaNaThIH IIEPUOATHIK OY3yJapaslH SpTYpIi
KO3JepiHiH acepi Ke3iHae, OCHl TeHACYNIepIiH JKaNIbUIaHFaH IIemiMAepi TYPFRI3BUIABL. AJBIHFaH HOTIDKENEPIi Ta3
JKOHE CYHBIK KaHBIKKAH KEYEeKTi OpTaJarbl TOJIKBIHABIK IIPOLIECTEPAl 3epTTey YIIiH KOJITaHyFa Oonasl.

Tyiiin ce3gep: bro opracel, KaTTHI KoHE CYHBIK KOMIIOHEHTTED, iprelli mIemIiM, JKaJlbUIaHFaH Typa XKoHe Kepi
®Dypre TYpIeHAIpYIEpi, peryIsapu3alus.

JI.A. Anekceepal, E.B. Kypmanos!?

MucTuTyT MaTeMaTHKH 1 MaTeMaTHueckoro moaenuposanns MOH PK, Anvatsl, Kasaxcran;
?Kasaxckuii HallMOHANILHEIN YHUBEPCUTET UMeHH anb-Papabu, Anmartel, Kasaxcran

TEH30P T'PUHA YPABHEHU
JBAKEHUS IBYXKOMITIOHEHTHOM
CPEJbI M. BUO TP CTAIIMOHAPHBIX KOJIEBAHUAX

AHnHoTanus. PaccMaTpuBaeTcs AByXKOMIIOHEHTHas cpena bro, comepxamus TBEpAYIO YIPYTYI0 KOMIOHEHTY
U WACANBHYIO JKHAKYI0. JIBIDKEHHME TaKOH Cpeapl OINHWCHIBAaeTCS CBS3aHHON cucTteMol auddepeHnnarbHbIX
YpaBHEHHH B YacCTHBIX HMPOM3BOJHBIX BTOPOTO IOPsAKAa TMIEPOOIHMYECKOTO THUIA Ui MEpeMEIICHHH TBEpPIOW U
KUAKOW KOMIIOHEHTHI. MccneayroTess mpouecchl pacpoCTpaHEeHUs BOJH B cpene buo, nmopoxnaeMele AecTBYIO-
IIAMH NEPHOANYECKIMH CHIIaMH PA3IMYHOTO THIIA.

CrposiTcst  CTaMOHApHBIE PEHICHHS JTOM CHCTEMbI, OIMCHIBAIOIINE TapMOHHYECKHE KOJeOaHHs B
npoctparctBax pasmepHocT N = 1,23. B »TOoM ciydae cucreMa ypaBHEHHH sl KOMIUICKCHBIX aMIUTHTYX
KonebaHnii sBisieTcs uunTrdeckoil. Ha ocHoBe mpeobOpa3oBanns @ypre 000OIIEHHBIX (YHKIHH M €ro CBOWCTB
mocTpoeHo (hyHIAMEHTAIbHOE pellleHue ypaBHEHHH Koiebanuid cpensl bruo - TeHzop I'pmHa, KOTOPEHIN ONMMCHIBAaeT
MPOLIECC PACIPOCTPAHEHUS] TAapPMOHMYECKHX II0 BPEMEHM BOJMH (PUKCHPOBAHHON dYAcCTOTHI MpH JEHCTBHU
COCPEIOTOYEHHBIX B HaYaJle KOOPIMHAT CHJIOBBIX HCTOYHHKOB, OTIMCHIBACMBIX CHHTYJIAPHOM AenbTa-(DyHKIHEH.

Ha ero ocHoBe mocTpoeHB OOOOIIECHHBIE pEIICHMS ATHX YPaBHEHUH TIpH AEHCTBHH pPa3zHOOOPa3HBIX
HCTOYHHMKOB MEPHOANYECKHX BO3MYIIEHHH, KOTOPHIE OIMCHIBAIOTCA KaK DETyJSPHBIMH, TaK W CHHTYJISAPHBIMHU
0006meHHbIME QyHKIMSIMH. [ToTydeHHbIE peneHns] MOJKHO HCIIOIb30BaTh JJISl HCCIIEIOBAHMSI BOJIHOBBIX IIPOIIECCOB
B Ta30- ¥ )KUAKOHACHIIIEHHBIX IIOPUCTBIX CPEAaX.

KaroueBsie ciioBa: cpena buo, TBepiast u jkujikash KOMIIOHEHTHI, ()yHIAMEHTAJILHOE PEIIeHHE, 0000meHHOe
npsiMoe 1 obpatHoe npeodpazoBanue Oypre, perysspu3amnms.
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