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MODERN COMPUTING EXPERIMENTS ON PULVERIZED COAL
COMBUSTION PROCESSES IN BOILER FURNACES

Abstract. The aim of the work is to create new computer technologies for 3D modeling of heat and mass
transfer processes in high-temperature physico-chemical-reactive environments that will allow to determine the
aerodynamics of the flow, heat and mass transfer characteristics of technological processes occurring in the
combustion chambers in the operating coal TPP RK. The novelty of the research lies in the use of the latest
information technologies of 3D modeling, which will allow project participants to obtain new data on the complex
processes of heat and mass transfer during the burning of pulverized coal in real combustion chambers operating in
the CHP of RK. Numerical simulation, including thermodynamic, kinetic and three-dimensional computer
simulation of heat and mass transfer processes when burning low-grade fuel, will allow finding optimal conditions
for setting adequate physical, mathematical and chemical models of the technological process of combustion, as well
as conduct a comprehensive study and thereby develop ways to optimize the process of ignition, gasification and
burning high ash coals. The proposed methods of computer simulation are new and technically feasible when
burning all types of coal used in pulverized coal-fired power plants around the world. The developed technologies
will allow replacing or eliminating the conduct of expensive and labor-consuming natural experiments on coal-fired
power plants.

Key words. Combustion, boundary conditions, computer simulation, low-grade coal, pulverized coal, reacting
mixture, combustion chamber, numerical experiment.

Introduction

Kazakhstan is currently a developed country rich in natural resources. The fuel and energy complex is
the basis for life support and economic development. Kazakhstan coal has high ash content (~ 40%) so
they rated as low-grade, despite of it this organic fuel covers more than 40% of the demand for primary
energy resources. The use of such quality coal leads to economic and ecological problems, related with
ineffective incomplete combustion of fuel, which causes a high level of carbon and nitrogen compounds
in the atmosphere.

In this regard, the President of the Republic Nazarbayev N.A. identified the global energy-
environmental strategy for sustainable development of Kazakhstan, where he expressed ideas about
sustainable energy. According to the adopted “Sustainable Energy Strategy for the Future of Kazakhstan
until 2050 [1], the factors of energy independence and development principles include the requirements
of ensuring the interests of the new generation and preserving the environment, which are determined by

— 5 —
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the following parameters: ensuring the world level of economic and technical efficiency throughout the
country's energy sector; control the level of environmental impact of energy; the existence of an internal
policy aimed at ensuring the availability of all types of energy; possession of the optimal institutional
structure of the energy-complex; ensuring participation in international energy markets.

In the main, the country is currently dependent upon fossil fuels for power generation. As shown in
Fig. 1 13% of Kazakhstan's power is generated by hydroelectric power plants, and whilst 90% is from
thermal-powered plants (75% coal-fired stations).

Power plant
(Oil)

Power plant

(Gas)

CHP (Gas) Power plant

(Coal)

Fig 1 - Kazakhstan's electricity generating capacity (%)

To optimize the combustion of solid fuels, to develop and implement “clean” technologies and to
protect the environment and ensure the efficiency of power plants, a deeper study of the issues of burning
solid fuels in the combustion chambers of boilers and conducting research of technological processes
taking place at TPPs is needed. It is possible with a combination of physical, scientific and applied,
technological and engineering research in the field of optimization of solid fuel combustion processes [2-
7]. In this regard, it becomes relevant to conduct computational experiments on the study of ignition, heat
transfer, and mechanisms for burning out a coal-dust torch in the combustion chambers of boilers of
energy facilities.

Methods of pulverized coal combustion research

At present, the intensive development of computer technologies and numerical simulation methods
ensures a sufficiently high accuracy, the convergence of numerical results and their agreement with the
results of field experiments. The use of computational fluid dynamics CFD allows one to obtain data
without field experiments, which can then be used to substantiate the parameters and modes of thermal
and hydrodynamic processes in the preparation of subsequent experimental studies on real energy
facilities.

To study the complex physicochemical processes occurring while the pulverized coal combustion in
furnace of boilers, it is necessary to have certain conditions required for carrying out computational
experiments, including a multiprocessor computing system, an adequate physical, mathematical and
chemical model and an exact method for solving a system of differential equations that describe the real
technological process of burning pulverized coal in the existing power plant.

Numerical simulation uses numerical methods for solving the fundamental equations of heat and
mass transfer processes using powerful computers. The theoretical analysis of vortex flows is based on the
Navier-Stokes and Reynolds equations [8]. However, due to the nonlinearity and interconnectedness of
these equations, their solution in the general case can be found only numerically [9]. The predominant
method in the numerical simulation of subsonic currents and heat and mass transfer is the well-proven
algorithm of SIMPLE Patankar-Spalding [10].

The description of the numerical model is based on a number of physical laws of conservation of
mass, momentum, energy [11]. The mathematical model consists of a system of differential equations,
algebraic closing relations and boundary (initial and boundary) conditions.

6 —
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Since most practical flows are turbulent, the conservation equations must be considered in averaged
and filtered by time or spatial forms, which must be closed using additional turbulent models [12]. For the
formulation of a mathematical model, we consider the basic equations.

Since there are no sources of mass, only the transformation of the constituent components takes
place. In this case, the equation of conservation of mass or the continuity equation takes the form (where
the first term of the equation describes the flow nonstationarity, the second term is convective transport):

op O
—+—(pu)=0
o o (pu;) (1)
8(pu) 0 5p az-l'/‘
—+ Uu)y=——=—+—+pg. +F
o ax (puu;) ox, G, pg;+ 1 2)

The first term of the equation describes the nonstationarity of the flow, the second - convective
transport, the third and fourth terms - surface forces (pressure gradient and molecular diffusion), the fifth -
mass forces (gravity), the sixth - external mass forces.

The energy conservation equation takes into account energy transfer due to conductivity, diffusion,

and viscous dissipation:
o(ph) 0O 9 0 0 oT 0 ou,
(L)+—(phu.):a—fz+u.—p——(k )b+ (1)

o ox ! “ox, ox, T ox ox, 7 ox,

+3S,,03)

where 4 = ij,hj, — enthalpy for ideal gases, & = Zm h+ % — enthalpy for incompressible flow
i J

J

of gas, h, = T;Cp’ #dT — enthalpy for flow J, diffusion substance, k,, =k, +k, — effective thermal

conductivity (the sum of laminar and turbulent thermal conductivity), (TU) — effective stress tensor, S,

eff
— source term that takes heat into account due to chemical reactions and other volumetric energy sources
(heat due to radiation, convective exchange between particles and the gas phase, and heat of combustion).

To study the turbulent burning flow of an industrial flame, the averaged conservation equations are
used, supplemented by a two-parametric k- model of turbulence [13].

Simulation of the combustion process in the gas phase is a complex process involving numerous
chemical reactions of fuel and oxidizer through the formation of intermediates and final products of
combustion. The task is further complicated because of the interaction between turbulence and the
kinetics of the combustion process, in view of the fact that turbulent reactive flows are characterized by
sharp fluctuations in temperature and density, under the strong influence of exothermic reactions of the
combustion process. To simulate the combustion of the gas phase, a simple chemical reaction system
developed by Spalding is used. The model describes the global nature of the combustion process, where
the complex mechanism of chemical kinetics is replaced by infinitely fast chemical reactions between fuel
and oxidant [14].

So for mathematical modeling of processes occurring in combustion devices during coal combustion,
the FLOREAN computer program [15-16] based on numerical solution of three-dimensional equations of
energy and substance transfer taking into account chemical reactions is used. All mathematical models
represent a complex system of nonlinear three-dimensional partial differential equations. They consist of
the equations of continuity of the medium, the state of an ideal gas and the motion of a two-phase
medium, heat transfer equations, chemical kinetics, and diffusion for the components of the reacting
mixture, taking into account the radiative and turbulent transport described by the k-¢ model of
turbulence. For numerical calculation were used the primary and boundary conditions, also control
volume method for solving the differential equations [17].

Setting of the computing experiments in boiler of RK
In the present work, for carrying out computational experiments on pulverized coal combustion used
software package FLOREAN. Creating a database for modeling is carried out using the PREPROZ

— ] —
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software package [18], where the generated files contain the geometric data of the process under study,
the initial and boundary conditions for modeling the process of heat and mass transfer in the reacting
flows. General view of the boiler BKZ is shown in Fig. 2.

7
em\_\\l\

Fig. 2 - General view of the boiler BKZ-75 of Shakhtinskaya CHPP (RK)

Pipes front, rear screens and the lower part form in the furnace space the area of the cold funnel. In
tables 1 and 2 there showed basic geometric parameters also technical parameters of the combustion
chamber of the BKZ-75 boiler. The characteristics of the coal are presented in Table 3.

Table 1 - Basic geometric parameters of the combustion chamber of the BKZ-75 boiler

Name Symbol Unit Value
Height of the combustion chamber (Z) H, m 16.75
Width of the combustion chamber (X) b, m 6
Depth of the combustion chamber (Y) I, m 6.6
Frontal and posterior wall area Fy, Fy m’ 90.675
Area of the right side wall Fy m’ 92.4
Area of the left side wall Fy m? 110.55
Ceiling wall Area F, m’ 27.72
Area of hearth wall Fy m’ 7.26
Cross-sectional area of the air-blast channel in the burner F, m> 0.12
The cross-sectional area of the secondary air duct in the Fg, m? 0.25
burner

The furnace chamber of the BKZ-75 boiler is equipped with four axial-blade vortex pulverized-coal
burners, which are located in one stage of two burners on the side walls of the chamber and direct dust
injection from individual dust preparation systems is used.
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Table 2 - Technical parameters of the combustion chamber of the boiler BKZ 75-39FB Shakhtinskaya CHP

Name Value
Number of burners on the boiler, N, pc. 4
The performance of a single burner for fuel, B, t’h 32
The primary air flow to the boiler, V},, Nm’/h 31797
Secondary air consumption per boiler, V,, Nm*/h 46459
The temperature of hot air, #,,, °C 290
The excess air factor in the furnace, O 1.2
Value of the suction cup, Aa
Firebox and festoon 0.1
Superheater 0.03
Economizer 0.02
Air Heater 0.03
Estimated fuel consumption per boiler, B, t/h 12.49
Cold air temperature, t.,, °C 30
Pressure at the inlet, P, mbar 1.013-10°
Hydrodynamic resistance of the burner air mixture channel, 4P, mm of water 67.1
column )
The temperature of the air mixture, 7, °C 140
The wall temperature, ¢,,, °C 430.15
Table 3 - Characteristics of Karaganda coal grade KR-200
Name Symbol Unit Value
Type of coal KR-200 - -
Milling dispersity Ry % 20
Coal density p kg/m’ 1350
Heat of combustion 0Oy kJ/kg 3.4162-10°
Ash A° % 35.10
Volatiles v % 22.00
Humidity w* % 10.60
Carbon C % 43.21
Hydrogen H, % 3.6
Oxygen 0, % 5.24
Sulfur S, % 1.04
Nitrogen N, % 1.21
Chemical composition of ash (macrocomponents)
SiO, % 60.2
Al 04 % 25.5
F 6203 % 5.85
CaO % 3.65
MgO % 1.05
TiO, % 0.95
SO; % 0.8
K,0 % 1.65
Na,O % 1.06
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Considered coals are difficult to enrich. Their inner component is almost indestructible (the organic
part consists of plant matter, brought from mineral impurities deposited with plant residues, and the
infiltration part of the mineral salts contained in the water circulating through the cracks). Thus, their
enrichment does not justify the economic costs associated with the enrichment process.

Results of computing experiments on pulverized coal combustion processes in boiler furnace of
RK

The aerodynamics of two-phase turbulent flows during the combustion of pulverized coal which is
vortex transfer [19] causes the nature of the leaking of the entire combustion process. The main role of the
aerodynamic structure of the vortex flow is the perfect mixture of fuel mixture with oxidant. Fig. 3a
shows that the flow of the air mixture with the combustion products has a vortical character in the
burners’ zone (Z ~ 4 m). It can be seen that the total velocity vector has its maximum values V ~ 16 m/s
there. This is because the counter flow currents, blown from the burner devices, are directed at maximum
speed to the center of the furnace space, collide. And here, dissecting into several vortices, form a return
flow up and down over the furnace space. This vorticity character arises from turbulence (Fig. 3b) due to
the interaction of the air mixture with the oxidant [20].
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Fig. 3 - Three-dimensional distribution of the full-velocity vector (a) and turbulence (b)
in the volume of the combustion chamber of the boiler BKZ-75-39FB Shakhtinskaya CHPP

The fuel mixture and oxidizer (air) coming from the opposite burners, so the temperature values reach
their maximum in the core region of the torch at an altitude of about three meters, it is the lower part of
burners. Here, due to the vortex nature of the flow maximum convective transfer and an increase in the

— 10 —
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residence time of coal particles are observed. As a result temperature rises to its value 1100°C (see Fig. 4).
On the height of the combustion chamber, it can be seen a gradual decrease in temperature to the exit
from the furnace. At the exit the temperature fields are equalized: in the rotary region of the furnace, the
average temperature is T = 941°C, and at the outlet from the combustion space T = 879°C.

Analyzing the verification of obtained computational data with the theoretical calculation at the outlet
from the boiler [21] and with natural data from TPP [22]. Analyzing the results it is seen a good
agreement.

1200
1000
¢
=
800 -
600
i -[21]
-[22]
m
400 Z,
0 2 4 6 8 0 12 14 16

Fig. 4 - Distribution of the temperature by the height
of the combustion chamber and its verification with the known data [21-22]

The distribution of CO, concentration in the central part (Fig. 5) is less than at the outlet. The final
stages of complete combustion of energy fuel, with the greatest amount of formation of combustion
products of CO, take place to the output area. The verification of obtained results with known data [22]
from real TPP shows the good compliance.

0.20 —Minimal —Maximal —Average

A-[22

,__
=]
o

Carbon dioxide CO,, kg/kg

Height Z, m
0 2 4 6 § 10 12 14 16

Fig. 5. Two-dimensional distribution of the CO, concentrations by height
of the boiler and its verification with the known data

Concentration of nitrious oxides NOx as shown in figure 6 has a maximal value at the burners
zone (Z=4 m) in a region where the injected flows are met (central part). At the outlet from the chamber
the average value of the NOx is about ~ 700 mg/Nm”. From the comparing with experimental data [22-24]
and MPC norms [25], as it shown in Fig. 8 it can be said that obtained results correspond quite well to the
picture of real formation of NOx emissions with acceptable values for ecologically clean operation of
energy fuel in this boiler.
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Fig.6 - Distribution of the NOx concentrations by height and its verification with the known data

3D computer simulation of the combustion of pulverized coal fuel allows for better understanding of
the problems of computational fluid dynamics (CFD), mathematical and numerical modeling of solid fuel
combustion processes, and the mechanism of chemical interaction between combustion products. The
results of the conducted research contribute to the solution of the actual problems of thermal physics,
technical physics, thermal power engineering and environmental safety, since they make it possible to
give recommendations on optimization of burning processes of low-grade energy fuels in order to
increase energy efficiency and improve the ecological situation and create “clean” energy production.

Conclusion
In order to reduce emissions and meet the growing demand for electricity, it is urgently necessary to

develop and implement new cost-effective and environmentally friendly (safe) technologies, as well as to
modernize existing energy supply facilities.

Concluding results of conducting research we can propose the new physical-mathematical and
chemical models of simulation low-grade Kazakhstan coal combustion in the real chambers of the energy
objects. Used method give an adequate character of the processes of heat and mass transfer and formation
of emissions of harmful substances during burning of low-quality Karaganda coal of grade KR-200 with
high ash content (more than 35%) in the combustion chamber of the existing power boiler BKZ-75 of
Shakhtynskaya CHPP.

By comparisons of numerical experiment results held in this work with natural data from TPP we can
propose the observed method of research of combustion processes is reliable. The results carried out in
this work and used method of computational study can be useful in the design and development of new, as
well as in the improvement of existing combustion chambers of power boilers of TPP.
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' O51-Dapabu ateiHarel Kazak yITTHIK yHHBEPCHTETIHE KAPacThl SKCTIEPUMEHTAIIBIK JKOHE TEOPHSUTBIK (DH3HKAHBIH
FBUIBIMU-3€PTTEY UHCTUTYTHI, ani-Dapadu ateinnarel Kaz¥y DT F3U, Anmarsl, Kazakcran;
? On-Mapabu aTbiHgars! Ka3ak YITTHIK YHHBEPCHTETIH QU3MKA-TEXHUKANBIK (aKyIbTeTi,
on-®apadu areingarel KasYVY, Anmarel, Kazakcran;
? Ipara k. Yex TeXHUKATIBIK YHHBEPCHTETIHIH CYIbIK TMHAMHKACH MEH TEPMOIMHAMUKA (haKyIbTETi,
[Ipara k. Yex Texuukanslk yHuBepcurerti, [Ipara, Uex PecryOnnkacsr

KA3AHJBIKTAPJBIH )KAHY KAMEPAJIAPBIHJIA INAHTEKTEC KOMIP/IH
"KAHY IMPOLECTEPIHIH 3AMAHA YU KOMITLIOTEPJIIK TOKIPUBEJIEPI

AnHotanusi. JKoOaHbIH MakcaThl KOFapbITeMIEpaTypaibl (H3UKa-XUMUSUIIBIK OPEKETTECYIl OpTaiapliarsl
KBUTy Macca TachiMaliaHy npouectepin 3D Mmojenney/iH jkaHa KOMIBIOTEPIIK TEXHOJIOTHSIAPBIH Kypy OOJbII
tabbagsl. Onap KP kpimer ererin kemipii JXXOC-H jkaHy KamepajapblHaa OOJaThlH TEXHOJOIUSUIBIK
MPOLIECTEP/IIH aFbICTap adPOIMHAMHUKACHIH, KBUTYy Macca alMacy CUIlaTTaMalapblH aHbIKTayFa MYMKIHIIIK TyFbI3abl.
3epTTeynepiH JKaHAMBUIIBIFBI ©H aHa 3D MozaenaeymiH aKmaparThlK TEXHOJOTHSUIAPBIH KOJIAHy OOJIBII
tabpuTagpl. On sk00a KateicymbuiapeiHa KP icke kocburran JKOC-H peansl )kaHy KamepallapblHIaFsl IaH-KeMipITi
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OTHIHHBIH JKaHYBl Ke3iHIe XBUIy Macca TachIMaJJaHyIbIH KYpIedi MPOLECTepiHIH XKaHAa MOTIMETTepiH anyra
xapaemaeceni. TeMeHriCyphITEl OTBIHIBI JKary Ke3iHIe TePMOAWHAMHKAIBIK, KHHETHKAJBIK JKOHE XKBUIy JKOHE
Macca TachIMalay MPOLECTEePiH YII OIIeMIl KOMIBIOTEPIIIK MOACIBICY i €CKepreHAeri CaHAbIK MOJCIICY JKaHy
IPOLECIHIH TEXHOJOTUSIIBIK IPOLECIHIH aJeKBaTThl (PU3MKAIBIK, MATEMAaTHKAIBIK >KOHE XHMHSUIBIK YITUIepiH
OpHAJIACTHIPY YILIIH OHTAWNIbBl Karaaiaapapl Tabyra MyMKIHIIK Oepeji, COHIal-ak »KaH-)KaKThl 3epTTeyliep
Kyprizyre kemek Oepeji, OChUIaiIa jKaHy MPOLECIHIH TYTaHy, ra3[aHy >KOHE MKOFapbl KYJII KOMipiepai aryja
’KaHa JKOJIIapAbl YChIHyFa MyMKIHIIK Oepeni. JKoOaHbIH JaMybIHA YCHIHBUIFAH KOMIIBIOTEPJIIK MOJIENIbACY SAicTepi -
OYKix aeM OOMBIHIIIA KOMIPMEH JKYMBIC ICTEHTIH JKbUTY JJIEKTP CTaHUMSUIAPbIHIA KOJIAAHBUIATHIH KOMIPAIH 0apIIbIK
TYpJIEpiH JKaryla jkaHa »JKOHE TEXHHMKAIbIK MYMKIHIIUII 30p Ooibinm TaObuiagbl. Y CHIHBUIBINT OTBIPFaH
TEXHOJIOTHSUIAp KOMIPMEH J>KYMBIC ICTEHTIH OJJIEKTp CTaHLMUIApBIHAA OpBIHAAIATHIH KbIMOAT JKOHE €HOeK
HIBIFBIH/AAPEI KKET €TUIETIH TaOUFU SKCIIEPUMEHTTEP/Ii aybICThIpyFa HEMece KOIFa MyMKIHIIK Oepeti.

Tyiiin ce3aep. XKany, mexapayiblk mWapTTap, KOMIBIOTEPIIK MOJEN/ICY, TOMEHTIT CYPBINTHI KOMIp, IIaHKOMipJi
OTBIH, OCEPIIECETIH KOCTIa, JKaHy KaMepachl, CAHABIK TIXKipuoenep
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! HayuHo-mccnenoBaTenbCKuil HHCTUTYT SKCIIEPUMEHTAIBHOM 1 TeopeTndeckoi (husnkn npu Kazaxckom
HalMOHAILHOM yHUBepcuTeTe uMeHH anb-Dapadu, HUM DT npu KasHY umenn ans-DPapadbu, Anmarsl,
KazaxcraH;

* du3MKO-TeXHHUeCKHiT (PakybTeT Ka3axckoro HaMOHANBHOTO YHHBEpCHTETa MMeHH anb-Dapadu, KasHY nvenn
anp-®apadu, Anmartel, Kazaxcran;

3 JlenapraMeHT AMHAMUKH KUAKOCTH U TepMoanHaMuku Yenickoro Texunueckoro Yuusepcurera r.Ilpara, YTV r.
[para, [Ipara, Yemickas Pecry0mmka

COBPEMEHHBIE KOMITBIOTEPHBIE SKCIIEPUMEHTHBI ITPONECCOB C:)KUT'AHUS
YT O0JIbHOM NBLJIU B TOIIOYHBIX KAMEPAX KOTJIOB

AnHoTauus. [lenpro paboThl SIBISIETCS CO3IaHHWE HOBBIX KOMIIBIOTEPHBIX TexHoJiornid 3D momenmupoBaHms
MPOIIECCOB TEIIOMACCONEPEHOCa B BBHICOKOTEMITEPATYPHBIX (DU3UKO-XUMHUYCCKH PEarupyrolluX Cpeaax, KOTOphIe
MO3BOJISIT  ONPENENATh a’pOJAMHAMUKY TEUEHHS, TEIIOMacCOOOMEHHbIE XapaKTEPUCTUKH TEXHOJOTUYECKUX
l'[pOLlCCCOB, HpOI/ICXOI[SILlII/IX B TOIIOYHBIX Kamepax B HGﬁCTByIOIJ.[HX yFOJ'II)HI)IX TCIIJIOBBIX SHeKTpI/l'{eCKI/IX CTaHHI/lﬁ
Pecnyonmukn Kaszaxcran. HoBu3HA ucclieoBaHMI 3aKIFOYACTCS B HCIOJIH30BAHWU HOBEHIINX HH()OPMAIIMOHHBIX
TexHoJorui 3D MoaenupoBaHus, KOTOPbIE MO3BOJISAT YYACTHUKAM MPOEKTA MOJYYUTh HOBBIE JaHHBIE O CIOMXHBIX
mpoleccax TeIIoMaccolepeHoca Npu TOPEHUHM MbUIEYTOJIbHOIO TOIUIMBA B peajbHBIX TOIMOYHBIX KaMmepax,
neiicteytomux TOL PK. UwmcnenHoe MomenupoBaHHe, BKIIOYAIONIEE TEPMOIWHAMHUYECCKOE, KHHETHYECKOE H
TPEXMEpHOE KOMITBIOTEPHOE MOJEIMPOBAHUE MPOIECCOB TEIUIOMACCONEPEHOCA TP CKUTAHWH HU3KOCOPTHOTO
TOIUTMBA TO3BOJIUT HAWTH ONTHMANBHBIC YCIOBHS IS TIOCTAHOBKH aJCKBaTHON (PH3MKO-MAaTEMaTHUECKOW H
XUMHUYECKOH MOJIENI TEXHOJOTHIECKOTO TPOIecca TOPEHMsI, a TAaK)Ke MPOBECTH KOMIUIEKCHOE MCCIIEIOBAaHUE U TEM
caMbIM pas3pa0aThiBaTh MYTH ONTHMHU3HPOBAHMS IPOIECCa BOCIUIAMEHEHHs, Tra3u(UKalud W COKUTaHHs
BBICOKO30JIbHBIX yriei. [Ipemiaraemsie k pa3pabOoTKe METOIbI KOMIIBIOTEPHOTO MOJICIIMPOBAHHUS SIBJITFOTCS HOBBIMH
U TEXHUYECKU PeaJM3yeMbl NP C)KUTAaHUM BCEX THUIIOB yIJeH, MCHOJIb3yeMBIX Ha MbuleyroibHbIX TOC 1o Bcemy
MI/lpy P33p36aTblBaeM])Ie TCEXHOJIOTUU ITIO3BOJIAT 3aMCHUTHL HJIINW HUCKIIKOYUTH HpOBC}I@Hl/Ie [lOpOFOCTOHHJ,I/IX u
TPYJIOEMKUX HAaTypPHBIX IKCIIEPUMEHTOB Ha yroibHbIX TOC.

KuaioueBsble ciaoBa. ['opeHue, rpaHUYHbIE YCIIOBUS, KOMIBIOTEPHOE MOJECIUPOBAHHME, HU3KOCOPTHBII YIoOJb,
MbUIEYTOJIBHOE TOIUIMBO, pearupyrouiasi CMeCb, TOIIOYHASI KAMEPA, YUACICHHBII KCIIEPUMEHT.
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INVESTIGATION OF DEUTERON SCATTERING
BY 'Li NUCLEI AT ENERGY OF 14.5 MeV

Abstract. The pronounced cluster structure of lithium isotopes is an excellent test for verification the various
theoretical nuclear models. The study of the cluster exchange mechanism in direct nuclear reactions opens new
possibilities in determining the structures of these nuclei. The sets of parameters of optical potentials available in the
literature are vary, that can lead to ambiguity in determining the cluster spectroscopic factors of the studied nuclei.
Therefore, an experimental study of the scattering process at energy £ = 14.5 MeV has been carried out in order to
obtain an independent global systematic of optical potentials for the d + 'Li system. New experimental data were
obtained in the current paper on the elastic and inelastic scattering of deuterons on 'Li nuclei at energy E = 14.5
MeV. In addition to this, in our analysis we used experimental data on elastic scattering, measured previously at
deuteron energies from 7 to 28 MeV. The analysis of the differential cross sections was performed within the
framework of the optical model. The optimal parameters of optical potentials for the studied nucleus are established.
The obtained parameters in this work will be used in the analysis of the data on inelastic scattering of deuterons and
the "Li (d, 7) reaction to refine the structural characteristics of lithium isotopes.

Keywords: lithium nuclei, differential cross sections, elastic and inelastic scattering, optical potential.

Introduction

The systematics of the proton and a-particles scattering by light nuclei at an energy of about 10
MeV/nucleon showed an anomalous growth of cross sections at the large angles. It was shown [1-5], that
other mechanism, such as exchange processes, make a significant contribution to the formation of a
scattering cross section in this energy region.

At present, scattering of a-particles by °Li and 'Li nuclei, having a pronounced cluster structure, was
systematically studied. The anomalous large-angle scattering (ALAS), observed in [1-4], can be only
described with taking into account the contribution of the cluster exchange mechanism, which is
physically indistinguishable from potential scattering. Therefore, in a number of papers [4, 6], with taking
into account this mechanism, it was possible not only to obtain more reliable parameters of the optical
potentials, but also to extract the values of cluster spectroscopic factors from the cross sections analysis at
large angles. In particular, the values of the spectroscopic factors were obtained for the configurations d
+a, *He + 7 and ¢ + o, and not only for the ground, but also for the excited states of the 871 i nuclei from
the analysis of the scattering of *He and o - particles. A systematic analysis of the deuteron scattering on
SLi nuclei, performed in [4] in wide energy range, confirmed the possibility of describing the behavior of
the cross sections at backward angles by the exchange mechanism. The differential cross sections of the
transfer of the alpha cluster were obtained taking into account the channels coupling and the spectroscopic
factor for the configuration of the °Li nucleus as d + o, which is close to 1.

In the present work, to determine the parameters of the optical potential for the "Li nucleus, the
scattering of deuterons was studied not only at 14.5 MeV, but also at other energies using literature data.
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Experimental method and results of the measurements

The experimental angular distribution of the deuteron elastic scattering by 'Li was measured at the
energy of 14.5 MeV. The deuteron beam was extracted from the U150-M isochronous cyclotron of the
Institute of Nuclear Physics (Almaty, Kazakhstan).

The scattering chamber [7], used in the experiment, allowed to measure both in the region of small
scattering angles (from 3° to 22°) and in the wide angular range (10°<0<170°). The metal lithium with
90% enrichment of 'Li was used as a target. It was manufactured by thermal evaporation of lithium on a
thin alundum (AL,O;) film (30 pg/cm?) in vacuum. After deposition, the target was transferred to a
scattering chamber without breaking the vacuum. The target thickness was determined by weighing, as
well as the energy losses of a-particles from the radioactive source **' Am-** Am-**Cm and **’Pu. The 'Li
target thickness was determined as 0.393 + 0.030 mg/cm”.

For the registration and identification of nuclear reactions products the AE-E method was used [8].
Thin surface-barrier silicon detectors with thicknesses of 100 or 50 um (for small angles) and 30 pm (for
large angles) were used as a AE counters. As the E counter, a surface barrier silicon detector with a
thickness of 2 mm was used.

The angular distribution of the deuteron elastic scattering by 'Li nuclei was measured in the angular
range of 18°—128° with step 2°. The systematic error in the cross sections is related with the uncertainty of
the target thickness (6-9%), of the solid angle of the spectrometer (1%) and of the calibration of the
current integrator (<1%). The statistical errors of the analyzed data are 1-5% and reached 6-15% only in
the minimum of the cross sections.

The energy resolution of the registration system (~ 150 keV) allowed to reliably identify all low-lying
levels of the "Li nucleus. Typical spectrum of deuterons is shown in Fig. la. The transitions to states with
excitation energies £, = 0.478 MeV (1/2") and 4.65 MeV (7/2°) as well as the elastic peak (3/2°) were
observed in the spectrum of deuterons. The peaks corresponding to the excited states of the '*C (4.43
MeV) and "°O (6.09 MeV) nuclei (due to the presence of carbon and oxygen impurities in the target) were
not reliably separated from the 4.65 MeV state of the 'Li nucleus. Thus, this state was excluded from
further analysis.

The energy peaks located higher from the ground state of 'Li belong to the nuclei of oxygen,
aluminum (from the substrate) and carbon. The presence of carbon is due to its deposition on the target
during the experiment.

When analyzing elastic scattering at small angles, the contribution of impurities was taken into
account using literature data on the elastic scattering of deuterons by *C, '°O nuclei at an energy of E =
13.6 MeV [9].
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Fig. la. Energy spectrum of deuterons scattered by Li Fig. 1b. Differential scattering cross sections of deuterons
(013, = 70°) at the energy of 14.5 MeV. scattered by 'Li at E = 14.5 MeV.

Black squares - elastic scattering cross sections;
white triangles - inelastic scattering cross sections.

The Fig. 1b shows measured differential cross sections for deuteron scattering by 'Li at the energy of
14.5 MeV. As it can be seen from figure, the diffraction structure is characteristic for the measured
— 16 ——
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angular distributions. In contrast to deuteron scattering on °Li nuclei [4], for which a significant rise of the
cross sections is observed in the backward hemisphere, the scattering cross sections for 'Li gradually
decrease with increasing of the scattering angle. This fact confirms the absence of deuteron cluster in the
"Li nucleus. It should be noted that the experimental data measured at the energy of 14.5 MeV are in good
agreement within experimental errors with literature data for the energy of 14.7 MeV [10].

Analysis of elastic scattering of deuterons by the optical model and discussion of the results

The differential cross sections of the elastic scattering were calculated in the framework of the optical
model (OM) [11]. The parameters of the phenomenological optical potential (OP) were found by
comparing the calculated angular distribution with the experimental data. The potential is used in the
Woods-Saxon parameterization, which well reproduces the distribution of nuclear matter:

U(r) = =V(r) + idapWp L0 4+ 1, ()2 15 £, (D WLS) + Vo (r) (M

dar r

The first two terms are responsible for the nuclear central interaction with surface absorption. The
third term is the spin-orbit potential. J and W) are the depths of the real and imaginary parts of the optical
potential with surface absorption. Vo is the depth of the real part of the spin-orbit potential. Radial

dependence f;(1) is described by the Woods-Saxon form factor with a reduced radius 7, and diffuseness
a;, where i is R, D or SO:

113 -l
f; :[1+exp((r—rl.A )/al.)J , )
Ve () is the Coulomb potential of uniformly charged sphere with radius Rc:
Ve(r) = 2,2, ez/RC, when r > RC R 3)
where Z,, Z, are the charges of the incident projectile (p) and the target (¢). In our calculations R¢ = red"”,
where rc =1.30 fm.

The parameters of the potential corresponding to the best description of the experimental cross
sections were found by minimizing the value of y*:

L i{m)—oﬂ(a)ﬁ

NG Act(6) @

1

where N - the number of experimental points in the angular distribution, " and ¢ ® - the calculated and
measured values of the differential scattering cross section at angle &, , Ac”- the uncertainty of the o*

value.
It should be noted that choosing this potential as optimal, we follow the physically reasonable value
of the volume integral of the real part defined as:

Jy=(1/4,4) [ V(r)dmr*dr
&)

where 4, and A4, are the mass numbers of the incident projectile and the target nucleus. Its value
should be close to the corresponding value of the nucleon-nucleon -interaction potential, which is
approximately equal to 400 MeV fim’® [12].

It is well known that the parameters of the optical potentials have discrete and continuous
uncertainties [13]. Therefore, to eliminate the discrete uncertainty of the real part of the potential, the
potential energy dependence is often used.

For this purpose, global systematic of the OP parameters for the d + 'Li system was performed in a
wide energy range using literature data. For this purpose, experimental data on the elastic scattering of
17
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deuterons on 'Li measured at energies 7-12 MeV [14, 15], 14.7 MeV [10], 25 MeV [16] and 27.7 [17]
were used.

It has been established that with energy increasing of the incident particle, the discrete uncertainty is
eliminated, for example, at energies above 12 MeV/nucleon. According to this, first of all, the
experimental data were analyzed at energies of 28 and 25 MeV. As starting parameters, the values from
[18] were used, which were established by the global systematic of the optical potentials for the elastic
scattering of deuterons in the energy range 2090 MeV for the atomic mass range from 4 = 12 to 4 = 238.

The search of the parameters of the optical potential was carried out by fitting the calculated angular
distributions with the experimental data using the FRESCO code [19]. To eliminate the discrete
uncertainty in determining the optical parameters, the radii of the real (r}) and imaginary (7y) parts of the
potentials were fixed. The theoretical calculations were fitted to experimental data by varying the 4
remaining OP parameters (Vz, Wp, ar and ap). The fitting of the calculated cross sections to the
experimental data was performed at the maximum angular range. The diffuseness’s (a), established in
such approach, strongly depend on the energy at low energies (see Fig.2a) which probably reflect the
effects of the resonances in the d + 'Li system (set 4 in the Table). It can be seen from the figure 2a, the
diffuseness’s become constant with energy increasing.

The second set of OP (B) is obtained using these fixed values az = 0.9 fm and ay = 0.75 fm. Next, to
clarify the dynamics of eliminating discrete ambiguity, the dependence of y* on the depth of the real part
for this set was studied. The depth values varied from 30 MeV to 250 MeV with step of 10 MeV. The
results are shown in figure 2b. It can be seen that several minimums are observed at low energies. This
indicates the presence of discrete families of OPs. With energy increasing, the number of minimums
decreases up to one.

As one would expect, with the increase in the energy of the incident particles, the discrete
uncertainty of the depth of the real part of the potential was eliminated. The results of the description of
the experimental angular distributions of the elastic scattering of deuterons on the studied nucleus are
presented in Fig. 3. Since the experimental data on the elastic scattering at energies of 14.7 and 14.5 MeV
are virtually indistinguishable within the limits of the error, the graphs show data at 14.7 MeV (these data
cover more large angles).

As a comparison, Fig. 3 shows the calculations of the angular distributions of elastic scattering
performed using the optimal OP sets from [20] (Set C); [21] (Set D) (see Table).

As can be seen from the Fig. 3, the theoretical calculations performed using the OP sets from this
work better describe the differential cross sections for the elastic scattering of deuterons in the
investigated energy range.

The optimal OP parameters established in this work will be used in the data analysis of the inelastic
scattering of deuterons and 'Li(d, f) reactions at energy of 14.5 MeV to clarify the structure of lithium
isotopes.
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Fig.2a. The energy dependence of the OP diffuseness’s for the Fig. 2b. The dependence of x* on the depth of the real part of
deuteron scattering by "Li. the potential.
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Fig. 3. Differential cross sections of the elastic scattering of deuterons on "Li nucleus at different energies. Symbols - experimental
data, solid lines - OM calculations with set A; dotted lines - calculations with set C; dash-dotted lines - calculations with set D.

Table — Optical potential parameters for elastic scattering 'Li + d

E4  Set Vi 'R ar Wp "D ap Vso so Aso rc
MeV (MeV) (fm) (fm) (MeV) (fm) (fm) (MeV) (fm) (fm) (fm)
A 62.96 1.17 1.22 9.08 1.325 0.4 6.76 1.07 0.66 1.3
7 B 89.7 1.17 0.9 3.99 1.325 0.75 6.76 1.07 0.66 1.3
C 66.0 1.35 0.9 4.5 2.37 0.3 8.0 0.86 0.25 1.3
D 77.78 1.173 0.809 14.21 1.327 0.551 3.703 1.23 0.813 1.69
A 67.53 1.17 1.105 12.47 1.325 0.304 6.76 1.07 0.66 1.3
8 B 91.62 1.17 0.9 4.36 1.325 0.75 6.76 1.07 0.66 1.3
C 65.0 1.35 0.88 4.9 2.3 0.3 8.0 0.86 0.25 1.3
D 77.62 1.173 0.809 14.13 1.327 0.551 3.702 1.23 0.813 1.69
A 72.65 1.17 1.02 19.22 1.325 0.217 6.76 1.07 0.66 1.3
9 B 94.31 1.17 0.9 4.87 1.325 0.75 6.76 1.07 0.66 1.3
C 62.0 1.35 0.86 6.0 2.15 0.3 8.0 0.86 0.25 1.3
D 77.46 1.173 0.809 14.05 1.327 0.551 3.702 1.23 0.813 1.69
A 73.41 1.17 0.988 23.29 1.325 0.195 6.76 1.07 0.66 1.3
10 B 95.85 1.17 0.9 4.65 1.325 0.75 6.76 1.07 0.66 1.3
C 61.5 1.35 0.83 7.2 2.18 0.3 8.0 0.86 0.25 1.3
D 77.29 1.173 0.809 13.974 1.327 0.551 3.702 1.23 0.813 1.69
A 68.84 1.17 1.0 11.08 1.325 0.64 6.76 1.07 0.66 1.3
12 B 72.35 1.17 0.9 6.21 1.325 0.75 6.76 1.07 0.66 1.3
C 64.0 1.35 0.79 10.5 2.1 0.3 8.0 0.86 0.25 1.3
D 76.96 1.173 0.809 13.815 1.327 0.551 3.702 1.23 0.813 1.69
IA 73.97 1.17 0.986 9.57 1.325 0.74 6.76 1.07 0.66 1.3
147 B 73.08 1.17 0.9 7.95 1.325 0.75 6.76 1.07 0.66 1.3
C 62.0 1.35 0.73 12.0 2.0 0.3 8.0 0.86 0.25 1.3
D 76.49 1.173 0.809 13.60 1.327 0.551 3.702 1.23 0.813 1.69
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Ipodonsicenue mabauywl
E,; [Set Vi "R lar Wp "D ap Vso "so aso rc
MeV (MeV) (fm) (fm) (MeV) (fm) (fm) (MeV) (fm) (fm) (fm)
A 81.14 1.17 0.91 14.37 1.325 0.75 6.76 1.07 0.66 1.3
25 B 75.94 1.17 0.9 10.7 1.325 0.75 6.76 1.07 0.66 1.3
C 57.0 1.35 0.72 12.9 1.94 0.3 8.0 0.86 0.25 1.3
D 74.60 1.173 0.809 12.78 1.327 0.551 3.70 1.23 0.813 1.69
A 75.32 1.17 0.9 10.28 1.325 0.75 6.76 1.07 0.66 1.3
23 B 75.32 1.17 0.9 10.28 1.325 0.75 6.76 1.07 0.66 1.3
C 55.62 1.35 0.72 12.9 1.94 0.3 8.0 0.86 0.25 1.3
D 74.02 1.173 0.809 12.54 1.327 0.551 3.70 1.235 0.813 1.69
Conclusions

Differential cross sections of the deuteron elastic scattering by 'Li were measured at the energy of
14.5 MeV in the angular range from 18° to 128°. In addition to the angular distribution of elastic
scattering, measured by us, in the optical-model analysis, we used other experimental data obtained earlier
in the energy range of 7-28 MeV. As result, the optimal parameters of optical potentials were found,
which correctly describe the angular distributions at the different beam energies in the full angular range.

It is shown that the diffusion parameter (a) strongly depends on the energy up to £,= 15 MeV, and at
higher energies this parameter practically does not change its values.

The dependence of ¥ on the depth of the real potential shows that several minimums are observed at
low energies and at the higher energies (£, > 20 MeV) the number of minimums decreases up to one. This
indicates the elimination of a discrete ambiguity in determining the real part of the potential.
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SHEPTUCHI 14.5 M>B JIEUTPOHJIAP/BIH "Li SIIPOJIAPBIHAH LIAIIBIPAYBIH 3EPTTEY

AnHoTanusi. JIMTHH W30TONTAPBIHBIH aWKbIH KJIACTEPIIIK KYPBUIBIMBI - 9P TYpJi TEOPUSUIBIK SIPOJIBIK
MOJICTIbJIEPAl TEKCEePY YLIIH OTe JKaKChl ChIHAK O0ubIn TaObutajpl. Tikenei saposblK peakusIapAarbl KIacTepIik
arMacy MEXaHW3MIH 3epzerney OChbl SApPOJaplblH KYpPbUIBIMBIH aHBIKTAy YIIIH JKaHa MYMKIHIIKTEp amiajpl.
O1eOueTTer! ONTHKAJIBIK HOTSHIMAJIap apaMeTpIIePiHiH KUBIHTBIFBI OPTYPIIi, OYJI 3€pTTEII *KaTKaH SIPOJIapAbIH
KJIACTEPJIIK CIEKTPOCKOMUSUIBIK (haKTOPJIAPBIH aHBIKTaFaH Ke3jae OIpMOHALTIKTIH OoMMayblHAa OKEIyl MYMKIH.
Conppikran, d + 'Li xyifeci YIIiH ONTHKAIBIK MOTEHIMAIIAP/IBIH TOYEICi3 IO IBIK XKyitenirin any ymin E = 14.5
M5B sHeprusicbiHIa mamblpay MponeciHe SKCIEPUMEHTTIK 3epTTey Kyprizinai. XKymeic 6apsiceinaa E = 14.5 MaB
SHEPrHsCHI XKaFaibiHaa 'Li aaponapbinia AeHTpORIapIbIH CEPIiMIi KoOHE CePHiMCi3 ManIbIpaybl OOMBIHIIA KaHA
SKCIEPUMEHTTIK Jepektep ambiHasl. CoHBIMEH KaTap Oi3fiH capanTaMmagana IedTtpoHaapaeiH 7 - 28 M»sB
apanbIFbIHIA CEPIIMIM/IL IANIBIPAYBIHBIH YKCIIEPUMEHTAIIBIK MOH/IEPI KAMTBUIIBL. SIIPOHBIH ONTHUKAIIBIK MOJEIIHIH
mIeHOepiHAe SHePrusyIapAblH KeH ayKbIMBIHIA CEpIiMIi HIaIbIpayAblH MU GepeHINaIAbK KUMalapblHa Taaay
Kyprizinmi. Hotmkecinme, 3epTTeNreH sOpO VINIH ONTHKAIBIK IOTCHIMAIAAPABIH OHTAWIBI [apaMeTpiepi
aHbIKTaaapl. OCbhl JKYMbICTA aJBIHFaH [apamMerpiiep KeJeleKTe JIUTUH H30TONTapbIHBIH — KYPBLUIBIMIIBIK
CHIIATTAMAJIaphlH HAKTHUIAYFA KAKETTi AeHTPOHIApBIH CEpHiMCci3 mIambIpaybl %oHe 'Li (d, t) peakiusiapbIHbIH
OOMBIHIIIA ACPEKTEPl TAAAY Ke3iHe Mak1anaHblIa b,

Tyiiin ce3mep: suTuil sapockl, 1uddepeHmanIpK KumMa, cepIiMIl )KoHe cepliMci3 manblpayiap, ONTHKAIBIK
MOTEHINAI.




Uszeecmus Hayuonanvuot akademuu nayk Pecnyonuxu Kaszaxcman

YIK 524.1; 539.14/.17

May.ten Hacypiia 2, H. Bypre6aes 2, K. K. Kepumiy.ios ',
T. Cy3ykn °, C. B. CakyTa *, Map:kan Hacypana ', P. Xoxxaes '

1I/IHCTI/ITyT simepHor hm3uku, Anmatel, KazaxcraH;
’KasHY um. anp-Dapadu, Anmarel, Kazaxcran;
3YHI/IBepCI/ITeT Caiirama, Caiirama, Snonus;
*HaumonansHsrii MccrenoBarebekuit Hentp «KypuaToBckuii ”HCTUTYT», MockBa, Poccus

UCCJEJJOBAHUE PACCESIHUS IEUTPOHOB
HA AJPAX "Li ITIPM DHEPT MM 14.5 M>B

AHHOTanusl. BripakeHHas! K1acTepHasi CTPyKTypa H30TOIOB JIMTHUS SBISIETCSI OTIMYHBIM TECTOM JUIS IPOBEPKH
Pa3IMYHBIX TEOPETHUYECKUX SIACPHBIX Mopenei. M3yueHne mMexaHm3Ma oOMEHa KiacTepaMy B NPSIMBIX SAEPHBIX
peaKLusiX OTKPBIBAET HOBBIE BOSMOXKHOCTH OIIPENENCHUsS CTPYKTYp 3TuX siaep. MMeromuecs B muteparype HaOOPbI
[apaMeTpOB ONTHYECKUX MOTEHIMATIOB Pa3JIMuHbI, YTO MOXET MNPHUBECTH K HEOJHO3HAYHOCTU NPH OIPEAEICHUH
KIIACTEPHBIX CHEKTPOCKONMMYECKUX (AKTOPOB HCCIenyeMbIX siaep. llosToMy mamist MONTydeHUs HE3aBUCHMOM
III06ANBHON CHCTEMATHKM ONTHYECKHX IOTEHIMATOB Ui CHCTeMbl d + 'Li NpOBEIEHO HSKCIIEPHMEHTANBHOE
HCCIIeIOBaHKE TIpoliecca paccestHus npu sHeprun £ = 14.5 M»sB. B pabore mosyueHbl HOBbIE SKCIICPUMCHTAIBHBIC
JIAHHBIE [0 YOPYTOMY H HEYIPYroMy PAacCesHHIO NEHTPOHOB Ha sapax 'Li mpu smeprum E = 14.5 MbB. B
no0aBlIeHMe K 3TOMY, B HalleM aHajiu3e ObUIM HCIOJIBb30BaHbl SKCIEPHMEHTANBHBIE JAHHBIE MO YNPYromy
paccesiHus, U3MEPEHHBIC paHee MPU HEPTUsX ACUTPOHOB OT 7 1o 28 M»aB. Ananu3 muddepeHranbHbIX CeUeHHH
MIPOBOAWIICS B PaMKaxX ONTHYECKOW MOJIENH. Y CTaHOBIEHBI ONTHMAJIbHBIE MAPAMETPBl ONTHYECKUX MOTCHIHUAJIOB
Ui uccnexyeMoro siapa. IlomydeHHsle B gaHHOH paboTe mapaMmeTphl B JaJbHEWIIEM OyIyT HMCIOJIB30BAHBI IPH
aHamM3e JAHHBIX 10 HEYNPYrOMY PAacCesHMIO ISHTPOHOB M peakuuil 'Li (d, t) 1s yTOYHEHHS CTPYKTYPHBIX
XapaKTEPUCTHK U30TOMOB JIUTHUS.

KaroueBble ciioBa: siapa mutus, JuddepeHnnansHoe CedeHue, yIpyroe 1 HeyIpyroe paccestHue, ONTHIeCKHH
MOTECHIUAI.
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RIEMANNIAN METRIC FOR TEXTURE RECOGNITION

Abstract. The article discusses the recognition of textures on digital images by methods of computational
topology and Riemannian geometry. Topological properties of patterns are represented by segments (barcodes)
obtained by filtering by the level of photometric measure. Beginning of barcode encodes level at which topological
property appears (connected component and/or “hole”), and its end - level at which the property disappears.
Barcodes are conveniently parameterized by coordinates of their ends in rectangular coordinate system “birth” and
“death” of topological property. Such representation in form of a cloud of points on plane is called a persistence
diagram (PD). In the article show that texture class recognition results are significantly better compared to other

vectorization methods of PD.
Keywords: Riemannian metric, persistence diagram, probability density function, persistent image (PI).

To describe the patterns of digital images, we use TDA - Topological Data Analysis [1,2]. TDA does
not require any a priori assumptions about nature of data source and allows to extract new knowledge

from changingshape of neighborhoods of points in space of features.
The approach is associated with persistent images [3], using Riemannian metric to calculate distances
between persistence diagrams (PD) is based on analogy, which originates in quantum mechanics (Figure 1).

Rl

'iJ""".-J F:."':'I'."r:-r I
Figure 1 - Experience with two slots[4]

Electronsfromgunpass through plate with two slots.Incasewithoutabsorber, wave interference is
described by joint distribution Pl - Presence of detector leads to double-humped distribution

P1+P2¢P12.

In quantum mechanics introduces a probability amplitude P, = |(z),.|2 .Assuming that amplitudes from

two slits add up, we obtain:
R, =lo+o.| =lo[ +[e.] +2lae[ = R+ B +2|pe, (M

Probability density defined on persistence diagrams does not form vector space. But if we introduce
additive probability amplitudes, then we can transfer them to Hilbert unit sphere. The distance on such

|2
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sphere does not depend on the choice of beginning of coordinates and number of points in compared
diagrams.

The approach that realizes this idea is based on positive definite multiscalekernel [5,6].1t is reliedon
the vector representation of persistence diagram in the form ofpersistent image (PI).Since each PD
consists of set of points in 2D, we start by creating a two-dimensional probability density function (pdf)

using Gaussian kernel with zero mean and variance o® .For each probability density function, we
calculate the representation in the form of square root#(x) =+/ pdf In this case, persistence diagram, as

element of geodesic ¥ between the compared diagrams X and Y, can be written as:

y(s) =1 =s)x+sp(x), )

where x - point on diagram X , ¢(x)is corresponding point of diagramY , ands € [0,1] parametrizes
the geodesic.
Without loss of generality we assume that all probability density functions lie in[0,1]* The analyzed

space of probability density functions is:
11
P ={p:[01]x[0.1] > R} Vx,y | p(x,) 20, [ | p(x,y)dxdy =1 3)
0 0

Transition from pdf to probability amplitudes is closely related to so-called Fisher-Rao information
metric.For discrete probability space Fisher metric can be considered simply as Euclidean metric bounded
by positive "quadrant”" of unit sphere after corresponding change of variables.Consider Euclidean space

y=( Ygreeeo yn)ER N+ . The metric will be defined by quadratic form:

N
h=>Y dydy,, (4)

i=0

where dy, is 1-forms, which form basis in co-tangent space.
0 . .
Denote by —— basis vectors in the tangent space, so that:

ayj
0
dy.|—1|=9,. 5
y./[ﬁykj Jk ()

Define N -dimensional unit sphere embedded in the (N + 1) -dimensional Euclidean space as:

2y =1 ™

This embedding induces metric on sphere, which follows directly from Euclidean metric of
surrounding space.Introducevariable change p, = yiz.
The equation of sphere then takes the form of a condition of the probability normalization:

2. =1, ®)

and metric becomes:
l-dpdp, 1
h=2dy,dy, =3 d[p,d\[p, = ZZT = 2 pid(logp)d(logp)). ©)

—— 4 ——
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The last expression represents a quarter of Fisher's information metric[7]. Probabilities are parametric
functions of the manifold of variables@ ¢ys p; = p,(6). Then we obtain the induced metric on

parametric manifold:

1 1 ol (0) 01 (6
=13 pdlog p, Oz p, ) = 23 p, O ELOTELE) 4y 49, (10
i ko i k

or in coordinate form Fisher's information metric is determined by the tensor:

; o 0
A 0 :4hflsher =4} , ) 11
glk ( ) Jk 60[ 60]{ ( )
Geodesic in Fisher metric is difficult to compute. Therefore, we will use representation proposed in
the paper [8]. It strongly simplifies subsequent calculations. Instead of probabilities, we will consider the
space:

1
¥ = {y :[0,1]x[0,1]] > R} |y > 0, nj w(x, y)dxdy =1} (12)
0

S S———

For any two tangent vectors vy, v, € T,/,(‘P) , Fisher-Rao metric is defined asscalar product in Hilbert

space:
11
(010,) = [ [0, (6, 2)0, (x, y)dxdy. (13)
00

It implies that representation in the form of square rooty = \/; makes space a unit Hilbert sphere

with a given metric in the form ofscalar product.For two pointsi/,,/, in such space, geodetic distance
between them is defined as:

dy(ww,) =cos” (. w,)) (14)

where in calculating the scalar product of two pointsy/,,i, we normalize scalar product using
standard Frobenius norm. Computational complexity for such distances between persistence diagrams
increasesas O(K ? ), for K x K discretization on [0,1]*. Increasing of K leads to increasing ofaccuracy of
determination of distances, but increases computational complexity.

Numerical results.For the experiment, we chose the value of resolutionparameter of persistent
images K =200. Fromstandard image database [9] four texture classes were selected, two of which
contain vegetation images and two - images of inanimate nature.Each class contains 40 images.

In experiments,we calculated the average value and variance of Riemannian distances of PI both
within each class and pairwise for all pairs of texture classes.When calculating the distance between two
classes, Riemannian distances between all possible pairs of PI textures of two compared classes are
computed.

The results are shown in the table.Thus, firstly, all distances between PI of textures within one class
are computed.Then, all pairwise distances between PI of textures of different classes are calculated. The
average distances between the corresponding PI for Betti 0 and Betti 1 within the class are less than
corresponding distances to PI from another class.

However, variances within classes are quite high. Therefore, there may occur cases when Riemannian
distance between two arbitrarily taken textures from different classes may be less than the average
distance inside the class.For practical use, it is usually necessary to determine the aboutness of not two
separately taken textures, but belonging of the considered sample to certain class of textures: grass,
stones, water, etc.In such a case, it is appropriate for classes building ofaveraged topological
features. Average distances and variance within each of the classes are shown in the table.
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Table-Mean and variance of Riemannian distance between all pairs of persistent images (PIs) of textures of 4 classes

<Bp>=11.7 <Bp>=29.0 <Bp>=253

o(Bo)= 4.4 o(Bo)=3.9 o(Bo)= 4.4 o(Bo)=5.2
<B>=8.9 <B>=12.9 <B>=23.3 <B>=13.9
o(B)= 4.5 o(B1)=2.9 o(B1)=53 o(B)=3.8
<B=11.7 <B>=32.8 <Bp>=293

o(Bo)=4.7 o(Bo)=2.9 o(Bo)= 4.8

<B>=7.8 <B>=26.0 <B>=19.0

o(B)=3.1 o(B1)=3.0 o(B)=2.3

<Be>=19.1 <Bp>=383

o(Bo)y=11.7 o(Bo)y=4.7

<B>=13.9 <B>=22.6

o(B1)=6.6 o(Br)=4.8

<Br>=23.6
o(Bo)=15.1

<B>=16.1

o(P)=77

In the lines and columns there are 4 classes of textures. The numbers indicate the texture class
number. Diagonal elements correspond to distances between Pls of textures inside the class.Off-diagonal
elements correspond to pairwise distances between Pls of textures of the two correspondingtoline and
columnofclasses. Mean value and variance are calculated separately for Riemannian distances of PI of
Betti 0 and Betti 1.

Conclusion. Obtained results show that the described approach allows, bypassing large
computational complexities, to classify reliably the textures even without the use of machine learning
methods.

The work has been done due to support of grant NeAP05134227 of MES of RK.
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YK 515.1; 004.932
H.I'. Makapenko', Yolour-6eom’, A.B.Ecenanena’

"MHCTHTYT HH(OPMAIHOHHBIX ¥ BHIUUCIHTEIbHBIX TexHonoruii KH MOH PK;
Yuusepcutet Konkyk, FOxnas Kopes, Ceyn

PUMAHOBA METPHUKA JIUIS1 PACIIO3HABAHUS TEKCTYP

AnHotanusi. B crathe 0O0CyXImaeTcs pacro3HaBaHHE TEKCTYp Ha HU(GPOBBIX H300paKEHHUSIX METOXAMHU
BBIYUCIIUTEIIFHONW TOIIOJIOTHM W PHMAHOBOW TeoMeTpud. TOMOJOTHMYeCKHEe CBONCTBA IATTEPHOB IIPEICTABICHBI
oTpe3kamMu (0apKoaaMu), MOMYYCHHBIMA TPpU (GPMIIBTPALMU TI0 YPOBHIO (poToMeTpuueckoit Mepbl. Hayano Gapkona
KOJIUPYET YPOBEHb HA KOTOPOM MOSIBISIETCSI TOMOJIOTHYECKOE CBOMCTBO (KOMITOHEHTA CBSA3HOCTH H/WIIH «JBIPay), a
€ro KOHEIl — ypOBEHb Ha KOTOPOM CBOWMCTBO Hcue3aeT. bapkoipl ymo0HO MapaMeTpu30BaTh KOOPAMHATAMU KX
KOHIIOB B MPSIMOYTOJIbHOM CHUCTEME KOOPAMHAT «POXKICHHUE» M «CMEPTh» TOIMOJOrMYeCKoro cBoictBa. Takoe
npeacraBieHue B (Gopme obJiaka TOYEK Ha TIIOCKOCTH, HAa3bIBAIOT Auarpammon nepcuctentHoctu (II1). B crathe
MOKa3aHo, 4TO Pe3yJbTaThl PACIO3HABAHHS KJIACCOB TEKCTYp CYIIECTBEHHO JIy4lle, MO CPaBHEHHIO C JPYTUMHU
cnocobamu Bekropuzaruu JI1.

KaroueBble cioBa: PumaHoBa merpuka, IuarpaMma HEPCUCTEHTHOCTH, (DYHKLMs IUIOTHOCTH BEPOSITHOCTH,
nepcucteHTHOe n3oopaxenue (I11).

VK 515.1; 004.932
H.I'. Makapenko',Yolour-6eom’, A.B.Ecenannena’

KIAPATTHIK KOH MTEYIl TEXHOJIOTUSIIAP HHCTUTYTHI;
' Akmapa OHE eCeMNTeyill TEXHOJIO a ;
2KOHKyK Yuusepcureri, Ourycrik Kopes, Ceyn

TEKCTYPAJIAPJBI TAHY YIHIH PUMAHMETPUKACHI

AnHoTanus. Makanana caHbIK OciHenepaeri TeKCTypaiapibl €CenTey TOMOJIOT s JKOHEe PUMaH reoMeTpHUsIChI
oficTepiMEeH TaHy TaJKbUIaHAAbl [laTTepiep/iH TOMONOTHUSIBIK KAacHETTepl (OTOMETPHUSUIBIK OJIIIIeM JCHIeii
OolibIHIIa cy3y Ke3iHJe ajbIHFaH KecinaiepMmeH (6apkoarapMmeH) OepinreH.bapkoaTsiH 6achl TOMOJIOTHSUIBIK CHITAT
(Oaitnmanbic KOMIIOHEHTI koHe/HeMece "Tecik") maiijga OONATBIH JIEHreW[i, al OHBIH COHBI — CHIIAT >KOFallaThIH
JIeHreiai KoaTaiinel. bapkonTapabl TOMOJIOTHSUIBIK KacHETTiH "Tyy" jkoHe "eiiM" KOOpAWHATTapBhIHBIH TiKOYPBHIIITHI
JKYHecIHAET1 oNlapAbIH YIITAPBIHBIH KOOPIMHATTAPEIH apaMeTpIieyre bIHFaibl. JKa3bIKTBIKTaFb! HYKTENIEepAiH OyaT
TYpiHZAETI MyHIal KepiHic mepcucTeHTTiK aquarpamma (I11) nem aramagsr. Makanaga 6acka J{I1 Bekropusarms o1ic-
TepiMEH CaJBICTHIPFaH/Ia, TEKCTYPAHBIH CHIHBIIITAPBIH TaHy HOTIDKEIEPl alTapibIKTall )KaKChl eKeHIITT KOPCETUITeH.

Tyiiin ce3nep: PumaH MeTpuKachl, HNEPCUCTEHTTIK AMArpaMMachl, BIKTUMAJIIBIKTBIFBI3ABIFEl (DYHKIUSICHL,
nepcucrentrioeinenep (I16).
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ASYMPTOTIC EXPANSION OF SOLUTION OF GENERAL BVP WITH
INITIAL JUMPS FOR HIGHER-ORDER
SINGULARLY PERTURBED INTEGRO-DIFFERENTIAL EQUATION

Abstract. In this article we constructed an asymptotic expansion of the solution undivided boundary value
problem for singularly perturbed integro-differential equations with an initial jump phenomenon m — th order. We
obtain the theorem about estimation of the remainder term’s asymptotic with any degree of accuracy in the
smallparameter.

Key words: singular perturbation, the integro-differential equation, a small parameter, asymptotic expansion,
the initial jump, the boundary layer.

Introduction

Singularly perturbed equations act as mathematical models in many applied problems related to
diffusion, heat and mass transfer, chemical kinetics and combustion, heat propagation in thin bodies,
semiconductor theory, gyroscope motion, quantum mechanics, biology and biophysics and many other
branches of science and technology. In this paper we consider general undivided boundary-value problem
for singularly perturbed linear integro-differential equations of n-th order, when the boundary conditions
are not ordered with respect to the highest derivatives. At first the characteristic features of the problem
under consideration are that the limiting unperturbed problem degenerates incompletely, i.e. the loss of
boundary conditions imposed on the initial perturbed problem does not occur and secondly, the solution
of the singularly perturbed problem as the small parameter tends to zero tends to the solution of the
unperturbed equation with changed boundary conditions. The values of the initial jumps of the solution
and of the integral terms are determined. A uniform asymptotic expansion of the solutions of the original
singularly perturbed integro-differential boundary value problem with any degree of accuracy with respect
to the small parameter is constructed. The solution of the above problems made it possible to extend the
class of singularly perturbed integro-differential equations possessing the phenomena of initial jumps. The
scientific novelty of the presented work is that the presence of integrals qualitatively changes the
asymptotic representation of the solution of the corresponding integro-differential equations.

Note that other mathematical school of singularly perturbed equations in Kazakhstan and abroad
investigate only boundary value problems, which does not have an initial jump. In our previous works in
[1-10], we considered the initial and boundary value problems that are equivalent to the Cauchy problem
with the initial jump for differential and integro-differential equations in the stable case.

Consider the following singularly perturbed integro-differential equation
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1 m+1
Ly=g™ +4,0y" " 1.+ 4 (6)y=F(t)+ IZH,. (t,x)97 (x, £)dx

with nonlocal boundary conditions

o =0

(M

m !
hiy(t,g)zZaijy(j)(O,g)+Zﬂijy(j)(1,8):ai, i=Ln, m<n—1,l<n-1, ()
=0 =0

where& > 0is a small parameter, Qs ﬂij, a; € R are known constants independent of& and

a,, #0,i=1n.

Assume that the following conditions hold:

(C1) Functions A, (?), F(¢),i =1,nare sufficiently smooth and defined on the interval [0,1].
(C2) A/(t)=y=const>0, 0<t<I.

(C3) Functions H,(t,x),i=0,m+1 are defined in the domain D = {O <t<1,0<x< 1} and

sufficiently smooth.

(C4) A=

where y,, (),
equation

hy,(t) ..

h,yi(2)

hlyn—l,o (1) a,,

hn yn—l,O (t) anm

#0,

i =1,n —1 are the fundamental set of solutions of the following homogeneous differential

Lyy(t) = 4,0Oy" (@) +...+ 4,(0)y () =0.

(C5)A =1 is not an eigenvalue of the kernel H(Z,S,S) .

(C6) @ =

1+ dll 12 dln
6721 1+ 6722 672n
_nl _n2 1 + Jnn

(C7) Number 1 is not an eigenvalue of the kernel (t ,S).
For the solution of the problem (1),(2) are valid the following limiting equalities:

lir%y(j)(t,g) =3"(0), j=0m—1, 0<<1,
£

#0.

3)
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hrréy( +”(t,8)=y Y ), j=0,n—-1-m, 0<t<1,
£

where y(¢) is the solution of the degenerate problem, A, is the initial jump of the solution,

n Lt
— e —(n-i) —()
Ly = 4OF O+ Y A" O =FO+ [ D H 007" v+ Ay, (10),
=2 o0 =0

m !
- —) —) .
h y(t) = E al.jy] (0)+ E ﬁijyj D=a,-a,r,, i=n.
=0 =0 “

From (3) it follows that the solution )(Z,&) of the general boundary value problem (1) and (2)
converges to the solution y(¢) of the modified degenerate problem (4) as & — 0. We note that the limits
for y"*(t,&),j =0,n—1—m are not uniform on the interval 0 <¢<1. They are uniform on the

interval 0 <7, <t <1, where #,is sufficiently small but fixed number as & — 0. In the work will be

constructed uniformly asymptotic expansion of the solution of the problem (1),(2) on the interval
0<r<l.

Since the solution of the problem (1) and (2) has the 7 —th order initial jump at the point = 0, we
seek the asymptotic expansion of the solution of the problem (1), (2) in the next form:

Y(t8) = v, (1) + " w, (1), r=§, 5)

where y, (t)is a regular part of the asymptotic and W, (7)is a boundary layer part, those can be

represented in the form:

yg(t):Zgiyi(t), Wg(f)zzgiwi(f)- (6)
i=0 i=0

Substituting the series (5) into (1), we obtain the following equalities:

(n) m—n () C (i) m—n+i @ _

ey O+ w (@) |+ A0 PO+ w (7) |=
i=1

=F(t)+ I mj:H (8 x)( yO(x)+&™ v(tl/l (g)jdx

o0 =0

(7

X
By replacing the integral expression § =—on the right-hand side of the equation (7), we get the

&
improper integral
1
; m+1 . O m+l :
7 _ miii gy " (s)ds = miii gy % (s)d
(t,e)= Ze [t es)w, \s)ds = Ze [t es)w (s)ds —
0 =0 o i=0
- IZ&’"”"HI. (t,&s)w, (s)ds. 8)

i=0

1
£
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The improper integral in (8) converges and the second sum in (8) is vanished, because

t
O(GXP(— 7/—)} is less than any power of &, as & — 0.
&

We write separately the coefficients depending on fand on 7 we obtain the following equalities for

VY, (t)and WS(T) :

L i1 O m+1

”)(t)+ZA Oy (6) = F(t)+ '[ A x)y(’)(x)dx+JZ I (1 6s)w (5)ds,
= = ©)
v w,(7)+ A4, (e7) :vl (r)+é&4, (gr)(zvz)(r)+ +&" A4, (er)w, (1) =0. (10)

By the degree of ¢ formally expanding H;(¢,&5),i =0,m+1 into a Taylor series at the point (#,0)

H.(t,85) = H(t())+gsH(tO)+(2) H(t,0)+.. +(k) HP,0)+... i=0,m+1
(11)

Use (11) in (9), equating coefficients of like powers of & , for the regular part ), ®),k=01L2,....

we arrive the following equalities:

1 i+l m+l1
Ayy"” 1)(t)+ZA Oy () =F U”I pICACY f(;)(x)d“j Ha 000 Wy 51
o0 i=0

(m+1)

R (m)
where J'HmJrl (t,0) w, (s)ds =-H,,,,(2,0)w,(0),denote by

(m)
A@®)=H,,  (@,0A,, A, =—w,(0). (12o)

for determining the coefficient J,(¢), we obtain the integro-differential equation

m+1

4y (1) + ZA Oy 0 =F@+ j D H 0y ()dx+ Ay (1) (130)

o0 =0

where A, (¢) is defined by formula (12).

For determining the coefficients y, (¢), k =1,2,.... we obtain the integro-differential equation

L m+l
A @Oy @)+ ZA OV W) = F 0+ [ ) H 1000 (s + 4,0, (130
o0 =0
where
(m)
A(D) = H,. (L0)A,, A, ==w,(0) (129

and F, (?) is known function, can be written as
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PR A (m+1—i)
S n
F ()= IZ—H;Ql(t 0w, j(S)ds+ J' Y . HO, (60w, (s)ds -y (0).
0 J=1 o i=l j=0
k=1m+1 (14)
O m+l k—i i m+1— l)
Fo (1) = j Z— DOy (5)ds + | 22 HY) 0 (5)ds— 310,
0 J=1 J: o i=1 j=0 '
k>m+1.

The values A, (¢),A,,k >0 are called respectively theinitial jumps of the integral terms and

solutions.
By the degree of & formally expanding A, (£7), i = 1,7n into a Taylor series at the point 0:

2 k
, ET ” ET . T
A;(e7) = 4,(0) + £74!(0) + %A,. 0)+...+ %A}l‘) (0)+... i=Ln. (15)
Use (15) in (10), equating coefficients of like power of & on both sides (10), wev get the equations for
the boundary layer functionsw, (7), k=0,1,2,...

W (2)+ 4 (0) i () =0, (16)
W (D) + A (0) w, (1) = By (), (16

where @, (7) is known function, can be written as

z.j m (n—=1+m—k)
—Z—,A”(mwk (- ZZ A0 ) (@), k=T,
J: m=0 j=0 '
O, (7)= (17)
m (n—1+m—k)
—Z—A(’)(O)wk ,(r)— Z Z—Ag} W0) W, (0), k=n
! m=k+1-n j=0 !

To determineuniquely the terms ), (t)and Wy (7) of the asymptotic, we use (5) in (6) and taking into

account boundary condition (2)

< : , W )
D ;[ 0) + e (0) 4.+ &7 (wy (0) + £ Wy (0) +..)] +

=0

l ) 0 (1Y U1 -
+Z'Bi P+ e+ ™ w0(8j+8w1(;j+... =a,,i=Ln. (18)

J=0

— 3 ——
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(1
In (18) w, (—j,k =0,L,... it is not take into account, it can not be compared than any degree of & .
&

Equating the coefficients at zero degrees of & in (18) and in view of (12)) , we have

hy,()=a,+a,A,, i=Ln. (19,)

Thus, the main coefficient ), (¢) of the regular part of the asymptotic and the initial jump of the

solution AO are determined from the problem (13y), (19).
(m)
For determining the coefficient W,(7), we have the initial condition Ay =—=wy(0) from (13),
(19¢). Finding the missed initial condition for coefficient W), (7) we reduce the order of theequation (16,)
@)
byintergrating from Tto o0 and by virtue of the conditions Wo(o0)=0,i =0,n—1. As a result, after

(m+1) (m)

n—l—m -th step, we obtain equation w, (7)+ 4, (0)w,(7) =0. From this equation as 7 =0 we
(m+1) (m)

determine the initial condition w, (0) =—4,(0)w,(0).Continuing this process lowering the degree of

equation (16,), we obtain the following initial conditions for W, (7):

@) A
m+1—i 0 .
Wy (0) = (=)™ —=0 i =0,n—1. (200)
4,(0))
Thus, the main coefficient W, (7)of the boundary layer part of the asymptotic is determined from the

problem (164), (20y).
Thus, the zeroth approximation of the asymptotic expansion is completely constructed.

In the k -th approximation, for determining the boundary conditions of the coefficient (1),
k =1,2,..., we compare the coefficients of the same powersof the parameter & . As a result, we obtain the

following initial conditions for y, (1):

hy(t) = A i=1n. (19,)

i (m—J)
Ty = Y Wi (0), k2 mt]

J=1

From (13y), (19) we determine , (¢), A, ,k=1.

Now, we will be determine the initial conditions for the coefficient W, (7),k =1. In order to find
O]
themissingof the equation (16;) by virtue of the conditions Wi (0) =0,i =0,n—1. Then, we get the

initial conditions for determining W) (7 ),k>1:
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(‘Dm_m n—l—iT - s’ i—(n—1-i) SN
—A, +(-1 —(4,(0))’ D, (s)ds, i=0,m,
oy T Z 7 .
(@)
W (0) = . (20)
. . ”‘ =
DA (0)A, + (=D — (4,0 DD, (s)ds, i>m+]1
J!
0 1 =n—1-i

Thus, the k -th approximation of the asymptotic is completely constructed.
Theorem. Let functions A, ®),F(t)e chm [a,b),i =1,nand conditions(C2) - (C7) hold. Then for

sufficiently small & the boundary value problem (1) and (2) has an unique solution on the 0 <t <1 and
that is expressed by the formula

y(tag):yN(tag)—l_RN(tag)a (21)

where Y (2,€) is defined by the formula

N N+n—1-m /
Ivte) =) ey 0+e" Y (@), t=1,
k=0 k=0 € (22)
and for the remainder term the estimates are valid
‘R}V")(t,e)‘SCeN“, i=0n—1, 0<t<l. (23)

where C > Qis a some constant independent of & .
Proof. We construct the N -th partial sum (22) of the expansion (5),(6).

The function ), (,¢) satisfies problem (1), (2) with accuracy of order O(&

N+1) . ie.

L 41
L3y (t.0) = F@)+ [ D H @05 (v.)de+ 0", @
0 i=0
hyy(t,e)=a, +0E™), i=Ln

Denote by y(¢,&) = ¥y (¢,&) + Ry (t,€) . Then for the remainder R, (,&) we obtain the problem
as follows

L m4
LRy (0,8)= [ X H (L 0RY (x.)dv + O™, (5)

o =0

hR,(t,e)=0(""), i=1n.

We apply the asymptotic estimation of the solution of the problem (1),(2) to the problem (25). Then
we obtain the estimates

— 34 ——
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‘Rz(vj) (t,g)‘ <Ce" 4 ot exp(— 7/1} J=0,n-1 (26)
&

This means that estimates R{"*"(¢,&) = O(SN ),, RV (t,e)= O(EN_”+2+'" )is valid at point

t=0, ie. The required estimates do not hold. To obtain the necessary estimates, we consider the
equalities

v () =y () + RUTV (te), vVt e) =y (P (L e) + RYSV (2, €)

27)
Hence, equating the right-hand sides of (27), we get
Ry (1.6) =y (1.8) =y (L) + RV (1.2). (28)

(m+1)
where 70 (¢,6) - 3" (t,6) = " y](\,"fjl) )+t Wy nm(7)and the remainder term

t
RV (t,£) in (28) satisfies the estimate‘Rl(\ml) (t, 8)‘ <Ce"? 4 Cce™! exp(— 4 —j. Thus, we obtain
&

the required estimates: ‘R](Vmﬂ) (t,g)‘ < Ce"*'. Similarly, considering the equalities

YO (,e) =y (t,e)+ RUV(t,e), y" V(t,e)=yU D (t,e)+RUD  (1,¢)

N+n—1-m N+n—1-m (29)
Hence, equating the right-hand sides of (29), we obtain
-1 -1 1 -1
Ry (1) =yl (t.6) = yy 7 (t,8) + RV, (1.6), (30)
where
—(n-1) —(n-1) n-1) N+n-1 (n=1)
n- n— +n—1-m
yN+n 1- m(t ‘9) y (tag):g yN+1 (t)+ Tt yN+n—1—m(t)+
Nl (n-1) Nent (n=1)
+n—1-m
+& Wy m(D)+.teE Wy (nmtom (7)5
The remainder term RI(\?;;)_I_m (t,&)in (30) satisfies the estimate

N+n—l-m

B B t
‘R(n 1) (t,c‘?)‘ <CegVrrm 4 ceM! exp(— 7/—). Thus, we obtain the required estimates
&
‘R;(\f_l)(ts g)‘ < Ce™™" . Theorem is proved.

CONCLUSION

We investigatedasymptotic expansion of solution of general boundary value problem with initial
jumps for higher-order singularly perturbed integro-differential equation with any degree of accuracy with
respect to a small parameter have been constructed.
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ABSOLUTE STABILITY OF A PROGRAM MANIFOLD OF
NON-AUTONOMOUS BASIC CONTROL SYSTEMS

Abstract. In this paper the inverse dynamics problemisstudied: for a given manifold restore a force field, which
lies in the tangent subspace to manifold. One of the general inverse problems of dynamics is solved: the
corresponding system of differential equations is but as well as the stability is considered. This inverse problem is
very important for a variety of mathematical models mechanics.Absolutestability of a program manifold of non-
autonomous basic control systems with stationary nonlinearity is investigated. Theproblem of stability of the basic
control systems is considered in the neighborhood of a program manifold. Nonlinearitysatisfies to conditions of local
quadratic relations. The sufficient conditions of the absolute stability of the program manifold have been obtained
relatively to a given vector-function by means of construction of Lyapunov function, in the form "quadratic form
plus an integral from nonlinearity". The obtained results are used to solve the problem of the synthesis of high-speed
regulators.

Key words. Absolute stability, basic control systems, program manifold, Lyapunov function, local quadratic
relation. high-speed regulators.

Introduction. The problem of constructing for systems of ordinary differential equations on a given
integral curve was formulated by Yerugin in [1] and there was proposed a method for its solving. Later,
this problem was developed by Galiullin, Mukhametzyanov, Mukharlyamov and others [2-19] to the
problem of the construction of systems of differential equations by a given integral manifold, to solving of
various inverse problems of dynamics, and to constructing of systems of program motion.The integral
manifold is defined as the intersection of hypersurfaces.It should be noted that the construction of stable
systems developed into an independent theory. A detailed survey of these works can be found in [2, 7,
16]. The works [2-5] are devoted to the construction of automatic control systems on the basis of a given

manifold. In these works, control systems were constructed for a scalar nonlinear function (o), and

sufficient conditions for absolute stability were established. The problem of the construction of automatic
control systems for a vector nonlinear function with locally quadratic relations was solved in [6, 7].In [10,
12, 13], inverse problems of dynamics are considered in the presence of random perturbations, namely in
the class of stochastic differential Ito equations. In [20 - 22], conditions for reducibility to a canonical
form and conditions for the stability of a Cauchy problem were established, and the problem of the
existence of periodic solutions of equations unresolved with respect to the higher derivative was
investigated. Sufficient conditions for the asymptotic stability of the program manifold of degenerate
automatic control systems were obtained in[8]. The problem of the exponential stability of the trivial
solution was investigated in [23]. In [24, 25], exponential-stability conditions were established for
automatic control systems of a certain class. The problem of the synthesis of asymptotically stable
systems possessing a given property was posed in[26], where a method for the synthesis of feedback laws
was also given. Questions of the stability of the trivial solution of systems with variable coefficients were
considered in the works [26, 27].
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In the present paper,we investigate the stability of a program manifold with respect to the given
vector-function of non-autonomous basic control systems with stationary nonlinearity.

Statement of the problem.Note,what the general statement of the problem is as follows:

To construct a material system describing by ordinary differential equations

)'c=f(t,x,u), tel=[0,00, (1)
where x € R" is the state vector of the object; U € R’ - control vector; f € R" is a continuous

vector-function, on a given (7 — ) -dimensional program manifold Q(lf ) =w(t,x)=0,we R*

The method of solving this problem consists in finding a set of right parts of the desired systems
satisfying the equality on the manifold.

Definition 1.4 set Q(t) is called an integral manifold of equation (1) if, from that
@(ty,xy) € C2ty) follows w(t,x(t,ty,xy)) € Q(t) forall t 2 t.

The concepts of an integral manifold and a program manifold have the same meaning, for
convenience, we will use the term program manifold.

Taking into account the necessary and sufficient conditions for the manifold Q(l‘ ) to be integral for
the system (1), we get:

t,x,u) = F(t,o,u). )

Here F € R® is the Erugin vector-function [1] satisfying the condition F' (t ,0,u)=0.

We will introduce for consideration a class = of continuously-differentiable at times ¢ and bounded
on a norm matrices.
Suppose that the right-hand side of the system (1) can be represented in the form

i=f(t,x)-B@)¢, é=¢(c), o=P (o, tel=[0,x), 3)
where x € R" is a state vector of the object, f e R" is a vector-function, satisfying to conditions of

existence of a solution x(¢) =0, BeE"™", PeE%" are matrices, @ € R”® (s <n) is a vector,

5 € R’ is the control vector-function of the deviation from the given program, satisfying to conditions
of local quadratic connection

P(0)=0A " (0)0(t)(o - K (H)p(c))>0, Vo=0,

K0 =222 <k, 0,

[0= diag”é’l,. . .,HFH] e2™", K(t)= diag”kl )., k. (1), [K@)=K()>0]eE"",

[K,()=K] (1)>0 i=12]eE"".
Note that the following estimate
Prioff <lolf < 2o 5
Vo Vi

can be obtained from the condition (4), where ﬂl sV1s IBZ’VZ are the smallest, largest eigenvalues of
matrices POPT , 0K -
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The given program Q(l‘ ) is exactly realized only if the initial values of the state vector satisfy the

condition Co(to ,xo) = (). However, this condition cannot be exactly satisfied, because of always there
exist initial and permanent acting perturbations. Therefore, the conditions of the stability of the program
manifold Q(t ) with respect to the vector function @ should be additionally required in the construction

of systems of program motion.
On the basis of relation (2) and our assumption, choosing the Yerugin function as

F=—A(t )a), A= we obtain the following system with respect to vector-function @ [2, 3]:
o=-AOo-HOBWE, $=9¢(o), o=P' (o, teI=[0,0), ©

where H = 8_ is the Jacobi matrix, nonlinearity ¢(o’) satisfies also to generalized conditions (4), (5).
X

Definition 2.4 program manifold Q(Z ) is called absolutely stable with respect to vector-function
 ifit is asymptotically stable in whole for solution of equations (6) for all @(t 0> xo) and the function
(D(O') satisfying conditions (4), (3).

Statement of the problem.7o get the condition of absolute stability of a program manifold Q(Z‘ ) of

the non-autonomous basic control systems in relation to the given vector-function .
Sufficient conditions of the program manifold’s absolute stability. First, we consider a linear system
of differential equations with respect to a vector function @:

»=—A()w, tel=[0,) 7
For this system, we have

Theorem1 [27].Suppose that there exists L(t) = L’ (t) >0 and — 14 |(7) =W.

Then for the asymptotic stability of a program manifold Q(l‘ ) it is necessary and sufficient that the
following relations hold

V=o' L))o >0,
W =o' G{t)w>0,
where V , W have the following properties

Lle|* <V <L),

®)

gl < < gl

where 11,1y, 81,82 are positive constants.

€)

-

In the space, X, we choose the region G(R) as follows
G(R)=(t,x):t 20 Al|o(,x)| < R <o (10)

Basic theorem. [f there exists a real, continuous and differentiable function V(t R a)) in region (10)

that is definitely positive and admits a higher limit as a whole, such that

dv
— =Wt o
5 o= W0

will be a definite-positive function for all values of @, then the program manifold Q(l‘ ) is absolutely

stable.
Theorem 2. Suppose that there exist matrices
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Lty =L"()>0eE2", B=diag(B,,.....)> 0

and non-linear function ¢((7 ) satisfies the conditions (4), (5). Then, for the absolute stability of the

program manifold Q(f ) with respect to the vector function U it is sufficient performing of the following

conditions

Lol <V <)ol

, (11)

gl <V < g (o]
where 11,17, 81,89 are positive constants.

ProofLet there exist L(t)= rr ()>0e=%", B= diag(ﬂl,. B, ) >0, then for the
system (6) we can construct a Lyapunov function of the form

, (12)

Viw, &)= o Lo + j(pT B do>0. (13)
0

Taking into account the property (4), making the substitution

p(c)=ho (0<[h=h"]1<k) k=minK().
t
we obtain the estimate

Lo <V <L®)e], (14)
where

L =1+ 40, LO=1P0)+4,0);
L@l < [o" (@) do< @)l
0

Here [/ (1),11,1 (2),12 are the smallest and largest eigenvalues of matrices

L, A, A=P(t)H(t)pP d (). The diagonal elements of the matrix A are divided by the number 2.
On the basis of property (5) the derivative of the function (13) takes the form

—V=0"Go+20" G&+E G,E>0, (15)
where

G(t)=—L + AT ()L(t) + L(t) A(¢);
G\(1) = %AT (OP()S + LOH(O)B() + %ﬁPT o)

_ T
G,(t) =P (H(1)B(1).
Due to the fact that — V> 0 the following estimates hold

aille] +1& )< 270z < s o + (&) 6

— 4) ——
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where

G G,
G G

q1>q> are the smallest and largest eigenvalues of matrix Q.

z= b = 2

Taking into account the estimates (5) from (16), we get

2 ; 2
m@)|e||” <=V <n,(0)|o|, (17)
m= 611(1 + ﬁ)» M = ‘12(1 + &J
Vs Vi
On the basis of (11), (17), the inequalities are valid
t t
15"V, exp[~ j o (2)dr] <ol <17V, exp[- j o, (7)d7], (18)
0 {0
where
(1) m()
o () =", (=10
L(2) L (1)
Assume that
a; =sup[—a; ()] A a; =inf[-a,(1)];
tel tel
ll = infll (t) N\ lz = Suplz (t)
tel tel
from inequality (18) we obtain
— 2 —
'V expla (¢ — o) <[] <17V expla, (1 1))
Whence follows the next estimates which hold on the sphere R:
2
Ha)H <R? expla, (t —ty)]. (19)

Conditions of the synthesis of high-speed regulators.The obtained results we use to solve of the
problem of the syntewsis of high-speed regulators.

Let t = l‘g. Then from (19) we get

or solving with respect to t:; —1Iy:
15—ty =a, In"—. 20)

The control time £ o= tF—t o on the basis of (20) is defined as follows

2

-1. &
tp =a, mfln—z. (21)
@0
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The solution of the problem of the synthesis of high-speed regulators follows from inequalities
2
1. g
a, 1nf111—2 <t.

here 7 is the specified time.
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C.C. KymaTtoB

I/IHCTI/ITyT MaTeMaTuKu U MaTeMaTu4€CKOro MoACJIMpoOBaHusl, AJ'IMaTbI, Kazaxcran

ABCOJIIOTHASL YCTOMYUBOCTH TPOT'PAMMHOI'O MHOI'OOBPA3HUS
HE ABTOHOMHBIX OCHOBHBIX CUCTEM YIIPABJIEHUSA

Ausotauusi. B cratee paccmaTtpuBaercst oOparHas 3ajada IMHAMUKH: UL 3aJaHHOTO MHOroOpasms
BOOCTAHABIIHMBAETCS TOJIE CUJI, KOTOPBIE PACIIONIOKEHBI HAa MEPICHANKYSIPHON MOMTYIUIOCKOCTH K MHOT000pa3Hio.
Pemaercst Gosiee oOmias 3agaya AMHAMUKH: HCCIEAYIOTCS YCTOMYMBOCTh CHCTEM COOTBETCTBYIOIIUX Iudddepen-
[HUAJIbHBIX YpaBHCHHH. JTH OOpaTHBIC 3a/ayd OYCHb BAXKHBI UL PA3iMYHBIX MOJCIEH MEXaHHYECKHX CHCTEM.
Uccrnenyercss abCoOMOTHAS yCTONYMBOCTH MPOTPAMMHOTO MHOTOOOpasusi HE aBTOHOMHBIX OCHOBHBIXCHCTEM
VIPABJICHUST CO CTAIMOHAPHBIMH HEJIMHEHHOCTSIMH. YCIIOBUSI YCTOWYMBOCTH OCHOBHBIX CHCTEM HCCIICIOBAHbI
BOKPECTHOCTH 3aJ[aHHOTO MPOTPAMMHOT0 MHOrooOpasusi. HeqnHeHHOCTH YIOBICTBOPSIOT YCIOBHUSIM JIOKATBHON
KBaJIpaTHYHOM CcBsi3K. JlocTaToOuHbIe YCIOBHUsI aOCONIOTHONH YCTOWYMBOCTH MPOrPAMMHOIO MHOT000pa3sus, OTHOCH-
TENbHO 33/IaHHOM BEKTOP-(QyHKIHMH, TONyYeHBI ¢ TOMOLIBIO MTOCcTpoeHUs GyHKImu JISmyHOBa, «kanpaTudHas popma
IUTIOC MHTErpall OT HeJIMHEHHOCTH». [loNMydeHHble pe3yiabTaThl HCIONB30BaHbl UISPCHICHHUA3AIauCHHTE3A
OBICTPOACHCTBY IOLIXPET Y ISATOPOB.

KinioueBbie ca0Ba. AOGCONIOTHAS yCTOMYHUBOCTh, OCHOBHAs CHCTEMa YIPABJICHHUSI, IIPOTOPAMMHOE MHOTO-
o6pasue, Gyukiws JIAmyHOBA, TOKaJIbHAS KBAAPATHIHAS CBS3b, OBICTPOACHCTBYIOLINE PErYISITOPBL.

VK 517.925:62.50
MPHTU 27.29.17
C.C.’KymaTtoB

MaremaTuka xoHe MaTCMaTUKAJIbIK MOACIACY HHCTUTYTHI, AJ'IMaTI)I, Ka3aKCTaH

ABTOHOM/1bl EMEC HEI'T3I'T BACKAPY JKYUEJIEPIHIH
BAFJAPJIAMAJIBIK KOIIBEMHECIHIH ABCOJIIOT OPHBIKTBIJIBIFBI

AnHoTanusi. Makanajga AMHaMUKaHbIH Kepi ece0l 3eprTelneni: sFHU, OepiireH kemnOeiiHe yiuiH, kenoOeiiHere
MEePHCHANKYJISIP JKa3bIKIIAAa XKATaThIH KYII ©pici TYPFbI3bLIaAbl. JMHAMUKAHBIH Kbl ece0l IIeliieai: sFHu
coiikec nuddepeHmanIpK TeHIeyIep )KYHEeCiHIH OpHBIKTBUIBIFBI 3epTTeineni. byl kepi ecen MexaHUKaHBIH TYpIi
MaTeMaTUKAIBIK MOJEJAepl YIIiH oTe MaHb3abl. CranoHap OHCHI3BIKTHI aBTOHOMJBI €Mec Herisri Oackapy
JKYHernepiHiH aOCONIOT OPHBIKTBUIBIFBI 3epTTerneni. Herisri Oackapy jkyHenepiHiH OpHBIKTBUIBIFBI OaraapiaMalbiK
KeIOeHHEeHIH MaHalbIHIa KapacThIpbliaabl. BeHChI3BIKTHIKTap JIOKaIbl KBaAPATTHIK OainaHbICTap/bl KaHAFaTTaH-
Ielpanpl. barmapnamanblk  KemOelHeHIH OepiireH BeKTOp-(QyHKIMs OoMbIHIIA aOCOIIOT OPHBIKTHUIBIFBIHBIH
JKETKUTIKTK IIapTTaphl “KBaApaTThIK (opMa Kocy OeHCHI3BIKTHIH HHTETrpat’ TypiHzeri JISmyHOB QyHKIMICHH KYpy
apKbUTBI aJIbIHABI. AJIBIHFAH HOTIKENEP Te3 KbUIIaMIBIKTHI PETTETITEp I CHHTE3/ey ece0iHe KOJIaHbUIIbL.

Tyiiin ce3nep. AOGCONIOTTIK OTHBIKTBUIBIK, HETi3ri Oackapy kyienepi, OarmapiaMaiblK KeroOeiHe, JIsmyHoB
(hYHKIHSACKL, JIOKAI/II KBaAPATTHIK OaiiIaHBIC, JKOFAPHI KBUIIAMIBIKTHI PETTET1III.
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ON THE NONSTATIONARY PARAMETER
OF STATE FOR DARK MATTER

Abstract: The purpose of work is a conclusion non-stationary the equations of a condition of WIMP-gas for
their various models - ideal gas (Mendeleyev-Clapeyron equation), non-ideal gas (equations type of Van der Waals
and Dieterichi). It is shown that their general dependence on time has the negative power. Therefore, the closer to
the Planck time, and also to the time of WIMP particles birth, the more state of non-baryonic substance differ from
the dust-like one.

Keywords: dark matter (DM), WIMP-gas, nonstationary equation of a state, early epochs of the Universe,
Mendeleyev-Clapeyron equation, Van der Waals equations, equations of Dieterichi, fluctuation of temperature of
relic radiation.

Introduction

It is known that the Universe (approximately) for 73% consists of dark energy, for 23% — of dark
matter and about 4% of baryonic substance — primary plasma and radiation. [1, 2]. We will note that there
is a classification of dark matter - "hot", "warm" and "cold". The last is most preferable from the
cosmological point of view. The class of WIMPs is among candidates for a role of particles of cold DM.
The peculiarity of WIMP is that their concentration gives not only the necessary contribution to the total
Universe energy balance, but also effectively describes the galaxies halos of dark matter.

At the same time, it should be noted that the most of previous articles were based on idea of halos’
static character. But later the idea that density of dark matter in halos may depend on time also began to
develop and, therefore, dark matter possesses by dynamic properties [3 - 10].

For searching the distribution of relic radiation in of WIMP-particles gas, we will remind that small
periodic indignations in the continuous environment represent sound waves. If these changes adiabatic,

the speed of a sound wave is described by expression v = (GP/ op )s . Since the entropy of the Universe

is highly constant, later expression can be used for study the substance of non-baryonic matter (in our case
- gas of WIMP-particles). So, first we will consider gas of WIMP-particles as ideal gas, and then — as real
gas in which parameter of state is nonstationary.

So, due to the thermodynamic balance of WIMP-particles with particles of baryonic plasma the
approximate condition takes place Ty, «c~ T},,  [11]. Therefore Mendeleyev-Clapeyron equation takes on

the form.

—— Y4 ——



ISSN 1991-346X Cepusa pusuxo-wamemamuyeckas. Ne 6. 2018

m
Py V= o RTy, . )]
)7,
It’s convenient to rewrite (1) as
R
Poy = Pou ;TBM 2)

with explicit expression of gas density at a given temperature. In our case, therefore, we are talking
about baryonic matter in the form of ultrarelativistic plasma. For the standard cosmological Friedman
model filled with relativistic gas (ultrarelativistic plasma), there is an approximate relation connecting the
temperature of primary relativistic gas with the age of Universe. It is:

1
T, ~(°. 3)
From (2) and (3) it follows that equation of state of ideal gas, generally speaking, has the form

Py = @y (1) P = Pout ETBM (¢).So, taking into account the dependence (3), its state parameter

depends on time in the same way, i.e.
— R _1
a’DM(t):;TBM(t)NtA- “4)

(i1)) Van der Waals gas. Consider now the case of filling the Universe by real gas consisting of
molecules and described by the Van der Waals equation of state. (Another version of the description of
non-ideal dark matter is given in articles [12-15].) If the temperature is measured in degrees, then,
according to [16], it takes on the form

2

(PDM + N’ Vij(V—NI;) = NKkT,,, , 5)

in which @ and b are the constant values that describe gas of WIMP - particle, k is Boltzmann
constant. Recall that the physical meaning of parameter @ that it describes the interaction of substance

molecules, parameter b is responsible for accounting their sizes.
Let us rewrite (5) in the form that convenient for study of state parameter, -

a b R
PDM (I—H/ZP sz[l_v;j:pmu ;TBM' (6)
DM

Here - 4 is the molar mass of substance, R - universal gas constant. Now our task is to combine (6)
with (3) and find an explicit dependence of the real gas state parameter on time. For further explanation,
we assume that b /¥ [1 1. This condition describes the real property of the gas from the WIMP particles,
in which its current size is essentially larger than size of all molecules themselves. In addition, it makes

sense to assume that the interaction of molecules is not too large. After these simplifications, the state
parameter of real gas can be express as a function of temperature as follows

R _m’
Opyy (TBM):_(I_VZPDM‘Z/szTBszTBM (7
H H
or as the function of time of two components
— %
@, (t)oct 72>0
Opyy (t) = ( ) 3

@) (t)oct_% <0‘

iii) Real gas Dieterichi links the main thermodynamic quantities in the gas. It has the form,
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T o
P=R———-exp| ~———
(V-p) eXp( RTV) ’ ®

were P - pressure, - molar volume, 7' - absolute temperature, respectively. In addition, there is a mass of
gas, and its molar mass. Finally, & parameter characterizes the interaction of gas molecules, and f

parameter describes the size of molecules. This equation can be rewritten as

k T a

P=p(—j-b~exp | (10)
H (1—) 2 vr

V u

For it examining introduce some additional conditions. First, we assume that ;<<1 as before.

Beside in exponent we’ll use the equation of state of an ideal gas - PV = "kT. Asa result, after a series
y7,

of calculations for dusty matter and ultra relativistic matter, we obtain, respectively

K1hexpl - %o
a)D(t)+[,u]t exp( a)D(t)-tz] 0, (11)

k| exp| -—%— | =
a)D(t)+(;]t exp[ wD(t)J 0. (12)

Here are the @ and & coefficients that proportional to &/ . For further calculation introduce new

K|

a
_W<<l and —W<<l. After

decomposing exponential expressions into series according to the above specified parameters, we obtain
the needed state parameters

constants & =k/u,& =k/pu. In addition assume that

G- A 1[4 4B 3
Pooodr 2N e P (13)
- A A* 4B

£ =2 (14)

Based on the previously obtained results, we find that the temperature fluctuations of cosmic
microwave background (CMB) which corresponds to the real gas model Dieterichi. So, we find the
peculiar velocity (in the notations (4))

3
v'=v),(t)=a,(t)ct Ato (15)
and the corresponding fluctuation of the relic radiation

[5%) =), (t)-cos@oct%-cosﬁ. (16)
D

— 46 ——
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Note that the temperature fluctuations of the relic radiation for different observed angles were
previously considered in [17].

Conclusion

In conclusion, we note the findings.

1) The nonstationary equations of state of WIMP gas for their various models - ideal gas (Mendeleev-
Clapeyron equation), non-ideal gas (Van der Waals and Dieterichi equations) are derived.

(i1) It’s shown that total dependence of the state parameter on time has a power form with a negative
state indicator. Therefore, the closer to Planck time, as well as to the time of birth of the WIMP particles,
the indicator of substance state increases. This fact shows that the state of non-baryonic matter in the
earliest Universe is significantly different from dust-like matter.

The work was carried out within the framework of Project No. AP05134454 "Evolution of the
perturbations in the density of dark matter in a very early Universe", financed by the JSC "National Center
for Space Research and Technology", Aerospace Committee of the MDAI of the Republic of Kazakhstan.

Author express their gratitude to professor L.M.Chechin for the problem forwarding and the
permanent supporting for its solving.
Note that by comparing (1) with the speed of sound, it is easy to see that it depends on time like (4),

—1
ie.as V=0, (t) =y, (t) oc t % . This velocity is the peculiar velocity of the relic radiation, which

changes the rate of Hubble expansion. (Interpretation of this type of fluctuations is given in [2]).
Consequently, the temperature fluctuation of the relic radiation in the epoch is described by the expression

oT -1 .
(as we usually assumec=1) (—j =0, (t) -cos@ oct % -cos @ . So the variation of the temperature
MC

of the relic radiation will depend not only on the angle of observation, but also on the time.
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A. AMaHre.nbzmeBaI, . KaﬁpaTKbBle, T. KOHLIcﬁaeB3

! On-Dapabu aTEIHIAFH Ka3aK YITTHIK YHUBepcuTeTi, «B.I'. decenkoB aTeiHAarsl AcTpodu3nkansik MHCTUTYTY,
«¥ITTHIK FApHIITHIK 3epTTEyIiep MeH TexHoormsuap opTtaisirsly AK, KP KAOM Asporapsiin KOMHUTETi;
*Honocdepa HHCTUTYThI, « ¥JITTHIK FAPBIIITHIK 3PTTEYIIEP MEH TEXHONOTHAIAp OpTabiFbny AK,

KP KA©OM Ansporapblill KOMHTET;

3«B.T. DeCceHKOB aTHIHIAFEI acTpOo(U3UKAIBIK HHCTUTYT »,

«¥ATTHIK FApBILITHIK 3€pTTEYJiep MEH TexHojorusuiap opransirb AK, KP KAOM Asporapbim komuTeTi

KAPAHFBI MATEPHA YIIITH BEACTAITMOHAP KYW ITAPAMETPI

Annoranus: JXymeicTeiH MakcaTel - WIMP ra3plHBIH CTallMOHAPIBIK eMeC TCHICYJICPIH TYPIi MOICIbACH
yuriH - unean ra3 (MerneneeB-Knaneiipon teHuaeyi), naean emec ras (Van der Waals xxone Diterich Terneynepinia
TYpl )TeHmeynepin ecentey. OmapIblH KBl YaKbIT TOYENIUTIri Tepic ekeHairi kepcerinreH. Connapikran [Lmank
yakeITBI MeH Bumn OemmiexTepiHiH maiima OOy YaKbITBI HEFYPIBIM JKaKbIH OOJNFaH CalblH OapHOHABI eMec
OOIIIIEKTEPIIH KYHI MAHTIPI3AECTEH COFYPIIBIM O3TelleIeHe TYCEeIi.

Tyiiin ce3mep: kapa marepus (DM), WIMP raspl, craipoHapiblK eMec TEHZACyl, OJEMHIH epTe Idyipi,

Menzenees-Knaneiipon tenneyi, Ban pgep Baanc tennmeynepi, [Hurepepu Tenneyi, DOHABIK CoyJeHIH
TEMIICPATYPAITBIK aybITKYBL.

A. Amanrensanesa’, /I Kaiipatkbisor’, T. Konbic6aes *

! HarmonaneHeiii yHUBepcuTeT UMEeHU allb-Dapadu, « Actpodusmueckuii nHCTUTYT uMeHH B.I'. DecenkoBay ,
AO «HarnmoHanbHBIN IIEHTP KOCMHUYECKHIX UCCICIOBAHUNA U TEXHOJIOTHID,
Aspoxocmudeckuit komuter MOAIT Pecniy6nmku Kazaxcran;
2I/IHCTI/ITyT Honocdepsr, AO «HaimoHanbHbIH IICHTP KOCMHYECKUX UCCICIOBAHUN M TEXHOJIOTHI,
Aspoxocmuueckuit komuter MOAIT Pecniy6mku Kazaxcran;
3«ACTpoq)H31/mec1<m71 nHCTUTYT uMeHH B.I'. ®ecenkoBa», AO «HaruoHanbHBIN IIEHTP KOCMUYECKHUX HUCCIIEI0BAHUN
U TeXHOJIOTHi», Aspokocmuueckuii komureTr MOAIT Pecniy6nuku Kazaxcran;

O HECTAIITMOHAPHOM IMAPAMETPE COCTOSIHUSI TEMHOM MATEPUM

AnHotanus: [{enpro paboOTHI SBIIsSETCS BBIBOJ HECTAIIMOHAPHBIX ypaBHEHWH cocTosHUs WIMP-raza mns ux
pa3IMYHBIX MOJeNeH - wuaeanpHOTO rasa (ypaBHeHue MenneneeBa-Kianeiipona), HewaeampHOrO ra3a (THIA
ypaBHeHH Ban-nep-Baansca u J{utepuun). ITokazaHo, 4To UX oO0IIas 3aBUCIMOCTb OT BPEMEHH XapaKTepHU3YyeTCs
OTPHUIIATENBHBIM TOKa3aTeneM. [loatomy dyem Ommxe kK BpemeHu [lmanka, Tak U K BpeMeHH poxaeHus WIMP-
YaCTHII, TEM OOJIbIIIE COCTOSIHUE HEOAPUOHHOTO BEILECTBA OTIMYAETCS OT IBUIETIO00HOTO.

KioueBble cioBa: temHas Mmatepus (DM), WIMP-ra3, HecranmoHapHOoe ypaBHEHHE COCTOSHUS, paHHUE
snoxu Bcenennoit, ypaBHenne MenneneeBa-Knaneiipona, ypaBnenne Ban-nep-Baanbca, ypaBHenue Jlutepuum,
(IyKTyanus: TeMIIEPaTypbl PETMKTOBOTO U3TYYCHUS.
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UNIVERSAL POSITIVE PREORDERS

Abstract. In this paper, we investigate universal objects in the class of positive preorders with respect to
computable reducibility, we constructed a computable numbering of this class and proved theorems on the existence
of a universal positive lattice and a universal weakly precomplete.

Keywords. Computable reducibility on preorders, universal positive preorder, computable numbering, positive
lattice, positive linear order, weakly pre-complete positive preorder.

The class of positive (computably enumerable) equivalences, which is a proper subclass of the class
of positive preorders, first appeared in the paper of Yu.L. Ershov [1]. In recent decades, interest has
increased in a research of positive equivalences and positive preorders with respect to natural computable
reducibility(see, for example, [2], [3], [4] and [5]). In the class of positive equivalences, universal objects
are well-described (see [3], [4]), while universal preorders are poorly known, though attract huge interest,
both from the point of view of the computability theory, and for applications in theoretical computer
science. Our work is devoted to studying of positive preorders defined on the set of natural numbers w
with respect to computable reducibility, defined as follows: positive preorder P is computably reduced to
positive preorder @ (symbolically, P <. Q), if for any x,y € w there exists a computable function f such
that x P y if and only if f(x) Q f(y). A positive preorder is universal if any positive preorder reduces to
it. The first references to universal preorders meet in the work of Italian mathematicians F. Montagny and
A. Sorbi, [6].

We follow the standard notation from the book [7]: Post’s numbering of computably enumerable
(c.e.) sets is denoted by{W, } e, ®e denotes the partially computable function of the Kleene’s numbere,
and the standard coding of pairs of natural numbers is denoted by (-,-). Through [(:) and r(-) we denote
computable functions that, by the code of the pair, restore its left and right components.

We briefly recall the basic concepts and introduce some notations used below in the paper.

Let S be some at most countable set, then an arbitrary map of the natural numbers w to the set S is
called the numbering of the family S. The numbering of the family S of c.e. sets are called computable if
the set {{x, y): x € v(y)}is c.e. set.

A positive preorder P is called universal in the class of preorders K if P € K and Q <. P forany Q €
K. For the preorder P, we denote by [x]p the equivalence class of x with respect to P, i.e.[x]p =
{y:xPy&yPx}.

By Id we denote the identical preorder{(x, x): x € w}, and by P; we denote the family of all positive
preorders.

If< is a partial ordering on some set M and x, y are elements of this set, then z € M is called the least
upper bound of the elements x, y(sup(x,y)), if x,y < zand Vt [x,y <t - z < t], and z € M is called
the greatest lower bound of the elements x, y(inf(x,y)), if z < x,y and Vt [t < x,y - t < z]. It is clear
that x < y if and only if sup(x,y) = y andinf(x,y) = x.
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Recall that a lattice is a partially ordered set, where any two elements have the smallest upper bound
and greatest lower bound.

If A is a set of natural numbers and n is a number, then A I n denotes the set A N {0,1, ..., n}.

Proposition 1. There is a computable numbering « of the family?;.

Proof. Fix some computable approximation {W,%}¢¢,, of the setW,. We will construct a computable
approximation {a"}¢¢,, of the numbering @ and the computable function b(x, s)as follows:

CONSTRUCTION

Stage 0.For any x € wwe seta®(x) = Id and b(x, 0) = nfor somen > 1.Go to the nextstage.

Stage s + 1.For allx < sdo the following: ifW,$ I b(x,s)is a preorder, then we assumea’*1(x) =
a*(x) UWS T b(x,s)and b(x,s + 1) = b(x,s) + 1.We call this stage an “expanding stage” for a (x). Go
to the end of the stage.

End of stage.For allx, s € wwe assume that

o a’t1(x) = a’(x),ifa**1(x)is undefined;

e b(x,s+1) = b(x,s),ifb(x,s + 1)is undefined.

Go to the next stage.

Lemma 1.If for a(x) there are infinitely many “expanding stages”, then a(x) = W,.

Theproofisobvious.

Lemma2.a(x)is a positive preorder for any x € w.

Proof. Obviously, a’(x)is a positive preorder at each stage s.There are two cases: the first, when for
a(x)there are infinitely many “extending stages”.For this case, by Lemma 1, a(x) = W,. This can happen
only when W,is a positive preorder. And if the “expanding stages” are the finite number, then by
construction

a(x) = lign a’(x) = asl(x),

wheres'is the last “expanding stage”. It follows from the reasoning above that as' (x)is a positive
preorder.

Lemma 3.The numbering « is a computable numbering of the family P,

Proof. First, we prove that a is a numbering of the family®P;.Let P € P;be an arbitrary positive
preorder. Since P is c.e. set, there exists x such that P = W,. Since W, is a preorder, then for a(x)there
are infinitely many “extending stages”.Therefore, by Lemma 1, a(x) = W, = P. Moreover, the fact that
a is a computable numbering follows from the construction efficiency.

Corollary 1. The numbering a constructed in Proposition 1 is universal in the class Com(P;)of
computable numberings of the family P;.

Proof. Let 8 be an arbitrary computable numbering of the family P;. Since P; is thefamilyof c.e. sets,
then f < W,. Let f < W,via the function f. Then § < avia the function f. Indeed, for anyxf(x) is a
positive preorder. Since 5 (x) = Wy () and W (yis a positive preorder, then W,y = a(f(x)).

Corollary 2. There is a universal positive preorder with respect to computable reducibility <.

Proof. We construct the preorder U as follows:

xUyellx)=1)&r(x) a(l(x)) r(y)

We show that any positive preorder P is computably reduced to U. Since P is a positive preorder,
then there exists e such that a(e) = P.Consequently,P <. Uby the function f(x) = (e, x). m

Consider special types of positive preorders:

We say that a positive preorder P is a positive linear order if the factor set w/ER(P)with the preorder
<pgiven by the rule:

[X]erp) <p [V]ErR(P) © 375’3}"(95' € [x]gr) &Y' € [Y]gr(p)&X'P y')

is linearly ordered.
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Definition. A positive prelattice is called a positive preorder P whose factor structure (w/
ER(P),sup,inf,<p) is a lattice and the functions sup andinf are partially computable. Here by ER(P)
denotes the greatest equivalence, which is contained in P, i.e. ER(P) = {(x,y): xPy & yPx}.

Positive linear preorders, which are a frequent case of positive prelattices, are defined similarly. We
say that a positive preorder P is a positive linear preorder if the factor set w/ER(P) with the preorder <p
given by the rule:

[X]zrp) <p V]ErR(P) © Ax'3y’(x' € [X]zr( &Y' € [V]Er(p)&X'P y')

is a linearly ordered set. The existence of a universal prelattice in the class of positive linear preorders
was proved in [8].

Theorem 1.Let R be the family of all positive prelattices.Thereexists a family 7 € R and a
computable numbering of the family T such that for any R € R there exists a prelattice T € T for which
R<.T.

Proof. If R is a prelattice and T € R, then by [T] we denote the closure of the set T with respect to
sup and inf. Note that for any prelattice R and any finite set T S R, the closure [T] is also a finite set.

Let 7 be the computable numbering of the family of all positive preorders and let {®(x)}se,, be the
computable approximation of the preorder m(x). We construct an approximation of the computable
numbering a and the family T as follows:

CONSTRUCTION

Stage 0. We definea®(x) = Idfor allx € w.The set {0,1} is declared the effective range of the
7°%(x).Go to the next stage.

Stage2s + 1. Consider the following cases:

Case 1. If the effective range of m*(x) is a prelattice, then copy the effective range to a5*1(x), i.e.we
select the fresh (has never been used up to this point) elements a; for all i from the effective range of
7% (x).The smallest number nwhich is outside the effective range of 75 (x) is added to the effective range
ofrS*1(x). Go to the next stage.

Case 2.If the effective range of m5(x) is not a prelattice, then add all the supandinf elements of the
effective range of 5 (x) to the effective rangeof w51 (x), if there are any. Go to the next stage.

Stage2s + 2. Choose the least number n & range{a;}and declare this element equivalent to the
element 0. Go to the next stage.

Lemmal.For any x € w, a(x) is a positive prelattice.

It's not so hard to show, since we copy only the positive prelattice to the elements a;, and all other
elements are equivalent to 0. Forarbitraryelementsx, y:

1) Ifx = q;andy = a;for some i,j, thensup(x,y) = sup(ai,aj) = apwherek = sup(i,j)in the
effective range ofm(x).

2) Ifx = a;andy € range{a,;},thensup(x,y) = sup(a;, 0) = aiwherek = sup(i,0)in the effective
range ofm(x).

3) Ifx & range{a;}andy = a;forsomej, this case is similar to case 2.

4) Ifx,y & range{a;}, thensup(x,y) = inf(x,y) = 0.

For infwe carry out a similar reasoning.

Lemma?2.If m(x) is a positive prelattice, then atstages2s + 1, case 1 is repeated infinitely often and
case 2 cannot be repeated infinitely times without case 1.

The proof follows from the remark about the finiteness of the closure of finite sets.

Lemma 3.Forany R € R, there exists a number x such that R <, a(x).

Proof. Since R is a positive prelattice, then by Lemma 2 case 1 is performed infinitely often and all
elements of R. will enter the effective range R. Therefore, reducibility is carried out bythe function

fx)=a,. m
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Theorem 2. In the class of positive prelattices, there is a universal prelattice.
Proof. Let a be the computable numbering of the family T of positive prelattices. We construct a
positive prelatticeU as follows:

xUyellx)<l(y)Vv [l(x) =1(y)&r(x) a(l(x)) r(y)].
If P is a positive prelattice, then P <. a(e) for some e and a(e) <. U by the functionf (x) = (e, x).
It remains to prove that the positive preorder U is a positive prelattice. Let[x], and [y],be two different
equivalence classes. Ifl(x) = [(y) then the sup and inf of these classes coincide with the sup and inf in

the positive prelattice a(l(x)). Ifl(x) < I(y), thensup([x]y, [yly) = [ylyandinf([x]y, [v]y) = [x]y. The
case when [(x) > [(y) is similar to the previous case. m

The following special type of positive preorders is weakly precomplete positive preorders.

Definition. A positive preorder P is called weakly precomplete [8], if for any total function ¢,, there
exists an element x,such that ¢, (x,)Px,.

Note that the concept of weaklyprecompleteness for positive preorders is identical to this concept for
positive equivalences, which was originally introduced in [9]and found to be very useful in the study of
positive equivalences (see review [4]).

Theorem 3.For any positive preorder Pthere is a weakly precomplete positive preorder Q such that
P=cQ.
Proof. Let P be an arbitrary positive preorder. We construct a positive preorder @ as follows:

CONSTRUCTION

Stage 0. LetQ® = P@®Id. Go to the next stage.

Stages + 1.Letl(s) = e.We work with¢,.

Letx, = 2e + 1.

1) Ifps (x,) T,thenQs*! = QS U PS*1@Id.

2) Ifps(x,) L, thenQS*t = QS U PS*E @ Id U {(9,(xe), Xe), (o, pe(x,))Iwe  reflexively and
transitively close. Go to the next stage.

By construction, it is easy to see that the preorder Q is positive and the computable function f(x) =
2xperforms the reduction P <. Q. m

Corollary. In the class of positive preorders P; there exists a universal weakly precomplete preorder.

The research of all authors was carried out with the financial support of the Ministry of Education
and Science of the Republic of Kazakhstan, grant AP05131579 “Positive preorders and computable
reducibility on them, as a mathematical model of databases”
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NATURAL FILTRATION EQUATIONS.
FIASCO “OF DARCY'S LAW”

Abstract. The theory of natural filtration equations is given. The naturalness of the new filtration equations is
that they are the exact consequences of the fundamental laws of physics, directly take into account the density and
porosity of the soil, the viscosity and density of the filtration fluid, drainage, the influence of gravity, etc.the falsity
of the traditional continuity equation in the filtration theory is Established. New filtration equations are derived from
the equation of continuum dynamics in stresses, including the density and viscosity of the liquid and the porosity of
the soil.Inadequacy of the modeling filter equations with the friction law of Newton. The efficiency of simulation of
filtration by Jakupova equations based on the power laws of friction with odd exponents is numerically confirmed,
with the use of which the calculations of filtration in the well, drainage under the influence of gravity, displacement
of oil by water from the underground area through two symmetrically located pits are carried out.

Keywords: filtration, pressure, velocity, acceleration, equations.

Falsifications and contradictions of Darcy's law equationsy
kv =—gradp + pF, divw =0

with the fundamental laws of physics detailed in [1] and [13]. There is also considered the non-
representativeness of the application of "Darcy's law" in the theory of spatial filtration. It shows the
contradictions of equations "Darcy's law" law of friction and the second law of Newton. It is found that
the spatial equations of "Darcy's law" correspond to potential flows, which contradicts the theory of
viscous fluid. The equations of the "Darcy's law" do not comply with the law of conservation of energy.
Based on the fact that the equations of the "Darcy's law" are composed of derivatives of the 1st order,
contradictory problems of setting boundary conditions are revealed.

The equations of the Forchheimer model also contradict the laws of physics:
ov 1% —% _
oy > =—¢[grad(p+p,;82)+ p; e v+pc K M v], divw=0

(D -coefficient of porosity of the medium, K — coefficient of permeability, O f -is the fluid density, Cr -

is the dimensionless coefficient of friction of Forchheimer. The viscosity of the liquid is also included v .

The Forchheimer dynamics equation contains only local acceleration, but there is no transfer of
medium particles (v-V)v, which is a gross error.

NumeroffC.H. as early as 1968r.paid attention to necessity of account acceleration (forces of inertia)
in basic equalizations of theory of filtration and offered in [10] to use the next system of equalizations:
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1 8V+ 1 =(v-V)v+gradh+ f(v)v=0, divw=0

go ot (go)

The same Numeroff first specified on impermissibility of breaches of the second Newton's law, that
says of : "mass on an acceleration equal to force". If an acceleration is equal to the zero, then on the first

Newton's law a body accomplishes rectilineal motion with permanent speed or I€POSES. In the model of
Hymeposa, as well as in the model ofForchheimerthe first derivatives cnter from the sought after

functions, consequently, there is a problem of raising of regional terms.

1. Falseness of traditional equalization of indissolubility with the coefficient of porosity in the
theory of filtration

In [3-5] and other in equalization of indissolubility is plug porosity

osp .
——+divpv=0
Ot P

(In Wikipedia given in a fonnam—p +div PV = 0). We will prove falsity of this equalization of
ot
indissolubility.

We will proceed from the fact that the elementary volume of the continuous medium is represented by the
sum of the individual volumes of soil OT , and to the leakliquid 5Tf: or =0t g + ot r Mass 5t is
equal to the sum of the masses of soil and liquid

om=aoém, +om,,6m, = p,0tr,,0m, =p0T,..

Complete porosity is entered by attitude of volume 52' f of pores toward a volume 52' .
m, =0t, /ot =01, /(07,+07,)

Effective porosity [3-5] there is a relation § = 57 ; / 5Tg-
1°. Sources, flowsare contained in the volume of liquid or Ix

Law of maintenance of mass taking into account by volume intensity J of flows and sources of

dom

liquid =om f'-] we will present through the masses of soil and liquid (on a picture the elements of

soil are drawn by a black):

d(ém,+6m,) _s

m,J (1)
dt
. . .. . . . permanent
Soil, a liquid flows through the pores of that, is immobile and mass of him is
dom
om, = p_ Ot = const. Therefore £=0.
g g 8 dt
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dom, dp, ot dor dp
f S r S S
L=6m,J,———= t,J, p,———+0r =p,or,.J
" / 9 POty Py 1T POt
For locomotive V a formula takes place at a speed of liquid
dor dp,
- I 87 ,divv. Tums out p 6T ,divv + 07, th =p,0t,J.

From where equalization of indissolubility flows out with the intensity of sources and flows, being in
a liquid
dp,
pfdiVV + d—f = pr
‘ 4

This equalization of indissolubility does not contain the coefficient of porosity,
consequently, does not coincide withequalizations of type

osp .
——+divpv=0
o P

2°. Sources and flows are contained in soil.
We have in this case

d(om, +0 do
—d5m25m J, (Om, mg)=5m J, mg:O,
dt ¢ dt ¢ dt
dom, . dp,
7 =5ng,5rf(pfdzvv+7) = p,or,J

Attributing both parts to the volume 5Tgr and using the effective coefficient of porosity, we get

common equalization of indissolubility
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dp p
——4p divy = —=
dt S
: e . Pg . Pg
For an incompressible liquid p fdlvv =——, divw=
S SP;
. . N
Further passing to denotation O ’ = P, therefore divv = .
o Sp

2.Natural equation of filtration in the soil

We will appeal to equalization of dynamics of individual volume of continuous environment in
tensions [13]:
op, 0

y + pz ) 5’[
oy 0z

d op
—(vpor)=Fpor + L4
Ch( por)=Fp (6x

In a volumeOT =5Tg +or r soil is immobile, mass force only on motion ofliquid

Fpor = Fpor 1 sturns out therefore

d 8px op,  0p,
E[Vp(&g +0t,)]=Fpor, +( ny + P )T

Soil is immobile — [Vp§z’g] = (). Equalization assumes an air

dt
d por, 0 0
poT, ﬁ+V £ =Fpor, +( Py , By + apz)&',
dt dt ox o0y Oz
d P,
J% / P, L op.
0T +v(or,—+p—=)=Fpor, + ,
POt (or, P )=Fpoz, (ax 5 aZ)
where dé‘rf — 5Z'fdiVV. Taking to or= 5Tg +5Tf ,we get equalization of dynamics of liquid
dt
(filtrations) in soil in a general view
ot 52'
oM v 4 iy = Fp oot (B B Oy
or ~ dt dt 52' ox oy Oz

In equalization complete porosity is included in natural way " m 0 "
m, =ot,/or=or,/(ot,+0r,), 0<m, <],

0
8px + py +apz
ox oy Oz

dv dp .
m,[po—+ v(—+ pdivv)]| =m, poF +
O[pdt (dl‘ P )] 0P
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The particles of liquid at motion in soil test braking from contiguity with the particulate matters of

k or
soil, that increases force of friction considerably Fmpi = ; V., §= ﬁ — coefficient of porosity.
g

(Blowing air or liquid through a millimeter-diameter tube requires a lot of effort compared to a
centimeter-diameter tube.)

The theorem on the asymmetry of the stress tensor of a continuous medium, proved in [2-13], makes
it possible to construct a wide spectrum of new rheological laws, from which it is possible to choose
suitable models according to the flow velocity and the physical properties of the medium.

Let # >0 and consider the frictional force proportional to the degree of velocity:

_ u n )4 w on . . .
Fmp = —Ul=——V )= WK ,whose projections on the x axis are equal to:
S S S

K, ky s
F, =——"u"1i on the plane N ,and F, =—=—=1,"1 onaplane ), .
s s

Theincreasesofforceandspeedappearbetweenlayers:

k
OF=F,-F, 6F =——-o6u™i, ou™ =u)" —u™ >0,
s

thus OF T\L i. The linear closeness of force is entered OF through a relation

oF
f = 5F ,0F = 5)f. There is a vector on determination Py = T Sxo tangent tension parallel and
identically directed with forces of friction
P ™ SF,p e ™1,
f=k'p,, k>0 p,  Ti
Through the coefficient of proportion we have equalities Prp> > Proy
k'p,. 5y = sumi
P xep y=- u "L
S
This expression is multiplied by a thirl i:
k'o b gumi.
ypyxcp. _T u 11

Asaresult K'Prugy 10V =K P Hn|5ycos18(f =K' P, -0y (D) =—'p,,, 0V,

k k
=" S 11 = Sy
s s s s

k, Su™

u

- B
in a limit give
sk' S0y g

k
iti ! — m, m, —_
Equalities _ ' § ¥ pyxcp = — ; ou , pyxcp =

tangent tension

= lim o o, SU™ U™ k,
P = 500 P> P = 500 e Sy s oy o =
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F; ¥ - %1 u'i v, :'-fzi
b O Ko Sumi Svvi
i B By X

/__.—"
2 % P=P, P, P,
P

e

L

Generalizations of the got formula by transpositions of lower indexes give corresponding tangent
tensions

_H O oW My ot My Wy
s a Ty a2 5T &

Formulas are shown out, for the sake of simplicity, for >0,v>0w>0

Py

and odd number indexes of degree M = 1;3;5;7;9... . The same result turns out for an odd
number Muy <0, v<0,w<0-

A Y ~ m-even
}2 . u<0 . X |-':_ ;;": u?i
Vo=u,i
3} e IN * [
3 ; + OF S'—"f)u i
V=V, -V,
vV =ugi re Koy
"1 { e 1 I.’ 5_ i
P,
p‘r‘} R

If m- even and U <0,V <0,w< 0 force of friction is equal

k
—_u nm, s Vo4, 3 w my,
Fmp - s U+ g vt g wrk (look a picture), projections of that on an axisxequal:

k
— u ., 3 0n aplane and — w3
F = . u 1 p i F, = . u,"ionaplane y,
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The increases of force and speed appear between layers:

k
SF =F,—F,, 6F=—"
S

i, ou™ =uy" —u™ >0, thus

OF TTI The linear closeness of force is entered OoF as a relation

— 5_F ,OF = 6 f. There is a vector of tangent tension on determination
p = oF parallel and identically directed with forces of friction
P 6x0z

Morp, M

The  coefficient of  proportion gives  equalities f=k 'p yaep 2 k'> O, TTi,

p)mp

k
k'p,, 0y =—=ou™i.
s

This expression is multiplied by a thirl j k' 5 M-

]
S

Asaresalt K'Dg, 18y =K', [ 6yoos’ =k'p,.,, -1-y-() =K', 0

mlt

of | km km
il[i[- cos 07 =" Su™ -1-1-1=—"= 5u"™
S S S S
k k. Su™
Equalities K 'O ="~ 5u™, =
qualities ypyxcp g pyxcp Sk ' 5)/ ,

in a limit give tangent tension

k. Su™ ou™ k,,
= 11 = lle
y 5y—0 k ' é‘y u ay

Id est the same result turns out.

Conclusion of viscid constituents of normal tensions

0 . 0
The analogical reasoning is set the formula of constituent Py normal tension P,, = —pP1+ P, -

Let forces of friction be equal: F ="y mgon a planexlnF __uug’uion a plane
S

k
X, =X +&  SF=F,-F, oF=—"26u"i, ou™ =u}" —u™ >0,y SF TV i
S

The linear closeness of force is equal: £ :ﬁ OF = 5.

X

— 60 ——



ISSN 1991-346X Cepus ¢usuxo-mamemamuyueckas. Ne 6. 2018

There is a vector of normal viscid tension on determination

pgxcp %parallel and identically directed with forces of friction 0 ’M‘ 5F p TTf
Yoz
The coefficient of proportion results in equalities § — knpmp , k"> 0’
i, k'p,, ox= o, sns
xxcp pxxcp X = _T u-L
¥
Fr- &7l Fr- Kmu
v, =i v =i,
kn, Tiks
'!F}‘F_ _ S -. -_-"}u 1 Iﬁv =\:_ ‘r]
i ax
e X, x *
.
&

This expression is multiplied by a thirl i: k' 5XP — " Sy

A

xxcp

As a result )(()xcp -1-Ox- (_1) = _k'pg@5xa

kPl -iox =K' |pl,

m, o o k% k
—— o i-i=— 1‘ 008 =—2= ™ - 1-1-1=—2- Su™ Equalities
S S S S
mu
' 0 kmu m, 0 kmu 51/[
_k 5prxcp = — ) pxxcp = '—’
S sk' Ox
in a limit give viscid member of normal tension
lim Ky, Su™ _ Ky, Ou™ k,
x_5x—>0Sk" Sx s ax T

Generalizations of the got formula by transpositions of lower indexes give corresponding tensions

o My OV™ o HMp, OW™

Yy

> P
s Oy s oz
Obviously, complete normal tensions are the sum of hydrodynamic pressure andviscid constituents
— o __ H ™, &/tmu — o __ m, avmv
Po="D+Py=—P+—"——,p, =—D+Dp, =—pt——,
s s oy
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M, ow™
s Oz

Single values of indexes of degrees

p.=—-p+tp.=-p+

mu = 19 mv = 19 mw = ] correspond o the law of friction law of Newton.

All exponentsmust be odd integers [2]. The filtrationequations for an incompressible fluid according to
Newton's law of friction with coefficients of porosities in a gravity field have the form (x; =z):

av. 3
my[o(—+) v, —)+vpdzvv]+—(p+mopgz)—ﬂ2— i=1,23,  relating  to
81 j=1 i J=1 axj

p = const We find

. J
[y, Pl O By 2123, H=P ymigz
dt sp ox, Ssp P

1

The equations in dimensionless variables (with strokes) with the effective porosity coefficient in the
continuity equation:

" JL !
mo[dvl+V',~pg ]:_ah + Y Av';,i=1,2,3,
dt' spU ox';  sUL
JL (2
div' ="
sp U

Thus, the equations include the density 10 g soil and porosity coefficients, which emphasizes

their significant effect on filtration.
Dimensionless numbers are formed:

dav' oh' 1
my[—-+v', Ds]=———+—Av',, i=1,2,3, divw'=Ds
dr ox', sRe T ’
JL
Ds= Pe , Re= UL Reynoldsnumber.

sp U v

For sources and drains contained in liquid Dszﬂ'Here a new dimensionless nymber is given the
name Darcy.
3. Modeling filtering equations with Newton's law of friction

In the well height/000mand widel00mwith an impenetrable wall accumulated?00mlayer of water that
displacesoil through the 800m layer of soil so that at the same time at the input upper boundary y =
1000m the water velocity is equal to 001m / s.The lower boundary of the soil, y = 0, is permeable to
liquid.Filtration scales taken: cavity width L = 100m, water entry rate through the upper limit U = 0.001

m /s, water density 0, =1000x2 / M.0il density
3
P, =880ke / m”, kinematic viscosity of water v, =0.00556- 107 2% / c,
4
oil kinematic viscosity v, =22.6-10° " / ¢, effective soil porosity s =107,

total porosity M, =10".Power drain in the ground is such thatDs=—0,05.Generalized density

— 62 ——
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p=0,p,+a,p,and kinematic viscosity of the mediumV =&V, +Q,V, o, +a, =1calculated
by the equation of transfer of  Water  concentration o =0,
Dimensionless generalized density:
| —
p'=a,+a,p, !p,, =0

The difference grid 100x200, a dimensionless time step, satisfies the condition of counting stability
according to a semi-implicit five-point scheme without “circuit diffusion”.
Before the ground in the area from 800m to 1000m the numerical calculation was carried out using
the dimensionless Navier equations

av'. oh' 1 :
= + Av',i=1,2,3, divw'=0
dt' ox'. Re,
There is oil in the ground. Also used were the Navier equations, but with porosity coefficients:
y! on' 1 -
p'm (—+v Ds)=——+—Av'",,i=1,2,3, divv'=Ds
ox'. sRe

The location of water and oil at the initial moment of time is reflected in figure 1.

Sticking conditions are set at the lateral boundaries of the well v'= 0, at the output boundary y = 0, the
vertical derivatives of the velocity components are considered equal to 0. The water entering through the
upper boundary y = 1000m begins to displace oil, the diagrams of the velocity vector fields in the cavity
are shown in fig.2-4. The parabolic distribution of the velocity vector across the width of the channel in
the ground can be seen in fig.2-4.Separately, fig. 5 shows a parabolic vertical velocity profile in one of the
soil sections. The nonphysality of this flow in the ground is evident from the pictures of the velocity
vector fields, which is the content of the output: the Navier equations (the old name is Navier-Stokes) are

not a filtration model
1000m

10

800Mm
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600M

400m

200m
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o

[o¥]
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8 J
8 ﬁ|||“|.||||”, 'l 8 , o

! ll ) s=2.303*10%*(-6) mo ypaeHeHm0 HaBbe

ik 1

6 |
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. 4 i
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4.Filtration modeling by power friction equations

1000Mm 10 10 10

800M 8 8 8
"

600m 6 6 6

400m 4 W 4 4

200m

0 0 1010 1

Fig.6 Fig.7 Fig.8

100Mm

In this case, the dynamics of water over the ground is modeled by the equations of Jakupov's power laws
of friction:

dv, 8p . a,u oV : :
L—— + F,l:1,2,3,leV:O
,0 X, Z@x m" ox, e

This continuity equation corresponds to the fact that there are no sources and sinks in the flow of water.
Equations in dimensionless variables have the form
dv‘ on' 1 0 _aoU SOV
+§ [( Y myt T —11i=1,23,dw'=0, a= e
dt' ax'i ax', ax' M

J= J J

The exponents are determined in intervals[13-14:
vi|<1/9 m, =1 1/9<|v,|<3/9 m, =3; (3)
3/9<v|<5/9 m =5; 5/9<|v,|<7/9 m =T, T/9<|v| m, =9

The enormous resistance to movement (leakage) of a liquid in the soil is taken into account in the mass
conservation equation and in the power law equations using the effective filtration coefficient s:

av', o' -1 0 _aoU o'
'm,(—+v' Ds)= + mflmv'”"l =123,
P D= Y G e

p.JL
divw'=Ds, Ds=——
spU

Initially, the determination of the degrees in the ground was carried out according to the distribution (3).
The computed velocity fields in FIG. 6 and 7 show the unsuitability of this velocity distribution in the
ground.In the ground, the equations of the vertical velocity proved to be effective as a constant exponent

m =17,i=1,2,3.

— (4 ——
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p'mo(—‘i;;'w;z)s):_ah wy L9 [(“U)1617v':6—?f Ji=12.3,
) A
J

o', 4FsReax', 17
. 4)
divv'=Ds
1000M 10 10 w0.r
:
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600M 6 6 i
i
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400Mm 4 4. i
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Fig.8 shows the field of the vector of water flow rates simply in the channel without soil, without
sources-effluents, calculated according to the power law (2) and (4).

On fig. 9 and 10 show the velocity vector fields at different points in time. The difference from the
parabolic velocity fields obtained by the Navier equations (-Stok's) is simply amazing !!!Fig. 11

represents the vertical velocity distribution, the height of the channel in the cross section x = 50 m.

On fig. 12 shows the trapezoidal profile of the vertical velocity v in the horizontal plane of the water
y = 900m, on fig. 13 in the horizontal plane of the soil y = 400m.
In the ground, the speed of the filtration fluid is significantly reduced, as can be seen on fig. 9, 10, 11.
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5. Filtration (drainage) under the action of gravity

Above are the results of calculations of forced filtration, when the upper limit of the channel
y=1000m water is supplied at a speed of 0.001 m/s.

In this paragraph, the numerical calculations of liquid filtration (drainage) under the influence of
gravity, which acts on water from 800m to 1000m (the number of Froude is equal to Fr=U"/(gL)), in the

soil the effect of gravity is taken into account by the coefficient of total porosity "m, = 0.00001". In
addition to the above scale, the scale of the speed adopted {/ = (0.0 1,/ gL, 2=9.81lu /.

Before the ground 800m < y <1000 the equations with the Froude number are applied (for the
above reasons):

du' ap 2 aU - 1 ou'
= Tmou"™T ——],
P . ZReax )" m, ]

dt' m, ox',
,0'@=£+ 0 [(O(U)“ ’”‘“‘1Q]—ﬁ,cﬁvv'=0, a=1==
d' &', SRedr &' Fr M

In the ground, equations with a constant exponent are applied7, =17,i =1,2,3 and with a total
porosity coefficient are applied:

du' aU 16 6 ou'
m V_+ 'D — _ .17. ' —1,
Op(dt' ' Ds) xl ZsRe@x ) u 8x'j]
@' P o1 0 Uy 6 V' pm
mo(—+'L¥)= + —)" 17 ,dw'=Ds
(a?’ ) ax', JZI:SReéx’j & 17) &c’j] Fr

Fig.14 and 15 are the fields of the velocity vector at different times of oil displacement by water. Fig.
16 represents the distribution of the vertical velocity v along the height of the channel in the cross section
x=50 m. the Difference between the distributions of the vertical velocities in Fig. 11 and Fig.16 the

obvious.
1000m 10 10 10
800m 8 i
600m 6
E L
=
E* L
400m 4 i
200m 2
D.n_|\|\|\\|||\\|\\\||\

00m 1 1 24 22 2 18 16
F1g.14 Fig.15 Fig..16

6. Displacement of oil by water from underground volume
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Before the ground in the water are applied (for the above reasons) equations with the number of

Froude:
al/l'
___ - ymu—l_
pir -2 ZR o “ e > o
pﬂ— P + 0 [(w)’”” '“‘1i]—£,divv'=0, a=1"=
&' &', SRedr, o' Fr M

Water is supplied to the well at a rate U=2m / s (figures.17). In linear scale taken as the diameter of
the borehole L=1 m. the Reynolds Number is equal to Re=a, Re, + «, Re, , where Re - Reynolds

number for water, Re « - Reynolds number for oil.In the ground, equations with a constant exponent are

applied m, = 11, m, = 1 1and with the ratio of total porosity m, =0.000021:

p' 0 aU 10 10 ou'
—+ 'Ds)=— A1 2y
mO( SR ] ZsReax' AR
' D < 01]10 10 ' mop
'm,(—+v'Dk)=— A1 ,
pH]O(dt' ) o, Zl: Re ox 11) éx'j] I divv'=Ds
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Fig.18-22 the pictures of water penetration into the soil with simultaneous oil displacement through 2
vertical pits 0<x’<I and 6<x’<7 are presented.Fig.23 the field of the velocity vector and the location of

water at almost complete displacement of oil obtained by the equations of "Darcy's law"arePresented.
Horizontal and vertical arrangement of velocity vectors v'=y"i+v'jfig.23 caused by neglect of the

forces of inertia (acceleration) in the equations of "Darcy's law".The influence of the inertia forces to the
filter demonstrated with paintings of fields of velocity vectors in Fig. 18-22.
Fig.24 and 25 shows a plot of the vertical velocity at the height of the wells
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K. Bb. Kakbin-reri
KP BYM MatemaTika >koHe MaTEeMaTHKAIBIK MOJAEIICY HHCTUTYTHL, AnMaTsl, Kasakcran

CY3I'THIH TABUFATTBIK TEHJEVJIEPL
«lapcn SAHBIHBIHy» KYPBIFAHBI

AnHotanusa.Cy3riHiH TaOUFATTHIK TECHJACYJCPiHIH TEOPUSICH KOPHITIFaH.)KaHa TeHey- JIep/iH TaOUFaTTHIFBI
MBIHaJa TYp: ojlap (PM3MKAHBIH HETI3ri 3aHJapblHAH LIBIKKAH HAKThl Call- Japbl, TPYHTTHIH TBHIFBI3/IBIFGIH JKOHE
KEYEKTUIITiH, Cy30eJi CYHBIKTBIKTBIH TYTKBIPJIBIFBI MEH THIFBI3/IBIFBIH, IPEHaXK/Ibl, ayPBUIBIK KYIITIH 9CepiH TiKeleH
ecenke anraHApFel. Cy3ri Teopws- ChIHAA TalJaaHaThIH Y3UICCI3IIK TEHICYINiH KaJFaHIbIFBl KOpCETUIreH.
CysriHiH kaHa TeH- JAeyJiepi TyTac OpTaHbIH JWHAMHUKACHIHBIH KepeHEeyJep apKbUIbl JKa3bUIFaH TEHJEYJIEpiHeH
IIBIFa- PBUIFaH, OJPaJblH KYPBUIBICBIHA CYHBIKTHIKTBIH TYTKBIPIBIFBI MEH THIFBI3/BIFEl JKOHETPYHTTBIH KEyeKTLUIIr
eqrizinren.. Cy3rini Monmenpaeyre HpIOTOHHBIH YHKeTiC 3aHBIHA COWKEC KYPBUIFaH TEHACYNEPIi MaiiianaHyIbIH
JKopaMmcizmiri  kepcerinreH.Cy3riHi  MOZENbACyre AaBTOPABIH JOpEXKeNi YHWKeNiC 3aHmapblHa Jopeskeci [ak
caHgapOoNFaH TeHJICYJIepiH Maiianany J>OpoMJl €KeHi CaHJbIK TypAe omKkepeneHreH. Ocbuiapibl KyMcar
CKB&XMHAJAFbl CY3ri, aybIpAbIK KYII- IE€H OOJIATBIH APEHAXIbI, KEPHOIH AaCThIHIAFbl KOMMajaH MYHaWmbl eKi
OeTTeckeH LIyp(Tap apKbUIbI CHIFBII LIBIFAPY CaHABIK eCelTepMeH opbiHaainFaH. buom.18.

Tipek co3nep: cy3ri, KbICBIM, XbUIIAMIBIK, YIEY.

K.B./I:xakynoB
Kazaxcknit HanmonaneHbsii YauBepcurer nm. Anb-Oapadu
YPABHEHUS ECTECTBEHHOMN ®UJIbTPALIAU. PUACKO "3AKOHA JIAPCH"

AnHoTanus. /[aHa TeopusiHaTypalIbHBIXypaBHEHUH (UIbTpauii. HaTypanbHOCTh HOBBIX ypaBHEHUH (uiibTpa-
IIUH 3aKTI0YAeTCsl B TOM, YTO OHHU SBIISIOTCS TOYHBIMH CICACTBUAMHU (PyHAA- MEHTAIBHBIX 3aKOHOB(QU3UKH, MPIMO
YUYHUTBIBAIOT IUIOTHOCTH M IOPUCTOCTH TIPYHTA, BA3KOCTb M IUIOTHOCTH (DMIBTPALMOHHON JKUAKOCTH, APEHAX,
BJIMSIHME CHJIBI TSDKECTH M JIp. YCTaHOBIJIeHA (DaJIbIIMBOCTD TPAAMLIHUOHHOTO YPaBHEHUsI HEPa3pPHIBHOCTH B TEOPUH
¢wnbTpanmu. M3 ypaBHe-HUsI AWHAMUKU CIUIOUIHOW Cpelbl B HAaNpsDKEHHUSX BBIBOMSATCS HOBBIE YpaBHEHHMs
(unpTpanyy, BKIIOYAMOUIHE TFIOTHOCTh M BS3KOCTH JKHJIKOCTH U MOPHCTOCTh IPYHTA. Y CTAHOBJICHAHEa1eKBa-

THOCTh MOJIENTMPOBAHMS (MIBTPANNN YPaBHEHUSIMU C 3aKOHOM TpeHus HploToHa.UnCIeHHO MOoATBEpXkIeHa
5QPEKTUBHOCT, MOJEIMPOBAHUADUIBTPALNKN YPaBHEHUSIMH JI>KaKynoBa, OCHO- BaHHBIX Ha CTENEHHBIX 3aKOHaX
TPEeHHUs] C HEYETHBIMM ITOKa3aTeNIIMHM CTETeHeH, ¢ NMPUMEHEHHEM KOTOPBIX IPOBEJCHBI pacyeThl (MIBTPALH B
CKB)XMHE, JPEHaXa IOJ JEHCTBHEM CHJIBI TSHKECTH,BBITECHEHUSHE(TH BOAOIO M3 IOJ3EMHOTO apeaya depes ABE
CUMMETPHYHO PacIOI0KEHHBIE IIyPQBHI.

.KiroueBble cjioBa: GuIbTpaIis, JaBIeHNE, CKOPOCTh, YCKOPEHHE, YPaBHEHHS.
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