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METHOD FOR CONSTRUCTING THE COMMUTATIVE
ALGEBRA OF QUATERNION AND OCTONION

Abstract. In this paper, we solve the problem of constructing a commutative algebra of quaternions and
octonions. A proof of the theorem is given that the commutativity of quaternions can be ensured by specifying a set
of sign coefficients of the directions of reference of the angles between the radius vectors in the coordinate planes of
the vector part of the coordinate system of the quaternion space. The method proposed in the development of
quaternions possessing the commutative properties of multiplication is used further to construct a commutative
octonion algebra. The results obtained on improving the algebra of quaternions and octonions can be used in the
development of new hypercomplex numbers with division over the field of real numbers, and can also find
application for solving a number of scientific and technical problems in the areas of field theory, physical electronics,
robotics, and digital processing of multidimensional signals.

Keywords: hypercomplex number, quaternion, octonion, algebra, multiplication, division, commutativity,
vector.

Quaternions, as you know, were proposed by Hamilton in 1843 and gave rise to the rapid
development of vector algebra and other important branches of modern mathematics, which are the main
basis for constructing the fundamentals of theories in many areas of science [1-8]. Currently, many
scientific works are devoted to the algebra of quaternions, octonions and other hypercomplex numbers, as
well as to their application for solving various fundamental and applied scientific problems. For example,
the algebras of quaternions and octonions are often used to solve a number of complex specific problems
in the fields of robotics, physical electronics, and digital processing of multidimensional signals [9-20].

At the same time, it is still believed that hypercomplex numbers do not have the commutativity
property. The famous theorems of Frobenius and Hurwitz are known, from which it follows that it is
impossible to construct a commutative algebra of quaternions and other hypercomplex numbers. In
addition, the Frobenius theorem states that the construction of hypercomplex numbers with division over
the field of real numbers is restricted to the algebras of quaternions and octonions [21].

In connection with the noticeable expansion of the practice of using hypercomplex numbers in the
study of a wide range of modern scientific and technical problems, let us consider in more detail the
properties of the quaternion and octonion.

Quaternion can be represented as

q=s+ix+ jy+kz, (1)
where s — scalar; x, y, z — coordinates of the vector part of the quaternion; i, j, k -
imaginary units satisfying the condition

iP=j =k =-1. ()
When multiplying quaternions, the following equalities are also used
ij=—ji=k, jk=—kji=i, ki=-ik=]. 3)

Conditions (3) practically exclude the possibility of constructing a commutative quaternion algebra.
Indeed, consider the product of two quaternions

— § —
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9.9, = (51 +ixX, + +kZl)(S2 +ix, + jy, +k22) =88, =X =WV, 42,
+i (x5, + 2,8, )+ J (118, + 3,8, )+ k (2,8, + 2,8, ) +
+g'j(x1y2 _x2y1)+jk(y122 _y2zl)+ki(zlx2 _szl)' “4)

From (4) it is clear that when the places of the multiplied quaternions are changed, the product will
not be the same, that is, indeed, condition (3) makes the algebra of quaternions non-commutative.

However, in spite of the above, in this paper we propose a theorem on the construction of a
commutative quaternion algebra.

Theorem. The associative algebra of quaternions can be modified into the commutative algebra of
quaternions by specifying a set of sign coefficients of the directions of reference of the angles between
radius vectors in the coordinate planes of the vector part of the coordinate system of the quaternion space.

Evidence. Let us consider the essence of the products in (4), which are the reason for the lack of
commutativity of quaternions. Let's start with the expression that characterizes the cross product in the

plane xy.
By adopting

P =X +Y upy =545, (5)

we carry out the following transformations

) T HN

X . . .
X\ Vs = X%) = PP, 2, = PP, (COS @, s @, —CoS @, SIn ¢’1) = PP, Sm(("z — ¢ ) (6)

1p2

Because the sine in (6) is odd, the expression considered here cannot be commutative.
However, the angle

P, =0, =P = (/_jpﬁzj (7

In the existing theory of quaternions, the direction of this angle is not strictly specified. For the
complete coordinate system, the concepts of right and left screws are noted, which only indirectly indicate
that the positive direction of this angle corresponds to the positive direction of the axis z, however, no
formula is given that strictly specifies this noted condition.

As you know, when turning (rotating) the radius vector in xy plane by one full circle, the angle ¢ |
changes within 0 <¢_ <27, but the positive value of sin ¢, remains only within 0 < ¢ <7z . Within
7w <@, <2 the function sin ¢, already has a negative value, which does not correspond to the sign of

the angle ¢ _ . Indeed,

sin (72' +o,, ) =-—sing,, =sin (—gox ) .
In connection with this inconsistency, it is necessary to introduce a condition for the correspondence
of the sign of the angle of rotation to the linear direction of its reference in the basis of the quaternion

space, which for the angle ¢  in the theory of quaternions is associated with the direction z. This

condition can be written as
Sign(z)zsign((pxy). ®)

For a more detailed consideration of the need to take into account Equation (8), we represent z in the
form

z = sign(z)-|2]. ©)

Now, taking into account (6), (8) and (9), we associate the angular displacement with the coordinate z
as follows

z = sign(p,)-|pp, -sin (9, - 9,)| - (10)
In the last equation, the modulus can be replaced by the expression
— f ——
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|20, sin (@, — @, )| = sign(p,p, -sin (@, = ,))- pp, -sin (@, — @), (11)
then, we have
z = sign(p,,) - sign(pp, -sin (@, —@,))- pp, -sin (0, —¢,). (12)
Let us introduce the notation
o, = sign(¢,2)-sign(p,p2 -sin (@, — ¢, )), (13)

where
+1, sig”(ﬁl :ﬁzj - sign[lz’;j - Sign((/)xy );
sign(gy, ) = (14

AN

—LSign(ﬁz»ﬁlj = —sign(i@} = —sign(p,,).

The sequence of signs in the indices hereinafter indicates the direction of the angle of rotation. The
index «xy» means that the positive direction of reference of the angle ¢, corresponds to the direction of

the angle of rotation of the radius vector g relative to the origin from axis x to axis y. From (13) and
(14) it follows
o, =—0,,-(15)
Now, let us rewrite equation (12) for z in the form
Z=0p PP 'Sin(§”z ! ) =0p (x1y2 - xzyl) -(16)
In this equation, the signs of the directions z u ¢, are matched using the sign coefficient o,,. In

general, equation (15) can be rewritten as
lo3 = _O-nm N (17)

mn

where m and n denote the serial numbers of factors.

By analogy, the same conditions for matching the signs of the directions of linear and angular
displacements (coordinates) must be met for other pairs of coordinates. These conditions can be fulfilled
by replacing equalities (3) by the following equalities

ij=—ji=ck, jk=-ki=0c"i, ki=—ik=02j, (18)

mn mn

where o, =~ for the positive direction of reference of the angle of rotation in the plane xy, i.e. at

Sign (wmn ) = Sign (¢xy ) 4
is defined by formula
o, = sign(p,,)-sign(x,y, = x,3,) =0, (19)
And for planes yz u zx, when counting the angles of rotation also in the positive direction,
according to the formulas

oy =sign(p,.)-sign(y,z, - y,2,)= -0,

o, =sign(e.)-sign (men - anm) =—0o, . (20)
The sign coefficients given in (19) - (20) remove the questions about specifying the right or left
screws when determining the accepted directions of the used coordinate system.
When using equations (18) - (20), the product of two quaternions instead of (4) takes the following
form
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949, = (Sl +ix + +kZl)(S2 +ix, + jy, +k22) =SS TN TNV T 55 T
+i|:x1S2 +X,8,+0,, (J’1zz Wz )} + jl:ylsz + .8 +0,, (lez 4% )] +
+k [lez +2,8, +0,, (xlyZ NN ):| : (21)

From equation (21), taking into account (19) - (20), it can be seen that the product of quaternions
possesses the commutativity property.

The theorem is proved.

It is easy to see that all the basic properties of the quaternion algebra stated earlier are preserved,
including the possibility of the division operation. In addition, along with commutativity, the associativity
property of the product of quaternions is also preserved. When checking this condition together with (18) -

(20), it should be noted that

o’ =+1. (22)

mn

Let's confirm the possibility of the division operation. The conjugate four-dimensional quaternion
number (1) is the quaternion
qg=s—ix—jy—kz. (23)

The product gq , when using conditions (18) - (20), remains unchanged
qc?zsz+x2+y2+zz, (24)

which confirms the possibility of the division operation.

The proof of the above theorem on the commutativity of the quaternion algebra, modified by
specifying a set of sign coefficients for the directions of angles, opens up new possibilities both in
studying the properties of other hypercomplex numbers and for using hypercomplex numbers in solving
various scientific and engineering problems.

Next, we will consider the possibility of solving the problem related to the construction of a
commutative octonion algebra. To achieve the commutativity of the octonion product, as a basis, we use
the method that was proposed above to ensure the commutativity property of the multiplication of
quaternions.

We present some general conclusions that can be drawn from the results of solving the problem of
constructing a commutative quaternion algebra.

First, in hypercomplex numbers, the results of mixed products of imaginary units with the properties
of unit vectors of a vector space are pseudovectors associated with the projection of rotational
displacements on the plane.

Secondly, the absence of an unambiguously established modular direction of rotational displacements
leads to the duality of their reference system and is the reason for the absence of commutativity of the
multiplication of hypercomplex numbers.

Conclusion: to ensure commutativity of the multiplication of hypercomplex numbers, it is necessary
for each plane of the vector space of the hypercomplex number to unambiguously set the reference signs
of the directions of rotational displacements.

In the general case, the octonion g (x) , which in a number of works is also called the octave or the

Cayley number, is written in the form
qs (x) =Xy X0 + Xyl + Xyl + X0, + Xl + Xl + X005, (25)

where x, is a scalar component, variables x,-x, constitute the vector part of the quaternion, i -i, —

imaginary units having properties of unit vectors in the corresponding vector space, the number 8 in the
subscript on the left side of the equation indicates the octonion dimension.

In the existing theory of octonions, the multiplication rules for unit imaginary vectors i, - i, satisfy the
conditions given in the table 1.
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Table 1
1 I I I Iy I I L
I -1 A —i, I —I, = I
I —I, -1 I I L —I, —I
L I, —, -1 L — I =
I —; —lg =L, -1 L L, L
I I —i; L -, -1 —, L,
g L I = —I, L -1 -
L —g I I —I —, I -1

The octonion, given by equation (25) and the rules of multiplication indicated in table 1, has all the
basic properties necessary to construct a normalized algebra. However, in this form, the octonion has only
the property of alternative multiplication and, in contrast to complex numbers and quaternions, does not
have the properties of commutativity and associativity of multiplication.

It is possible to ensure commutativity and associativity of octonion multiplication, as follows from the
above conclusion, by replacing the multiplication rules in accordance with table 1 with new rules that are
specified by the table 2 below.

Table 2

1 A L L I I I L

il 1 612i3 _0-31i2 014i5 _0-51i4 _661i7 O-7li6
iz _Glzis 1 Oy il O i6 O, i7 Oy i4 05 is
i3 O3 1i2 _023i1 -1 O34 i7 _O-S3i6 O is _637i4
Iy —Ouls | =Oyuls | =0y, -1 Oshy Ol Oyl
Is Ol —Osl; | Ol —0 s, -1 —Ogsls Ol
I Ol Oply | —Ogls | Oyl Oyl -1 —O sl
L —07l Opls Oyly —Oyly | —Ogl, Oyl -1

Included in table 2, unit sign coefficients o, (m=1=7, n=1+7) indicate the directions of
rotation that are typical for mixed products j +i,, that is, when performing a multiplication operation for
cases where. m = n .

When using table 2, the product of two octonions ¢ (x) “qq ( y) has the form

qs (x) gy (y) = (xo + X1, + Xyl + X0 + X0, + Xl + Xl + X0 )
E(yo T Vil Voly + Y30y + Yyly + Viis + Vel + y7i7)=
=X Vo ~N V1 T XV, T XY Xy Yy T Xs Vs = Xg Ve — XV F

+|:xoy1 +X), +(x2y3 —x3y2)0'§ +(x4y5 —x5y4)0'jf§' +(x7y6 —x6y7)0';%}]i1 +

— Q —
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+[xoy2+x2y0+(x3y1—x1y3)0' +(x,56 — x4 ) Oas + (x5, —x,95) 05 ] +
+[xoy3+x3y0+(x1y2 X0 )00 +(Xeys = Xsy6 ) os + (%0, — X, 3, ) o) ]13+
+[x0y4+x4y0+(x5y1—x1y5)651+(x6y2—x2y6)0'g‘"+(x3y7 x7y3)0"‘"]14+
+[xoy5+x5y0+(x1y4—x4y1)014 (X633 — X336 )0 + (%0, — %, ) O ]15+
+[x0y6+x6yo+(x7yl—x1y7)0'71 (X0 =X, 0, )03 + (X503 — X, 05 0'53]16
+[xoy6+x6y0+(x6y1 - XY )0a + (x50, —xzys)ag+(x3y4—x4y3)03xﬂi7. (26)

It is easy to see from equation (26) that when using the new rules of multiplication, the octonion
possesses the commutative property of multiplication.
The conjugate number to octonion (25) has the form

7 (x) =Xy = Xyb — Xyby — Xyly — X0, — Xl — Xl — X515 (27)

Multiplying the octonion (25) by its conjugate number (27), we have
qs (x) gy (y) = (X + X1, + X0y + X0 + X0, + Xl + Xl + X0 )

[(x0 =X = Xy, — X0 — X0, — Xsls — Xl — X1, ) =
2
:x§+x12+x22+x32+xf+x52+x62+x72:‘qg(x‘ (28)

Equation (28) confirms that when using Table 2 (when performing the multiplication operation), the
octonion retains the property of being able to construct on its basis a normalized division algebra over the
field of real numbers.

In conclusion, we note that the construction of the commutative algebra of quaternions, octonions,
and other hypercomplex numbers opens up new possibilities for their application for solving many
problems in a number of fields of science and technology, including in the areas of field theory, robotics,
digital processing of multidimensional signals, and physical electronics.

A.T. U6paeB
On-Dapabu areigarsl Kasak yiTTeik yHuBepcuTeTi, AnMathl, KazakcTan

KBATEPHUOHJAP MEH OKTOHUOH/JAP/IbIH
KOMMYTATHUBTI AJITEBPACBIH )KACAY IbIH TOCLJII

Annoranus. Ksarepanonnapasl ['amuinbToH 1843 SKBUTEI YCBIHFAHBI OCNTLTI )KOHE KBATCPHUOHAAP FHUIBIMHBIH
KONTETeH calajapblHIAFsl TEOPISUIAPIBIH ipreliepiH KypyAblH OacTamKel HeTri3i OOJBIT TaOBUIATHIH BEKTOPIIBIK
anreOpaHbIH KaIbINTCYbIHA JKOHE Ka3ipri 3aMaHayd MaTeMaTHKaHbIH 0acKa Ja MaHbI3/Ibl cajlajlapbIHBIH T€3 AaMybIHa
cebern 6onmpl. Kazipri ke3ne KBaTepHHOHIAp, OKTOHHOHAAP KOHE 0acKa TUIIEPKOMIUIEKCTI CaHIApbIHBIH anreopa-
CBbIHA, COHBIMEH KaTap, OJIApAbI dPTYPII iprefi yoHe KoigaHOabl FRUIBIME eCenTep il Menryre KoJiaHyFa apHaliFaH
KOIITETeH FhUIBIME eHOekTep O0ap. MoceneH, KBaTepHUOHIAp MEH OKTOHHOHIAP/BIH anredpanapsl poOOTOTEXHUKA,
(DM3HKAIIBIK SIIEKTPOHMKA JKOHE KOl eJIIIeM/Il CUTHAIAAapAbl LU(PIBIK OHIeY callachblHAAFb! OipKaTap Kyplesi HaKThl
MOCeJIeNIep i STy YIIIiH KUl KOJIAaHbLIAIbI.

ConbiMeH Oipre, oJli Je TMIEPKOMIUIEKCTI CaHIapAblH KOOSHTy amaliblH/Ia KOMMYTALUSUIBIK KACHETi JKOK Jen
ecenreneni. @pobennyc neH ['ypBHITIH aTakThl TeopeMaiapbl Oenriii, olapJaH KBaTepHHOHIAp MEH Oacka rurep-
KOMIUIEKCTI CaHJap/blH KOMMYTaTHBTI aireOpachlH Kypy MYMKIHJIr >KOK eKeHAIriH Oaiikayra 6oinbsl. COHbIMEH
Katap, PpobeHnyc TeopeMacsl TUIIEPKOMILIEKCTI CaHAap IbIH HAKThl caHaap epici OolibiHIIa 06y amansl Oap anred-
paapAbIH KYpbUTYbl KBATEPHUOHAAP MEH OKTOHMOHAAPBIH areOpasapbIMeH MIEKTENETIHIH aiTaabl.

Byn KyMBICTA KOMMYTAaTHUBTI TOPT ONIIEMIl anreOpaHbl Kypy MIapachlH iCKe achIpy TOCUI Typailbl TOMEHE
KeJTipiIreH TeopeMa YChIHBLTFaH.

Teopema. KparepHuoHmap KEHICTITIHIH KOOpIMHATAIAP KYHECIHIH BEKTOPJIBIK OOJITiHIH KOOPIUHATAIBIK
’Ka3BIKTHIKTapbIHAAFBl PaJlyC-BEKTOPIIAPhl ApachIHAAFEl OYPHIIITAPALIH OaFbITTapBIHBIH OSNTineiTiH K03 PueHT-
TEepiHiH XHUBIHTHIFBIH KOPCETY apKbUIbl KBATCPHUOHAPIBIH aCCOLMATHUBTI anreOpachbIHbIH OpHBIHA KBaTePHHOHAAD-
JIBIH KOMMYTATHBTI anre0pachiH KypyFa 00masl.
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Opi Kapail anbIHFaH HOTHKENEpJCH KBaTePHUOHAp anreOpachIHBIH OapIbIK HETIi3r KacueTTepi, OHBIH iMIiHAe
0oy aMasbIH OpBIHIAY MYMKIHAITI CaKTalFaHbIH Kepyre Oomaabl. COHBIMEH KaTap, KOMMYTATHBTUTIKICH Oipre
KBaTEpPHHUOHAp anreOpackiHIa KOOSUTYIiH aCCONMATUBTLIIK KaCHETi 1€ CaKTaabl.

Bypeimrap OGaFbITTaphiHBIH Oenriiep KO3(PGUIIMEHTTEPiHIH KUBIHTBIFBIH KOPCETE OTHIPHIN KalWTa KypraH
KBaTepHUOHJAP alre0paHblH KOMMYTATHBTUIII Typalbl TEOPEMaHbIH JKOFapblAa KeNTipiireH aoneni Oacka ja
THIIEPKOMIUIEKC CaHIAPbIHBIH KACHUETTepiH 3epTTeyAe, SPTYPJi FhUIBIMHU JKOHE WHXKEHEPJIK ecenTep/i wLIelrye
THIIEPKOMILIEKC CaHIap/bl KOJIIAaHy YLIIH JIe )KaHa MYMKIHJIIKTep aliajibl.

Opi Kapail OyJl >KyMbICTa OKTOHHOHAAPIBIH KOMMYTaTHBTIK aiureOpachlH KYpy MYMKIiHAIriHe OaiilaHbICThI
Macernesnep KapacTeipbuiraH. OKTOHHOH KOOEHTIHAICIHIH KOMMYTATHBTIIIHE KOJI XKETKI3y YLIIH HerizemMe periHue
OCBHI KYMBICTA YCHIHBUIFAaH KBaTEpHHOHIAap KOOEHTIHAICIHIH KOMMYTAaTHUBTIK KacHETiH KaMTaMachl3 €TeTiH oJic
KOJITaHBUI/IBI.

KBarepHroHIapAbIH KOMMYTATUBTI aareOpacklH KYpy MACENIECiH IISNTy IiH HOTHXEJIepiHeH KeHOip KOpPBITHIH-
IIBIIap JKacayra 00Iajbl.

BipiHmrigeH, rUnepKOMITIEKCTI CaHOapAblH BEKTOPINBIK KEHICTIKTIriHAe OommkaMmasl OipiiKTepIiH KacheTTepi
Oap Oipiik BEKTOPIApPHIHBEIH apanac KeOCHTIHAUIEPIHIH HOTIKENepi >Ka3bIKTHIKTAa alHAIMallbl BIFBICYJIapABIH
HPOEKIMACEIMEH OaliIaHBICTHI ICEBIOBEKTOPIIAP OOJIBIN TaObIIadbL.

ExiHminen, alHaiaManbl BIFBICYJIApABIH AaHBIK OENriICHreH MOIYJBAIK OaFbITHIHBIH OONMaybl OJIapAbIH
OaFBITTBIK JKYHECIHIH KOcapiaHyblHA OKeJlelll KOHEe THIIEPKOMIUIEKCTI CaHJapbIHbIH KOOCUTYIHIH KOMMYTaTHBTLII-
riHiH 0onMaybIHa ceber 0oJabl.

Xorapbiia aiiTeiIFaHgapAaH HETi3ri KOPBITBIHABL THIIEPKOMILUIEKCTI CaHIapiblH KeOeiTyiHiH e3apa Oaiina-
HBICBIH KaMTaMachl3 €Ty YIUiH, THIIEPKOMIUIEKCTI CaHHBIH BEKTOPJBIK KEHICTITIHIH 9p a3bIKTHIFbIHA aiHaJIMaJIbl
KO3FasblcTap OarbITTapbIHBIH aHBIKTaMaJIbIK OelrisiepiH OipKeIKi KO0 KaXeT.

KBarepHroHIap MEH OKTOHHOHJAP/ABIH ajlreOpachiH JKeTULipy OOWBIHINA ajbIHFAH HOTHOKENEP HAaKThl caHiaap
KeJieMiHzie 0oy KacHeTTepiHe Fe THIepPKOMIUICKCTI KaHa CaHOapbl jkacay YIIiH maimanaHyra 0oajgsl, COHBIMEH
Kartap, epicTep TEOPHCH], (I3UKAIBIK JIEKTPOHUKA, POOOTOTEXHHUKA JKOHE KOIl ©IIEM/l CHTHAJAAPIBl MH(PIBIK
OHJICY CallaapbIHIAFEI OipKaTap FRUIBIME KOHE TEXHUKAIBIK MOCEIeNIep i IenryTe KoJIaanyra 0oaibl.

TyiliH ce3aep: TMIEPKOMIUIEKCTIK CaH, KBaTEPHHOH, OKTOHHOH, anredpa, kebeiTy, Oeiry, KOMMYTAaTHUBTIK,
BEKTOP.

A.T. UopaeB
Kazaxckuil HaunoHabHbIH yHUBepcuTeT MeHHu Anb-Papabu, Anmarsl, Kazaxcran

METO/ IOCTPOEHUS KOMMYTATHUBHOM AJITEGPBI
KBATEPHMOHOB 1 OKTOHHOHOB

AnHoraunusi. KBaTepHHOHBI, KaKk M3BECTHO, OBUIM MpeanoxeHsl ['amuiapToHOM B 1843 Tomy wm mamm Havaso
OypHOMY pa3BUTHIO BEKTOPHOW anreOpsl W APYTUX BaXKHBIX pa3leliOB COBPEMEHHOH MaTeMaTHKH, KOTOPBIE
SIBJISIFOTCSL OCHOBHOM 0a3oil moctpoeHus: (yHAaMEHTAIbHBIX OCHOB TEOPUIl BO MHOTHX HAallpaBJCHHUsX Hayku. B
HacTosImee BpeMs anredpe KBaTepHHOHOB, OKTOHHOHOB M JAPYIHX THIIEPKOMIUIEKCHBIX YHCET, a TaKkKe HX
MPUMEHCHUIO [JId PCIICHUA Pa3IMYHBIX (byH[laMeHTaﬂbeIX 1 TPUKIAAHBIX HAaYYHbIX 3aJa4 MOCBALICHBI MHOI'O
Hay4HbIX paboT. Hampumep, anreOpbsl KBaTEPHHOHOB W OKTOHHMOHOB HEPENKO MCIOJIB3YETCsl JUIsl PELIeHHs psija
CJIOKHBIX CHEeUU(PHUYECKUX 3a7a4d B 00JacTsX poOOTOTEXHUKH, (PU3UUECKON 3JIEKTPOHHMKU U 1M(POBOH 00paboTKM
MHOTOMEPHBIX CHTHAJIOB.

Bwmecre ¢ TeM, 10 CHX MOp CYHMTAETCS, YTO THICPKOMILICKCHBIC YUCIIA HE OOJIAJal0T CBOWCTBOM KOMMYTa-
TUBHOCTH. V3BeCTHHI 3HAMEHUTHIE TeopeMbl @pobernyca, ['ypBuIla, U3 KOTOPBIX CIEAYET BHIBOJ O HEBO3MOKHOCTH
MOCTPOCHUS KOMMYTATHBHOM anreOpbl KBATEpHHOHOB H IPYTUX THIIEPKOMILICKCHBIX dHcel. Kpome Toro, B Teopeme
®pobeHnyca yTBepKIaeTCs, YTO MOCTPOCHHUE TUIICPKOMIUICKCHBIX YHCEN C JCICHHEM HaJ IMOJIEM NeHCTBUTENBEHBIX
YHUCEI OTPAaHIYMBACTCS are0paMu KBATEPHHOHOB M OKTOHHOHOB.

B nacrosmeit pabote npeanaraeTcs TeopemMa 0 IOCTPOSHUN KOMMYTATUBHON aireOphl KBATEPHHUOHOB, KOTOPast
chopMyIHpOBaHa CIIEAYIOIIMM 00pa3oM.

Teopema. AccouuaTruBHas anredpa KBATEPHUOHOB MOXKET ObITh MOJU(HUIIMPOBAHA B KOMMYTaTHBHYIO ajireOpy
KBaTEepHUOHOB IyTEM 3aJaHusi HaObopa 3HAKOBBIX KO3()(HUIMEHTOB HANpaBlICHUI OTCUETa YIJIOB MEXIY pajuyc-
BEKTOPAaMH B KOOPAWHATHBIX MMJIIOCKOCTIAX BeKTOpHOﬁ HacTHU CUCTEMbI KOOPJAUHAT IMPOCTPAHCTBA KBATCPHUOHOB.

3 MOJYUYCHHBIX JajiblI€ PE3YJbTATOB MOXHO BUACTH, YTO BCE€ M3JIOKCHHBIC PAHBIIC OCHOBHBIC CBOﬁCTBa
anreOppl KBATCPHUOHOB COXPAHSIOTCS, B TOM YHCIE, BO3MOXKHOCTh OIepaluu JeleHus. Kpome Toro, Hapsmy ¢
KOMMYTaTHBHOCTBIO COXPAHSICTCS TAK)KE M CBOMCTBO aCCONMATHBHOCTHU IPOU3BEICHISI KBATCPHUOHOB.

Jloka3aTenpCcTBO MPHUBEICHHOM BEHIIIE TEOPEMBI O KOMMYTAaTHBHOCTH alTreOpbl KBAaTEPHHOHOB, MOAUMDUIIIPO-
BaHHOW TyTeM 3agaHus Habopa 3HAKOBEIX KO3()(UIIMEHTOB HampaBIeHHWH OTCUETa YTJIOB, OTKPHIBACT HOBEIE
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BO3MOXXHOCTH KakK TIPH HCCJIEIOBaHWM CBOWCTB JPYTMX THIEPKOMIUIEKCHBIX YHCEN, TaK W JUIl HPUMEHEHUS
THIEPKOMITIEKCHBIX YHCENI ITPY PEIICHNH Pa3INYHbIX HAYYHBIX 1 MHKCHEPHBIX 3aad.

Janbme B paboTe paccMOTpeHa BO3MOXKHOCTH PEIICHHS 3aJadul, CBA3aHHOM C IMOCTPOCHHEM KOMMYTaTHBHON
anreOppl OKTOHMOHOB. JIIsI OCTHXKEHUSI KOMMYTATHBHOCTH IIPOW3BENCHHS OKTOHHOHOB B KAaueCTBE OCHOBBI
UCIIONB3YeTCs METOA, KOTOPBIH OBbLT MpEIUIokKeH B JaHHOH paboTe mis oOecredeHHs: CBOMCTBa KOMMYTAaTHBHOCTH
YMHOKCHUS KBATEPHUOHOB.

[TpuBeneHbl HeKOTOpbIE OOIIME BBIBOJABI, KOTOPbIE MOXKHO CHENaTh 10 pe3yjbTaTaM pelieHus 3aJadd 110
MOCTPOEHHIO KOMMYTAaTUBHO# anreOpbl KBATEPHUOHOB.

B-nepBbIX, B THNEPKOMIUIEKCHBIX YHCIAX pPe3yJbTaTaMH CMEIIAHHBIX NPOU3BEACHUA MHHUMBIX EIUHHUI[ CO
CBOMCTBAMH €JMHUYHBIX BEKTOPOB BEKTOPHOIO MPOCTPAHCTBA SBISAIOTCS IICEBIOBEKTOPBI, CBSI3aHHBIE C MPOEKLIUEH
BpalaTeIbHbIX NEPEMEIEHUH Ha MIOCKOCTH.

Bo-BTOpBIX, OTCYTCTBHE OIHO3HAYHO YCTAHOBJIEHHOIO MOJYJIBHOIO HAalpaBJIEHUs BpAIIATENbHBIX IepeMe-
IIEHNH MPHUBOIUT K JBOHCTBEHHOCTH CHCTEMBI MX OTCUETA M SIBIISIETCS MPUYMHON OTCYTCTBHUSI KOMMYTaTHBHOCTH
YMHO>KEHUS TUIIEPKOMITIIEKCHBIX YHCEIT.

W3 W310)K€HHOTO BBIIIE CIIEAYyEeT OCHOBHOM BBIBOA: IUIi OOECHEYEHHS KOMMYTATHBHOCTH YMHOXKCHHS
THIIEPKOMIUIEKCHBIX YHCEN HEOOXOAMMO Ul KaXKAOHW IIOCKOCTH BEKTOPHOTO NMPOCTPAHCTBA THIEPKOMIIIIEKCHOTO
YHCJIa OAHO3HAYHO 337aBaTh 3HAKH OTCUETA HANPABJICHUH BPaIlaTeIbHBIX NIEPEMELICHHH.

[lomy4eHHble pe3ynpTaThl IO COBEPIICHCTBOBAHHWIO aireOphl KBATEPHUOHOB M OKTOHMOHOB MOTYT OBITh
UCIIOJIb30BaHbl NIPU Pa3pabOTKe HOBBIX TMIIEPKOMILIEKCHBIX YHCEN C JAEJICHHEM HaJl MOJIeM JIeHCTBUTENLHBIX YHCEl,
a TaKKe MOTYT HaWTH NPHMEHEHHE Ul PEUICHUs psla HayYHO-TEXHHYECKUX 3a/ad B 00JacTAX TEOpUH IOJIs,
(hm3MUECKOH NIEKTPOHUKH, POOOTOTEXHUKH M U(PPOBOH 00pabOTKN MHOTOMEPHBIX CUTHAJIOB.

Ki1ioueBble c¢10Ba: TUIEPKOMIUIEKCHOE YHWCIIO, KBaTEPHHOH, OKTOHHOH, anredpa, yMHOXEHHE, JelICHHE,
KOMMYTaTHBHOCTb, BEKTOP.
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CMEHMAHHAS 3AJAYA U1 TPEXMEPHBIX THIHHEPBOJTHYECKHUX
YPABHEHHMMU C BBIPOXJIEHNUEM THUIIA U ITOPAIKA

AnHoTanusa. V3BecTHO, 4TO B HPOCTPAHCTBE IpPU MATEMAaTHUYECKOM MOJAEIMPOBAHUM 3IEKTPOMArHUTHBIX
HoJIe B MPOCTPAHCTBE XapakTep 3JIEKTPOMArHUTHOIO Ipolecca ompeaensercs cBoiictBamu cpeasl. Ecnu cpena
HETIPOBOJSMIAst, TO IOJIy4aeM BBIPOKAAIOIINECS MHOTOMEpHBIE TuiepOonnueckne ypaBHeHHsA. (ClenoBaTenbHO,
aHaJIM3 3JIEKTPOMArHUTHBIX MOJIEH B CIOXKHBIX cpelax (HarpuMmep, €Ci MPOBOAMMOCTb CPEIbl MEHSIETCST) CBOISTCS
K BBIPOXKIAIOIIMMCS MHOTOMEPHBIM THIEPOOIMYECKUM ypaBHEHHAM. VI3BECTHO Takke, YTO KOJEOaHWS YIpPyTHX
MeMOpaH B IPOCTPAHCTBE IO NMPHUHIMIY ['aMMJIBTOHA MOXXHO MOJEJIHPOBATH BBIPOXKIAIOUIUMICS MHOTOMEPHBIMU
TUNEpOONINYeCKMMU ypaBHEHUsIMU. CIie[0BaTEIbHO, HCCIEAYs] MaTeMaTH4ecKOe MOJESIMPOBAHUE Mpolecca pac-
MPOCTPaHEHUs TEIUIA B KOJICOTIOMIMXCSA YIPYTHX MEMOpaHax, TAKKe MPUXOAUM K BBIPOXKIAOIIMMCS MHOTOMEPHBIM
THIepOoIMUECKUM ypaBHEHUsIM. [Ipu M3yueHnn 3THX NMPHUIOKEHUH BO3HUKAET HEOOXOIUMOCTh IOJIyYEHUs! SIBHOTO
NPEe/CTAaBICHUS PELICHHI HcclieyeMbIX 3a1ad. CMelnanHas 3aja4a Juls BBIPOXKAAIOIINXCS MHOTOMEPHBIX TUep0o-
JIMYECKNX YpaBHEHUI B 00OOIEHHBIX IPOCTPAHCTBAX XOPOLIO MCCIEOBaHa. JTa 33/1a4a TaKKe n3ydeHa B paborax
C.A.AnpameBa, re MOKa3aHO, YTO €€ KOPPEKTHOCTh CYILIECTBEHHO 3aBHCUT OT BBICOTBHI pacCMaTpUBAEMOM LIUIHH-
npudeckoi obmactu. Ha BakHOCTH MCCIE€OBaHMH MHOTOMEPHBIX T'MIICPOOJIMYECKHX ypaBHEHHH C BBIPOXKAECHHEM
THna U mopsagka obparwn BHuMaHus A.B. bumamze. CMmemanHbIe 3amaun [UIS STUX YpaBHEHHH paHee HE OBLTH
n3ydeHsl. B manHOW paboTe mokaszaHa pa3pemInMOCTh CMEIIAHHOHM 3aJadd W IMONy4YeH SBHBIA BHJ KIACCHYECKOTO
pemIeHus! Ui TPEXMEPHBIX THIEPOOINUECKUX YPaBHEHHH C BEIPOXKICHUEM THIIA U TIOPSAAKA.

KnaroueBble cnoBa: EBKIMIOBO HpPOCTPaHCTBO, TPUTOHOMETPUYECKHE (YHKIMH, IMOJSPHBIE KOOPIUHATHI,
OPTOTOHAJIBHOCTH, (pyHKIUS beccens.

n.1. Beenenne. CMenranHas 3a1a4a i BRIPOXKAAIOMUXCA JIMHEHHBIX THIIEPOOINYECKUX YPaBHEHUH
B 0000IIEeHHBIX MpocTpaHcTBaxX m3ydyeHa B [1]. B [2,3] ycTaHOBIEHBI KOPPEKTHOCTh CMEUIAHHOHN 3afadu
JUISL BBIPOXKJAFOIMXCSI MHOTOMEPHBIX TUIEPOOINUECKUX YPABHEHHH.

B nanHoil paboTe moOKa3aHa pa3pemIMMOCTh W TOJYYEH SBHBIA BUJ KIACCHYECKOTO pEIICHHS
CMEIIaHHOW 3a7a4yll Uil TPEXMEPHBIX THIIEPOOIHYECKUX YPaBHEHHI C BEIPOKACHUEM THIIA U MTOPSIAKA

m.2. IocranoBka 3agaum u pesyaprar. llycts D — uunuHapudeckas oONacTh eBKIMIOBA

npoctpanctea  E, Touex (X;,X,,f), orpammuenmas mwmHzpoM | = {(x,t):|x| = 1}, IIOCKOCTSIMU
t=£>0u t=0, rae |x| — JUIMHA BeKTOpa X =(x1,x2). Yactu 3THX MOBEPXHOCTEH, 00pa3yIommx

rpanuiy 0D, obmactu D ,,0003HaunM depes I, S ,, S, OTBETCTBEHHO.

B obGmactu D ,, paccMOTPHM TPEXMEPHBIC THIICPOOIHYECKHIE YPaBHCHHU

2 2
Lu= Zki (t)ux,-xl- —ky()u, + Zai (x,t)uxt_ +b(x,t)ut +c(x,t)u =0, (1)
i=1 i=l

rne k,(t)>0 mpu >0 n moryr obpamarscs B Hyms npu ¢ =0, k.(¢) € C([0, )N C2((0, B)),
i=12,3.
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VYpasuenue (1) runepbonuuno mpu t >0, a BIonb mIOCKocTH t = 0 MUMEET MECTO BBI-POXKACHUE €TO
THUIIA ¥ IOPATKA.

B nanbHeiinieM HaM MOHAIOOWTCS CBsI3b  JEKAPTOBBIX KOOpAMHAT  X;,X,,[C MHOJISPHBIMU
r,0,t:x, =rcosl, x, =rsin, r >0, 0< @ < 2r.

B KauecTBe CMEIIAHHOMN 3a/1a4k PACCMOTPHM 3aa4y:

3apaua 1. Haiitu pewenne ypasuenns (1) B obmactm D, u3 xmacca C (B )N C*(D 5)s

YAOBJICTBOPAIOLICE KPACBbIM YCIIOBUAM

u‘SO = T(I", 0)9 ut

5, =v(r.0), ulr = w(t,0), (2)
npu stom 7(1,0) =w(0,0),v(1,0) =y,(0,0).

ai(raeat) bi(raeat) Ci(l’,g,t)
KO k0O k@
Torna crnipaBeinBa

Teopema. Ecu ¢(r,0) € Cl(gﬁ)ﬂCG(Sﬂ), w(t,0)eC' ()N C(Iy), (r,0),v(r,0) €

IMycts ,E CI(B/})ﬂCZ(Dﬁ),i=1,2.

b

C' (Eo) NC*(S,) u BeMONHsETCS YCTOBHE
cosp, B #0,5=12,.., (3)

TO 3aja4a | MMeeT peleHne, rae y , — MONOXKHUTenbHbIe Hymu QyHKuuii Beccers mepsoro poxa J, (2),

k() +k, (D]
HJ 2k, (&) ¢

n.3. Jloka3zaTeabcTBO TeopeMbl. Penienne 3amaun 1 B OMSAPHBIX KOOpAWHATaX OyIeM HCKaTh B BUIE
psana

E,n=0]1,...

u(z,0,t) =u, (r,t)+ Z (u,,(r,t)cosn@+u,, (r,t)sinnf), 4

n=1
e U,y (7,1), u,, (7,t), u,,(r,t) -byHKuum, KOTOpBIE OYTYT ONPEIETECHBI HIKE.
IToxcrasus (4) B (1), B HOJSAPHBIX KOOPAWHATAX OyAEM UMEThH

.2 2
sin” 0 . cos” 0
Lu=k (t)(cosz Oy, + T”wrj +k, (t)(smz Oy, + —”mr] Uy T

+a,(r,0,t)cosbu,, +a,(r,0,t)sinOu,,, +b(r,0,t)u,, +c(r,0,t)u,, +

o0 2
. sin” @ .
+ Z {kl (t)[cos2 O(cosnbu,,, +sinnbu,, )+ (cosnbu,, +sinnbu,, )+
n=1
nsin26 | . nsin 26 .
+ ——(sinnbu,, —cosnbu,, )+ ——-—(cosnbu,, —sinnbu,, )—
r 1nr 2nr 2]”'2 2n In (5)
n’sin’ @
g (cosné,, +sin n6u,,)|+ k, (1)|sin® O(cos nbu,,, +sinnbh,, )+
nsin 26 . cos’ @ .
+ 7(cosn6’uzm —sinn6u,, )+ (cosn6u,, +sinnbu,, )+
nsin26 , . n’ :
+2—2(smnt9uln —cosnbu,,) ——20052 O(cosnbu,, +sinnbu,, )]—
r r

—— |4 ——
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nsin @

(sinn6u,, —cosnbu,, )} +

-u,,, cosnd—u,,  sinnf+a, [cos O(cosnbu,, +sinnbu,, )+ p

ncos@

+ az[sin O(cosnbu,, +sinnbu,, )+ (cosnOu,, —sinnbu,, )} +

+b(cosnbl,,, +sinnbh,,,)+c(cosnby,, +sinnbh,, )} =0

Teneps noirydeHHOE BeIpaskeHHe (5) cHadana yMHOXXUM Ha p(6) # 0, a 3arem npounTerpupyem ot 0
10 277, Tlocsie HECTOKHBIX TTPe0OPa3oBaHMii MOIyYHM Pl

(k,+k,) 1 (k,—k)) 1
S— Pro| Uion T U, |~ Prothion + 2 d\o| g, — =y,
2 r 2 r

| (k +k
+ay, (r,Ouyg, + by (r,Duyg, + ¢y (r,Duy + Z{Z{( 2) (ujnrr +

n=l | j=1

1 n’ (k, —k,) 1 n’ 6
+;ujnr _r_zujn)_pjnujntt ++%djn(ujnrr _;ujnr +_2ujn + ( )

+ (kz—zkl) e, (ujm, - %j +a, (r,Ou,, +b, (r,0u,, +c,(rt)+u, ]} =

2 2

27
= Ip(ﬁ)cosn@d@, Lo, = J‘psinnﬁdﬁ, d, = jpcosZ&cosn@d@,
0 0

0

2z 2z 2z
d,, = IpcosZ@sinan@, e, =—J.psin26?sinn<9dt9, e, = IpsinZHcosn@d&,
0 0 0

27 27
a,, = I,o(a1 cosf@+a,sinf)cosndb, a,, = J.,o(a1 cos @ + a, sin @) sin n6d o,

pr cosdo, b,, = jpb sinn@do, c,, = jp{(al sin@ —a, cos0) " Sl? n9 + ccosn@}d@,
= J. {(a2 cos@ —a, sin b)) ncoran + c¢sin n@}d@, n=0,1,...
Hanee paccMoTpuM OECKOHEUHYI0 crcTeMy AU depeHInaANbHBIX YpaBHEHUH
k(t)plo(uwrr + %uwj = Prottion =0, k()= M (7

r 2

1 n’ (k, —k,) 1 (n-1)°
k(t)pjl[ Jjnrr ;ujnr _r_zu/n) _pjnujntt = _%djn—l [ujnlrr _;ujnflr + }"2 ujn—l -

)

1 Uj (k, —k))d,, Uy,
k(t)pﬂ[”_/m +;uj1r — 5 | TPl = Uyor — P = ayglyg, — bygttyg, — €115 (8)

(k,—k) u
2 1 Jn-1 : _
_fejn—l ujn—lrr _T _ajn—lujn—lr _bjn—ltujn—lt _cjn—lujn—l’ J= 1,2,n=23,.. .
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HeTpyaHo mokasarb, 4TO €CIin {ulo,u in }, j=12,n=12,... pemenne cucremsr (7)-(9), To oHO

SIBJIIETCS U pellIeHNeM ypaBHEHU (6).
Jamee, yuuTeiBas ~ opToroHaidbHOCTH  ([4]) cHUCTeM  TPHUTOHOMETpPHUYECKHX  (pyHKIWH
{l,cos n@,sinnf,n = 1,2,...} na otpeske [0; 277.],u3 kpaeBoro ycnosus (2) B cuity (4) 6yaeM uMeTh

) (r,0) = 7,4 (r), uy, (r,0) = v, (1), u,, (1,1) =, (2), (10)

u,(r0)=r7,0), u,@0)=v,@),u, )=y, @), j=L2,n=12,.., (11)
1 2r 1 2 1 2
T =~ J 2, 0)d0, viy (1) = j v 0)d0, v, () = J v (t.0)do,
1 2 1 2r 1 2
7, () =— ! (r,0) cosn6d0, v,, () = ! V(r,0)cosntd0, v, (1) = '([1//(t, 0)cos n6deo,

2r 2r 2
7, (r) = % [2(r.0)sinn6do, v,,(r) = i [v(r,0)sinn6do, v, (&) = i [v(t.0)sinnéao,
0 0 0

n=12,..

Taxum oOpa3om, 3amada 1 cBejeHa K CHCTeMe CMEMIaHHBIX 3amad il ypaBHeHud (7) -(9). Temepn
HaiiJIeM pelleHHs 3TUX 3aa4.

Herpyano 3ameTuTh, 4TO KaXkj0€ ypaBHEeHHE cUCTEMBI (7)-(9) MOXKHO IpeCTaBUTh B BUE

2

k(t)(ujm +%ujnr —%ujn]—um = fu(r,t), n=0,1,,... (12)

N 10) N .
rae k(t)= , f,(r,t) ompenensrorTcs M3 NPEIbUIYIINX YPAaBHEHHMH OJTOW CHCTEMBI, IPH ITOM

ks (@)
fo(f',t)EO.

B [3] mokazano, uto 3amaum (12),(10) u (12),(11) omHO3HAYHO pa3pelIMMBI, €CIIH BBITIOTHSICTCS
yciosue (3).

Hanee, caagana perms 3anaun (7), (10) (j =1,2, n=0) , a3arem (8), (11)
(j=L2, n=1) u .1 HaiineM mocnenoBaTenbHo Bee u,, (7, 1), uj, (r,t), j=12, n=12,....

CnenoBatensHo, 3anauu (6), (10) u (6), (11) Takke ogHO3HAYHBI pa3pemuMbl. Tak, mokasaHo, 4To

jﬁ p(0)Lud6 = 0. (13)
0

Hycts  f(r,0,t) = R(r)p(0)T(t), upumuem R(r)eV,,Vy— mmomma 8  L,((0])),
p(@)eC”((027))— mmotia B L,((0,27)), a R()€V,V,— mmoma B L,((0,0)). Torna
Jr,0,0eV, V=V, 8(0,27r)®V, — motra s L,(D,) ([4)).

Orcrona u u3 (13), cnegyer, 4To

j f(r,0,t)LudD, =0

Dy

Lu=0, Y(r,0,0)eD,.
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Taxum o6pasom, pemenneM 3amad | ssusercs dymkims (4), tae uyo(7,0), u, (r,1), j=12,
n=1,2,... oNpeneNnsoTcs U3 NPEABAYIINX ABYMEPHBIX 3a/1a4.
VuureiBas orpanudeHus Ha Kod(duumentsl ypasBHenus (1) u Ha 3amansbie GyHkipn @(r,0),

w(r,0), ©(r,0),v(r,0),ananornudo kak B [2, 3], MOKHO MOKa3aTh, YTO MOJyYeHHOE pelieHue (4)
npuHaIeKuT Kiaccy C (5 s)NC*(D )-

CrenoBatenbHO, TeOpeMa J0Ka3aHo.
Pabora BemonHeHa npu (uHaHCOBOH mommepxkke donma Hayku KasHIIY (moroBop Ne§ ot
05.01.2020r.)

C.A. Aanames, 3.H. KananbsiHoBa

Maremaruka, pu3uka )xoHe HHpOpMaTHKa HHCTUTYTHI,
Abaii ateingarsl Kas¥I1Y, Anmatsel, Kasakctan

TYPI MEH J9PEXECI ©3IEPTUII'EH YHIHOJIIHEM/I
I'MITEPBOJIAJIBIK TEHAEYJIEPTE APAHAJIFAH APAJIAC ECEII

AnHoranus. KeHIiCTIKTeri 3IeKTPOMarHuTTIK ©pPiCTI MaTeMATHKAJIBIK MOJEIBICY Ke3iHAe dIEKTPOMArHUTTIK
MpoIleC CHIAThl OPTAaHBIH KAcHETTepi HETi3iHxe aHBIKTanaTbliHbl Oenrimi. Erep opra etkisrimm Oommaca, oHOa
KeIeJIeM/li TUIepOonanblK TeHaeyiepal anambi3. COHIBIKTaH KypJIedl OpTaiarbl AJIEKTPOMArHUTTIK epicTepii
Tanmarasaa (MbICajbl, e€rep KOpIIaraH OPTAHBIH OTKI3TIINTIIT ©3repce) KOMeeM/Ii ©3repTUIreH THIepOOoIIaIbIK
tenueynepre kenemis. CoHpaii-ak, ['aMUIbTOH mNpuUHUMII OOWBIHIIA KEHICTIKTErl cepmiMai MemOpaHajiapabiH
TepOemicTepiH 3ePTTEreHIe KOMeIeMIi 03repTiIreH TUIepOoIaIblK TCHACYJICPMEH MOJEIbBIACYTe OOIaThIH/IBIFBI
Oenrini. CoHnplkTan TepOenMeni ceprimai MeMOpaHallapAa JKbUIyAbIH Tapajly YAEpIiCiH MaTeMaTHUKalIbIK MOJAEIb-
JIey/i 3epTTei OTHIPHII, KONeIIIEeM Il 63repTUIreH Tunepooanslk TeHaeysepre kenemis. Ocbl Maceneneplii 3eprrey
Ke3iH/e HaKThl HIeMIMAepli KenTipy KaxeT. JKanmpuianraH KEHICTIKTE KeNeJIeMl e3repTiireH THIepOoIaiblK
TEHJIEYJIEpre apajac ecenTep >kakchl 3eprrenreH. byn ecen C.A. AnpameBTiH eHOEKTepiH/e /1 3epTTEeNreH, OHAa
€CeIITiH AYPHICTHIFBl KApPaCTHIPBUIBINT OTHIPFaH IHJIMHAPIIK aiiMak OWMIKTIriHe OaiaHBICTBHI €KCHIIT KOpCEeTLITeH.
A.B. bunamse Typi MEH Iopexeci e3repTUITeH KOIoNmeMIl TUMepOOIablK TeHACYIepIi 3epTTeyIiH MaHBI3IbI-
JBIFBIHA Ha3ap aynapiabl. by Tenaeynep OoiibiHina apanac ecentep OypbiH KapacThipbiiMaraH. JKymbicTa TYpi MEH
JIOpEeKeCi e3repTUIreH yIuejmeMl TunepOosaiblK TeHJIeyJiepre apaHajfaH apajac ecel LIeHIMIiHIH OapibIFbl
TIOJIENICHTeH YKOHE OHBIH HAKThI TYPi KENTIPUITeH.

Tyilin ce3nep: EBKIMATI KEHICTIK, TPUTOHOMETPHUSIIBIK (YHKIIUSUIAP, HMOJSPIBIK KOOPIUHATTApP, OPTOTOHAN-
IBLIBIK, beccenb GpyHKIUICHL.

C. A. Aldashev, Z. N. Kanapyanova

Institute of Mathematics, Physics and Informatics,
KazNPU named after Abay, Almaty, Kazakhstan

IXED PROBLEM FOR THREE-DIMENSIONAL HYPERBOLIC
EQUATIONS WITH DEGENERATION OF TYPE AND ORDER

Abstract. It is known that in space during mathematical modeling of electromagnetic fields in space, the nature
of the electromagnetic process is determined by the properties of the medium. If the medium is non-conductive, then
we get degenerating multidimensional hyperbolic equations. Therefore, the analysis of electromagnetic fields in
complex environments (for example, if the conductivity of the medium changes) is reduced to degenerating
multidimensional hyperbolic equations. It is also known that oscillations of elastic membranes in space according to
the Hamilton principle can be modeled by degenerating multidimensional hyperbolic equations. Therefore, by
studying mathematical modeling of the process of heat propagation in oscillating elastic membranes, we also come to
degenerating multidimensional hyperbolic equations. When studying these applications, it becomes necessary to
obtain a clear representation of the solutions to the investigated problems. The mixed problem for degenerating
multidimensional hyperbolic equations in generalized spaces is well researched. This task is also studied in the works
of S. A. Aldashev, where it is shown that its correctness significantly depends on the height of the cylindrical region
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under consideration. A.V. Bitsadze drew attention to the importance of studies of multidimensional hyperbolic
equations with degeneration of type and order. Mixed problems for these equations have not previously been studied.
In this work, the solvability of a mixed problem is shown and a clear form of a classical solution for three-
dimensional hyperbolic equations with degeneration of type and order is obtained.

Keyword: Euclidean spaces, trigonometric functions, polar coordinates, orthogonality, Bessel function.
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SOLUTION OF PRIVATE TASKS OF CYLINDRICAL SHEAR WAVES
(in the case of the distribution of constant values y-a + 2> 0 and o = p)

Abstract. Many studies usually use two methods to determine wave characteristics.

First-The instantaneous state of the medium corresponding to a certain fixed moment of time is investigated.

Second-The change in time of the state of the body in question at some fixed point is investigated.

If studies are carried out taking into account the rheological properties of the material of the system in question
or, if there is an environment surrounding the system, which also generally exhibits rheological properties, the use of
these methods is significantly difficult. In such cases, the influence of rheological parameters on the components of
the complex phase velocity at certain values of the vibration frequencies is studied.

Key words. deformable bodies, shear wave, vibrations, cylindrical shell, rod, viscoelastic medium.

This problem will be two-dimensional depending on two coordinates (R,8)and only the shear
displacement u,(r, 6,t) and components of the stress tensor g,,-anda,g other than zero

The problem statement will be as in [1]

Let a shear cylindrical wave propagate in an elastic inhomogeneous transversally isotropic cylindrical
layer. At the moment t = 0, the tangential stress pulseo,.or the displacementu,, but changing in
coordinatef.

We solve the problem in dimensionless variables

bt R
== r=—u=%= (1)
To To To

Wherery,- is the inner radius of the layer.

b — is the shear wave velocity.
Hooke's law in an elastic inhomogeneous medium has the form

du
Ozr = U1 (r) E;

10u

00 = 2(1) -=—3(2)
The equation of motion reduces to the following
00pr 10020 4 1 22%u
or + r 00 + r Ozr = p(r)b 72 G)
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Substituting (2) into equation (3) we obtain the basic equation, which has the form

0%u [l wM]ou | 1 pp(n)dcu _ bZp(r) 8*u )
orz ' Ir T uumlor T rzu maeez T () ar?
Let the boundary conditions for this problem have the form
Oz = fm(7) cos(mO)forr = 1 ®)
0, = Oforr = r; (andr; > 1) (6)

In addition to the boundary conditions, it is necessary to specify initial conditions that are zero in our
problem, i.e.

ulr=g = 0 (7
Since a linear problem is considered, it is advisable to use the one-sided Laplace transform over
dimensionless time to solve it.
We apply the Laplace transform with respect to t to equation (4) and obtain

%ug | 1, (M) 0ue | H2(M*ue _ p(Mb*
or? [T ui ()l or r2u4(r)062 - u1(r) p~Uo (8)

The solution to equation (8) is sought in the form

uy = T(r) cos(m0) 9)
Flat
Uy = fooou(r, 0,t) e Pidr (10)
Then equation (8) takes the form
2T(r) | [, ph(]0T() _ [mPua(r) , p(rb® _
el mel o e T e P [y =0 (D

In the future, we will assume that the inhomogeneity of the medium has the form

(1) = ugor®; pa(r) = pyorP; p(r) = por? (12)

Moreover,b? = %; a, 8, Y — constants.
1

Then equation (11) takes the form
r2T"(r) + r(1 + )T () — (m?rf=%yZ + p2rY=“2)T(r) = 0 (13)

Herey? = k20
K10

Suppose thaty —a + 2 > 0 anda = f8

The general solution of equation (13) in the case under consideration is equal to

y—a+2

wrt =z (14)

HereK,(2) andl,, (z) - are the Bessel function of the imaginary argument, and

y=— J T et (15)

T y—a+2

2
y—a+2

a y—a+2 a
T, = Cr 2Ky (=) prC 2 )+ Gor 2l (

y—a+2
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The constants C; andC,are determined from the boundary conditions (13) and (14)

frno @) P71y 1(p ) [yS+ ]K (p

oo 5 €)1 @) b St (o) b 21 O] o C) s3]

1

C1=

55205l () 16)
Where 5= )/—t;c+2 o
Consequently
1) =22 i, D [pritya (p5) = s + 5] ()] + 1 (0 7)o (0) -

[@]Ky(p:)]x[ﬂy—l(—)* Bbs+ S50 05 -+ 5] (D] - 101, () -

() bs -]k (62) s 2], (D) o

In the general case, it is very difficult to invert expression (18) with respect to p.
Expression (18) can be inverted for discrete values of the index, i.e. when

v=n+% (19)

where n is an integer, then the Bessel functions are elementary.
For example, forn = 0

rer) = Imo®) z {Ki(p —)[ [prfl ] (p T—Sf) - [s i a] Iy (p E)]

Po bZTZ 2 2 S

e
OEPE(E-E )

"%@[S;a][l’r’{ (p%> SMK%( )] (20)

Given that

N - (n + k)!
Kos()(#) = J% ¢ ;) k! (n — k)! (22)*

O DR+ k) O (k)
le ;k!(n—k)!(ZZ)k+(_1) e kz:;)k!(n—k)!(Zz)k

1
La(ne@) ) = T

or K ()(Z)—\/_ —Z] ()(Z)_
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We rewrite expression (21) as

Pr,.S_.s Pr.Ss_.s
f (p) _yta+2 —(rl—r ) __(rl_r )
T( ) Jmo\l/ { g(rl_l) _E(rl 1)( +£+E) + %(r1—1) s(‘rl 1) )} (22)
e —e pt,+5 e —e -3
Or
f (p) exp[—@1(Mp]  exp[-¢@,()p]
T(r) =" yﬁm  raez ) (23)
4 4
Where
1
P1(1) = [0 = D) +2Kk07 = D5
02(r) = [(r° = 1) + 2k (5 — D] 5 (24)
Consider the expression
exp[—¢1(M)p] exp[-¢1(M)p] y+a+2 1
T(T') = y+t{+2 = pl Zloco—o(_ )m_ (25)
4
We denote
[—01(r)p]
Ejp = W (26)
_exp[—¢,(r)p]
im — pm+1
and get
& —1(r)
Eiq = wadf;En: fl—,lEmdf
p1(r) @1(1)
_ e (G-ei(M) _ e (G-ei(M)
Eis = lpuoy~ 2 E108E5 o Brm = Jy oy "y Frodé

Then the expression (25) takes the form

Ty(r) = Eyp — 222 poag 422y GOl p ge yrarz g o) p ge g

m 4( <p1(r)) 4 @1(1) 1! ( 4 <p)1(r) 2!
y+a+2 o (E—pi(r) _ y+a+2 _ytat2(§-o.()
"+(_ 4 ) f(pl(r) (m-1)! Eyod§ =Eyo - 4 f<p1(r){ 4 T
yra+2\? (E=pi(0)* y+a+z =@ ()™
( 4 ) 21! -t " ' ("11 n! +W}E10d§ @7)
or
_ yra+z co  YIEER(e ()
Ty (r) = Eyo — Tf(pl(r) E1odS (28)
_ - o 2 1
T,(r) = 22 - SPEn Ol g ratym 29)
4
We denote
EZO — eXp[_(:;Z(r)p] (30)
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_exp[—g,(M)p]

2m — pm+1
As previously put
o (§-p(1)
Ep1 = J, oy E20d8; Eap = [ (o =1 Ezod§
_(®  E-ea)? _ [ E-gr)™
Epz = f(pz(r)+Ezodf 2m = f‘Pz(’”)W Epod$ (31)
Consequently

—Ty(r) = By + X2 (% EyodE + .. +(Y+“+2) [ G o0) ) S
2 - 720 4 @1(r) 720 <P2(7') (m-1)! 20 - Tz20

y+a+2 yra+2\™ 1 (&= <.02(T))
4 fqoz(r){l + ++( ) (m-1)! }EzodSor
_ ytatz co TEHEEE_g,(r)
—To(1) = Ezo +—— [, 01 1V Epod§ (32)
Thus, the expression for T takes the form:
T(r) =220 e (1) (B — LR [ expl =R (¢ — gy (1) EggdE + Eyg +
; L [ oy exp[- T (6 - 02 Ennde (33)
Inverting the expression in P, we obtain
T = —r P2 g~ DF [ TEr =7 [ oy eXPI= 5 (€ = 91 (M) Erod€ ] fn (7
2)dz + Thoo(=1)* [ [Bao + 52, ) exp[ 5 (f——qoz(rn]Ezodﬂfm(r—z)dz} (34)

where
Eio = ]0('[ - (P1(7”)); Ey = ]0('[ - (Pz(r))

_ [st=0@S-1)7] . _ ST+ -1)
Ky = [ 2(rs-1) ] k=1 2(r;-1) ] (35)
Knowing T, we can determine(r, 8, T)
u(r,0,t) = T(z,r)cos(mb) (36)

Similarly, we can obtain expressions for the stress o,,- and 0,9

T = T (DML F - ) 2B0dg — L f(r — 9y ()] - Sy (- DLy o -
HTRAE -~ f (1 — ()] (37)
si:(Zane) = myzor(_y+za+6)u(r, 0,1) (38)

Formulas (34), (36), (37), (38) give an exact solution to the problem, taking into account the entire
complex wave picture.

In the calculation, it was assumed that the points of the inner surface of the cylindrical layer are
rigidly fixed.
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A.K. Ceiitmyparos', M.JK. Aiitumos', A.K. Ceiirxanosa’,
A.B. Ocraesa’, J. Teaerenosa’, JI.Jl. [zkanbicoa', T. llamuiaos®

IKOpKI;IT Arta ateiHAarbl Ke3bimopaa MeMiekeTTik yauBepeuteTi, Kei3piiopaa, Kazakcran;
O3ip0Oaii’aH apXUTEKTypa )KOHE KYpPbUIbIC YHHUBEpCUTETI, baky, O3ipOaiikaH;
*TMaBnomap mexarorukansik yuusepenteri, Ilasroaap, Kasakcran

OUJIUHAPJIK BIFBICY TOJKBIHIAPBIHBIH JJEPBEC ECEBI
( TYpaKThl M3Hi ¥ — @ + 2 > 0 xdHe o = § miaMachl :KarFAaibIH/Ia)

Annoranus. JlepopMarusnaHaTeiH JeHeTIEpAeTi JOHTeNEK JJIEMEHTTEPIiH BIFBICY TOJKBIHBI YAEpiCTepiH
3epTTeyne (azaiplK KBULAaMIBIK YFRIMBI (pa3aiblk OPTaHBIH ©3repy JKBUIIAMIBIFBI peTinae eHrizineni. L{ummaapmik
KaOBIKTBIH TApMOHHUKAIBIK TepOeici kaFJaibiHaa (Ga3ablK KbBUIAAMIBIK KaOBIK MIETiHAEC epKiH TipelreH TepOeic
)KuiniMeH cunartananpl. COHIBIKTaH OMIAHAPITIK Ka0aTTaFbl TOJIKBIHIBI 3ePTTEY apKBUIBI Y3BIHABIKTAFbI KAOBIKTHIH
Taburu (opmanapbl MeH TepOemic KuimiriHe Tikemed OainmaHbICTHL. JKYMBIC HOTIXKeci Oipermemai MIIHHIAPIIK
TONKBIHIAPIBIH CEPIMIi KOHE KaOBICKaK OpTa, IIBIOBIK JKOHE MaTepHajlaFbl TOJNKHIH OPICIHIH CHIIATTaMaCBIH
3epTTeyre MYMKiHIIK Oepeni. KapacTeipeutran 3epTTeyiiep Kylie MaTepHABIHBIH PEOJOTHSIBIK KaCHETTEPiH eCKepy
HETI31HIEe JXKYpri3iice HeMece KOpIIaFaH OpTaHBIH alHamacelHAa Ooica, OHIA OYII PEOoNOTHSIIBIK KacHeTTepIi
KepceTeni, aTaliFaH oJicTepli KOJIaHy alTapibIKTali KMbIHFa COFamsl. MyHmal jkaFdaiia KOMIDIEKCTi (a3albIk
JKBIIIaMABIKTHIH PEOJIOTHSIIBIK TTapaMeTpIiepi — TepOetic KUUTITiHIH HaKTH MoHI ecenTeneni. JKyMpIC — Ka3bIKTHIK
MeH JOHreNeK 3JEMEHTTEP/IH TOJKBIH YACPICTePiHIH TYPAKThUIBIK IMHAMHUKACHIH 3epPTTEyre apHajfaH, COHBIMECH
Katap KaOaTThI, cepmmiMIi jKa3bIKTHIK OeTiHe KO3FallaThIH JKYKTEME dCcepi Typaibl jKa3bIKTHIK e€ceOi, CHI3BIKTHI eMec
nedopManusIapaaH OoNaTBIH KEepHEY 3aHBl KapacTHIPBUFaH. EcenTiH KonmaHOANBUIBIFE — AWHAMHUKAIBIK €CEeITi
ISy OiH TYpJi CaHIBIK AITOPUTMICPIH jkacay YVINIH KoimaHbUIamsl. JledopMamusiaHaTbIH OpTamaFrsl TYPIIi
MEPUOATHI JKOHE MEPHOATHI €MEC KO3FAJbICHIHBIH 0acThl MOHI KapamailblM TapMOHHKAJIBIK THITETi Ka3bIKTHIK
TOJIKBIHBI OOJIBII CAHANAIbI, OJIAPJIBIH dcepi OChl OeTKe KaKbIH opHanackaH. COHABIKTAaH Penie Tapany TONKBIHBIHBIH
ecebin KapacTbipa anambi3. JKapTeuiail )a3bIKTIKTAFbl MATEPUAIIBIH KO3FAIIBIC TEHJCY] MOTEHIHAIAA (,\f TOJIKbIH
TEHJAeYyNIepi Heri3iHme cumarramanpl. KypeUipIMmapIel HeMece KYPBUIBIMIAPIBI KoOanay OapbICHIHIA MAaHBI3IBI
MIapTTapabiH 0ipi — KYPBUIBIMAAPABIH TYPAKTHUIBIK JKaFJaifbl MEH 3JIEMEHTTEpi €CKepiiesi.

Y3bIHABIKTEIH ~JOHTEIeK CepHiMai  ©3€TiH KapacTelpraHma Oenrimi Oip yakpITTa INTAMHBIH YIIBIHA
WHTCHCUBTIIIKTIH OCBTIK CHIFBUIATHIH P(t) KyImi KommaHBUIAAbl Jem OoipKaMm jKacalMbl3. JleHrenmek IIBIOBIKTHIH
TYPaKTBUIBIKTHI KOFANTYBl MATEMATHKAIBIK TEOPHS HETi31H e J)KOHE TOHTEIIeK 03eKTiH KolieHeH TepOeici HeTi3iHe
seprreneni [3]. Ocwel Mocenenepre CyieHe OTBIPBIN, OFaH KAaJBIITHI HEMece aWHalIMaibl BIFBICY KepHEyi
KOJNJaHBUIFaHa KaTaH HeMmece aedopMalMsIaHATBIH IIeKapalapMeH IIEKTeNTeH cepHiMmui KabaT TepOemiciHig
KeHOip aKCHMETPHSIIBIK MOcelesepiH KapacThIpaMbl3. MocenenepaiH MIenTiMi HHTETPANABIK TYPJICHAIPY apKbLIBI
KOOD/IMHATA )KOHE YaKbIT OOMBIHIIA aJbIHFaH.

Tyiiin ce3: gedopmManusIaHaTEH KaTTHI I€HE, TOIKBIH, TepOetic, MMIHHIPIIK TepOeic, CHIPHIK.

A.K. Ceiitmypatos', M.XK. Aiitumos’, A.K. Ceiitxanosa’,
A.B. Ocraesa’, J. TyJIeFeHOBal, JIJ1. TxanbicoBa', T. Illamuiios’

'KbI3BLI0pIMHCKH# TOCY 1apCTBEHHBIH YHUBepcuTeT uM. KopkeiT Ata, Keiseiiopaa, Kasaxcran
2 AsepGaiiKaHCKHI. YHHBEPCHTET ApXUTEKTYphI 1 CTPOUTEIBCTBA, Baky, Azepbaiimkxan
3l_laBnozlapcm/n?I nejarornyeckuii yausepcuret, [laBnonap, Kazaxcran

PEHIEHHUE YACTHBIX 3AJAY HWJINHAPUYECKHUX CABUT'OBbIX BOJIH
(npu packiiajie MOCTOSIHHBIX BEIMUYUHY —a+ 2 > 0una = f)

Annoranus. [Ipu uccnenoBaHusX CABUIOBBIX BOJHOBBIX MPOLIECCOB KPYrOBBIX AJIEMEHTOB B Je(hopMHUpYyEMbIX
TeJlaX BBOAMTCS MOHATHE (PA30BOIl CKOPOCTU KaK CKOPOCTH M3MeHeHus (pa3oBoil cpenpl. B ciyuae rapMoHHYECKUX
KoJIeOaHUH LMJIMHIPUUECKON 000JI0uKH (ha30Basi CKOPOCTh BBIPAKAETCS Yepe3 YaCTOTy COOCTBEHHBIX KOJICOAHUIA,
cBOOOHO OMEPTON MO KpasM OOOJOYKH, M MO3TOMY HCCIEIOBAaHHE BOJH B MWJIMHAPUYIECKOM CJIO€ MMEET Camoe
npsiIMOe OTHOLICHHE K MpoOiieMe OompeseNieHHss COOCTBEHHBbIX (OPM M 4acTOT KolieObaHWH 000JI0YeK KOHEHHOU
JuinHbl. [IpoBomMMbIE B IaHHOH paboTe pe3ysibTaThbl MO OJHOMEPHBIM IMJIMHAPHYECKUM BOJIHAM B YIPYTHUX H
BA3KOYMIPYTUX Cpedax U CTEPIKHAX MO3BOJIIIOT UCCIIEAOBATh BIMSHIE XapaKTEPUCTHK MaTepHajia Cpejl Ha BOIIHOBEBIE
more B Martepuane. Ecmum wmccienoBaHWS MPOBOAATCS € y4YETOM PEOJOTMYECKHX CBOMCTB —MaTepHuaia
paccMaTpruBaeMON CHCTEMBI MJIM MMEETCS OKpY’KaloIlas CHCTEMY Cpefd, Takke B OOLIeM cilydae, MPOSBIIMIOIAs

—— 4 ——
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PEOJOTHYEeCKe CBOICTBA, MCIIONB30BaHIE 3TUX CIIOCOOOB 3HAYMTENBHO 3aTPYOHEHO. B Takumx ciydasx m3ydaercs
BJIMSIHHE PEOJIOTHYECKHX MapaMeTPOB Ha COCTABISIOIINE KOMIUIEKCHOH (ha30BOW CKOPOCTH TPH OIpPEAEICHHBIX
3HAYEHHUIX YacToT Kosebanuid. [lodTomy paboTa mocBslleHA H3YyYEHHIO ITUHAMHKH YCTOHYMBOCTH BOJHOBBIX
MPOIIECCOB IUIOCKMX M KPYTOBBIX 3JIEMEHTOB, a TAaK)K€ paccMaTpuBaeTcs KiacC IUIOCKHX 3aJad O BO3JACHCTBHUHU
MOJIBIYKHBIX HArPy30K Ha IMOBEPXHOCTH CIIOMCTON YIPYTo# MOJYIUIOCKOCTH NMPH HEIWHEHHOM 3aKOHE 3aBHCHMOCTH
HaNpsDKeHUH OT medopmanmid. 3amgadr JAHHOTO Kiacca NPEACTABIISIOT OONBIION MPUKIATHON HMHTEPEC M, KPOME
TOTO, MOTYT CIY)XHUTh 53TaJOHOM IS pa3pabOTKH TeX WIM HWHBIX YHCIECHHBIX aJIrOPUTMOB IS PEIICHHUS
TUHaMHU9ecKux 3anad. Cpenu pasindHbIX MEPUOANYECKUX M HETEPHOAMYECKUX IBIDKEHUH 1ehOpMHUPYEMBIX Cpel
BaXHOE 3HAUYEHHE UMEIOT IUIOCKHE BOJIHBI IPOCTOT0 TAPMOHUYECKOTO TUTIA, PACTIPOCTPAHSIOIINAECS 10 TOBEPXHOCTH
TeJa WU MOJMYIJIOCKOCTH, BIHMSIHAE KOTOPBIX OTPaHUYMBACTCS OKPECTHOCTBIO 3TOHM moBepXHOCTH. I103TOMY MOXKHO
paccMOTpeTh 3aady O paclpoOCTpaHEeHUH BOJHEI Pernest.

Ecnmu paccMoTpeTs KpyTiblil ynpyruid cTepkKeHb JIUHBL, TO OyIeM Mpeamonaratb, YTO K TOPIIAM CTEPXKHS B
KaKoi-In00 MOMEHT BpeMEHH MPUKIAIbIBACTCS OCeBasi CxKMMarolnas cuia uHteHcuBHocTu P(f). TloTepst ycroiiun-
BOCTH KPYTJIOTO CTEp)KHS OyAeT MCCIeNOBaThCS Ha OCHOBE MAaTEMAaTHUYECKOW TEOPHUH W TMOMEPEeYHOro KojeOaHWs
KPYTJIOTO CTEPIKHS, U3JI0KEeHHOU B paboTe [3]. Ha ocHOBe 3THX 3a7a4 MOKHO pacCMOTPETh HEKOTOPBIE OCECHMMET-
pUYHBIE 3aa4d KoJieOaHWs YNPYTroro Cjosi, OTPaHHYEHHBIE XECTKHUMH WiIH Ae(HOPMUPYEMBIMH TPAHUIAMH TIPH
BO3ICWCTBUH HAa HETO HOPMAJIBHOTO MM BPAIIAaTEIIbHOTO KAacaTeIFHOTO HANpsDKEHHs. PermeHus paccMaTpuBaeMBbIX
3a/1a4 MOJTyYeHBI C UCTIOJIb30BAaHIEM MHTETPATbHBIX MPE0Opa30BaHU IO KOOPAMHATE WIIH IO BPEMEHHU.

KuaroueBbie cioBa: nedopmupyemast TBepaas Tena, BOJIHA, KOIeOaHusl, ITHHIpUYecKas 000JI04Ka, CTEPIKEHb,
BA3KOYTIpyTasi cpena.

Information about authors:

Seitmuratov Angisin, Doctor of Physical and Mathematical Sciences, Professor, The Korkyt Ata Kyzylorda State University.
Kyzylorda. Kazakhstan. angisin_(@mail.ru .https://orcid.org/0000-0002-9622-9584;

Aitimov Myrat-PhD, The Korkyt Ata Kyzylorda State University. Kyzylorda, Kazakhstan. aitaimovmurat07@gmail.com.
https://orcid.org/0000-0002-8397-8914;

Ainur Seitkhanova, Pavlodar Pedagogical University, Department "Physics", PhD — Mechanics. Pavlodar
ainurl 179@mail.ru. https://orcid.org/0000-0002-6667-4548;

Ostayeva Aiymkhan Batyrkhanovna - Acting associate professor of the Department of Computer Science, candidate of
pedagogical sciences. The Korkyt Ata Kyzylorda State University, Kyzylorda. Kazakhstan, aimak73@mail.ru.
https://orcid.org/0000-0003-3361-2022;

Tulegenova Elmira, Candidate of Economic Sciences, senior lecturer. The Korkyt Ata Kyzylorda State University.
Kyzylorda. Kazakhstan. Etulegenova@mail.ru. https://orcid.org/0000-0003-4501-7343;

Janyssova Dariga — Senior Lecturer, The Korkyt Ata Kyzylorda State University, Kyzylorda. Kazakhstan. dsin65@mail.ru.
https://orcid.org/0000-0002-9904-5350;

Shamilov Tefriz, Candidate of Technical Sciences, Professor, Departament of «Physics», Azerbaijan University of
Architecture and Construction, Azerbaijan, Baku. invar59 @mail.ru. https://orcid.org/0000-0001-9139-1075

REFERENCES

[1] Filippov L.G., Filippov S.I. 1995. Dynamic stability theory of rods. Proceedings of the Russian-Polish seminar.
Theoretical Foundations of construction. Warsaw, pp. 63—69.

[2] Medeubaev N.K., Seytmuratov A.Z., Ramazanov M.I. Solving Problems of Vibrational Processes of Isotropically
Homogeneous Elastic Plates// Lobachevskii Journal of Mathematics, 2020, 41(9), 1846—1853

DOI: 10.1134/S1995080220090188

[3] Seitmuratov A., Taimuratova, L.U., Zhussipbek, B., Seitkhanova, A., Kainbaeva, L.Conditions of extreme stress state
//News of the National Academy of Sciences of the Republic of Kazakhstan, Series of Geology and Technical Sciences, 2019,
ISSN 2224-5278 Vol. 5, Number 437 (2019), 202-206. https://doi.org/10.32014/2019.2518-170X.143

[4] Seitmuratov A., Yergalauova Z., Makhambayeva 1., Bexeitova A. Axismetric problems of elastic layer oscillation limited
by rigid or deformed boundries//News of the National Academy of Sciences of the Republic of Kazakhstan, Series of Geology
and Technical Sciences, 2018, ISSN 2224-5278. Vol. 1, Number 427 (2018), 127—-135.

[5] Seitmuratov A.Z., Makhambayeva I.U., Medeubaev N.K. Analysis of tensely of the deformed state of pedigree array
near-by making//News of the National Academy of Sciences of the Republic of Kazakhstan, Series of Geology and Technical
Sciences, 2016, ISSN 2224-5278. Vol. 6, Number 420 (2016), 187-194.

[6] Seitmuratov A., Seylova Z.T., Kanibaikyzy K., Smakhanova A.K., Serikbol S.M. Approximate equation plate oscillation
for transverse displacement of points of the median plane//News of the National Academy of Sciences of the Republic of
Kazakhstan, Series of Geology and Technical Sciences, 2018, ISSN 2224-5278. Vol. 3, Number 429 (2018), 258-265.




News of the National Academy of sciences of the Republic of Kazakhstan

[7] Medeubaev N., Menlikozhaeva S., Seitmuratov A., Ramazanov M., Zharmenova B., Shamilov T. Area of applicability
of approximate equations of vibrations of rod systems of variable thickness (in English)//News of the National Academy of
Sciences of the Republic of Kazakhstan. Physical-mathematical series 2018, ISSN 1991-346X. Vol. 4, Num. 320(2018), 5-15.

[8] Seitmuratov A., Zhussipbek B., Sydykova G., SeithanovaA., Aitimova U. Dynamic stability of wave processesof a
round rod // News of NAS RK. Series of physico-mathematical. 2019 2(324): 90-98 (in Eng). ISSN 2518-1726 (Online), ISSN
1991-346X (Print).https://doi.org/10.32014/2019.2518-1726.16

[9] Seitmuratov A., Tileubay S., Toxanova S., Ibragimova N., Doszhanov B., AitimovM.Zh. The problem of the oscillation
of the elastic layer bounded by rigid bouhdaries//News of NAS RK. Series of physico-mathematical.2018 5(321): 42 —48 (in Eng).
ISSN 2518-1726 (Online), ISSN 1991-346X (Print).https://doi.org/10.32014/2018.2518-1726.6

[10] Seitmuratov A., ZharmenovaB., DauitbayevaA., Bekmuratova A. K., TulegenovaE., Ussenova G. Numerical analysis
of the solution of some oscillation problems by the decomposition method // News of NAS RK. Series of physico-mathematical.
2019 1(323): 28-37 (in Eng). ISSN 2518-1726 (Online), ISSN 1991-346X (Print). https://doi.org/10.32014/2019.2518-1726.4

[11] Ashirbayev N., AshirbayevaZh., Abzhapbarov A., and Shomanbayeva M.The features of a non-stationary state of
stress in the elastic multisupport construction/ AIP Conference Proceedings. 2016. V. 1759, 020039,
http://dx.doi.org/10.1063/1.4959653.

[12] Seitmuratov,A.Z., Nurlanova,BM., Medeubaev N. Equetions of vibration of a two-dimensionally layered plate strictly
based on the decision of various boundaty-value problems// Bulletin of the Karaganda university-mathematics.2007 3(87): 109-
116 (in Eng).

[13] A.Seitmuratov, N.Medeubaev, Z.Seylova, L.Taimuratova,A.Dauitbayeva, S.Tileubay, E.Tulegenova.Oscillation
equations of rectangular plates in linear approximation//Journal of Theoretical and Applied Information Technology. 2020.
Vol.98. No 06. © 2005 — ongoing JATIT & LLS ISSN: 1992-8645 www jatit.org

[14] Seitmuratov, A., Dauitbayeva, A.O., Berkimbayev, K., Turlugulova, N.A.. Tulegenova, E.N. Constructed two-
parameter structurally stable maps //News of the National Academy of Sciences of the Republic of Kazakhstan, Series of Geology
and Technical Sciences ISSN 2224-5278Volume 6, Number 438 (2019), 302-307. https://doi.org/10.32014/2019.2518-170X.182

[15] Seitmuratov, A.; Medeubaev, N.; Yeshmurat, G. Approximate solution of the an elastic layer vibration task being
exposed of moving load// News of NAS RK. Series of physico-mathematical. 2018. Vol. 2, Number 318 (2018), 54-60 (in Eng).
ISSN 1991-346X




ISSN 1991-346X Series physico-mathematical. 6. 2020

NEWS

OF THENATIONAL ACADEMY OF SCIENCES OF THE REPUBLIC OF KAZAKHSTAN
PHYSICO-MATHEMATICAL SERIES

ISSN 1991-346X https://doi.org/10.32014/2020.2518-1726.94
Volume 6, Number 334 (2020), 27 — 35

VIK 517.956
MPHTH 27.31.15

C.A. Aldashev, E. Kazez

Institute of Mathematics, Physics and Informatics, KazNPU named after Abay, Almaty, Kazakhstan.
E-mail: aldash51@mail.ru, ertai_kazez@mail.ru

CORRECTNESS OF THE MIXED PROBLEM
FOR ONE CLASS OF DEGENERATE MULTIDIMENSIONAL
HYPERBOLO-PARABOLIC EQUATIONS

Abstract. It is known that in mathematical modeling of electromagnetic fields in space, the nature of the
electromagnetic process is determined by the properties of the medium. If the medium is non-conductive, we get
degenerate multi-dimensional hyperbolic equations. If the medium has a high conductivity, then we go to degenerate
multidimensional parabolic equations.

Consequently, the analysis of electromagnetic fields in complex media (for example, if the conductivity of the
medium changes) reduces to degenerate multidimensional hyperbolic-parabolic equations.

Also, it is known that the oscillations of elastic membranes in space according to the Hamilton principle can be
modeled by degenerating multidimensional hyperbolic equations.

Studying the process of heat propagation in a medium filled with mass leads to degenerate multidimensional
parabolic equations.

Consequently, by studying the mathematical modeling of the process of heat propagation in oscillating elastic
membranes, we also come to degenerate multidimensional hyperbolic-parabolic equations. When studying these
applications, it is necessary to obtain an explicit representation of the solutions of the studied problems.

The mixed problem for degenerate multidimensional hyperbolic equations was previously considered.

As far as is known, these questions for degenerate multidimensional hyperbolic-parabolic equations have not
been studied.

In this paper, unique solvability is shown and an explicit form of the classical solution of the mixed problem for
one class of degenerate multidimensional hyperbolic-parabolic equations is obtained.

Keywords: mixed problem, classical solution, unique solvability, Bessel functions, spherical functions.

item 1. Introduction. The mixed problem for degenerate multidimensional hyperbolic equations in
generalized spaces has been studied [1,2]. The correctness of this problem was proved in [3,4] and an
explicit form of the classical solution was obtained.

As far as we know, these questions have not been studied for degenerate multidimensional
hyperbolic-parabolic equations.

This article shows the unique solvability and obtains an explicit representation of the classical
solution of the mixed problem for one class of degenerate multidimensional hyperbolic-parabolic
equations.

item 2. Statement of the problem and results. Let Q_, — the cylindrical region of the Euclidean

space E , of points (x,,.....x,,¢) bounded by the cylinder I'= {(x,?): |x| =1}, the planes t =a >0 and

m+1

t= /<0, where |x| — the length of the vector x = (x,,...,x,) .

We denote by Q, and Q, the parts of the region Q_,, and by I',, I'; the parts of the surface

B
I" lying in the half-spaces >0 and #<0; o, — the upper and o, — lower base of the area Q .

af ?
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Let further S be the common part of the boundaries of the regions Q, and Q ,, representing the set
{t=0,0<|q<1} in E,.

In the domain Q_,, we consider degenerate multidimensional hyperbolic-parabolic equations.

aff

A u—u, + Zd, (x,0u, +e(x,t)u, t>0,
i=1

0= @)

m

[t]” A u—u, + Zai(x,t)uxl +b(x,t)+c(x,t)u, t<0,

i=1
where p,q =const, p>0, g=0, A, -isthe Laplace operator with respect to variables x,,..,x, , m=>2.
In the future, it is convenient for us to switch from Cartesian coordinates x,,...,x,, ¢ to spherical

r,0,.,0 ,tr>20,050<27r,0<60<r,i=23,..m-1,60=(,..6,,).

P

m?

Problem 1. Find the solution to equation (1) in the region €, when 7#0 the class C(ﬁaﬂ)ﬂ
C'(Qaﬂ)ﬂ c@Q,)nc 2(Qa uQ ﬂ), that satisfy the boundary conditions

=0(r.0), ul, =y (t.0), )

= .(6.6), (3)

u

u

wherein go(l,@) =y, (a,&), v, (0,0) =y, (0,9).
Let be {Y iy (6’)} - a system of linearly independent spherical functions of ordern, 1<k<k ,

n,m n

(m—2)ntk, =(n+m—3)(2n+m-2), W)(S), [ =0,1,...- Sobolev space.
It takes place ([5]).
Lemma 1. Let f(r,8)e W/(S).1f I>m—1, then the series

fVﬁ%fiﬁiﬁ@Wﬁ@L “

n=0 k=l

and also the series obtained from it by differentiating order p </—m+1, converge absolutely and

evenly.
Lemma 2. In order that f(r,0)e W,(S), it is necessary and sufficient that the coefficients of the
series (4) satisfy the inequalities

0 k,
2
‘ﬁ)l(l’)‘SCI,ZZn”‘f"k(rX <¢,, ¢,c, =const.
k=1

n=1 =

By d'(r,t), d"(r,t), € (r,0), d"(r,1), p', @ (r), w' (¢), w' (), we denote the expansion

n

coefficients of the series (4) respectively, of the functions, dl.(r,H,t)p, diﬁ P,
r

e(r,H,t)p, d(r,H,t)p, p(ﬁ), i=1,...m,o(r,0),y,(t0),w,(t,0), and p(@)e C”(H), H —the unit sphere
in E, .
Let  be  a(r0,t),b(r,60,0), c(r,0,0)e W) (Q,)= C(Q,) d(r,6,1), er,0,) e W, (Q,),  i=1,.m,
[>m+1, e(r,@,t)s 0, V(r,&,t)e Q,.
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Then fair
Theorem. If o(r,0)e W/ (S), w,(t,0)e Wy (I,), w,(t,0)eW; (Fﬁ), p> 37m and

cosu p'#0,5=12,.., 5)

then Problem 1 is uniquely solvable, u  —where the positive zeros of the Bessel functions of the first

2+p

kind J ,,(z), B ,n=0,1,...

2
item 3. Solvablllty 0f Problem 1. In the spherical coordinates of equation (1) in a regionQ_ it has

the form
\ m-1 1 Y
Lu=t'\u, + u, ——ou |—u,+ E d.(r,0,0)u, +e(r,0,0)u=0, (6)
r r
i=1
m—1 l 6
55— mag (Slnm J= 19/ %J, gl :1, g/. =(Sin 91...Sin ej—l)z’ J>1

It is known ([5]) that the spectrum of an operator & consists of eigenvalues A, :n(n+m—2),
n =0,1,...., each of which corresponds k, to orthonormal eigenfunctions Y, ).

The desired solution to problem 1 in the domain Q_ will be sought in the form

u(r,0,1) ZZ (r.o)Y (0) 7

n=0 k=1

where " (r,z) are the functions to be determined.
Substituting (7) into (6), multiplying the resulting expression by p(€)# 0, and integrating over the
unit sphere H , for # we obtain ([3,4])

-1 = —_
£ plitt, — pliEt, + [’"—f’p; + d;o]a;,. +elul +
r i=1
— — ,0 k k |~k
tpiut —plut + ( tpf+ Y d! Ju +[e —A, 7ty (d) —nd} } 0.(8)
ZJZ{ Z Z

Now consider an infinite system of differential equations

_ _ m—1 _
r'pi, - pli, + "= i, =0, ©)
(m—l) . ke 0 e 1 —
t'plut - plu, p tpful’j—%t plul=— kl ,-E_l d'a +eu |, n=1,k=1k,
(m _1) k—k A 1 Sl Em Tk —k
u - +—t'o'u ——= tq =— d u +
pn nrr n nt r pn nr pn n kn — — ( in—1""n-1r

[ n ! Z(dm 2 (n l)dm l:l n— 1}7 k:m’ n=2’3 (10)

It is easy to verify that if {u: }, k= m, n=0,l,... is a solution to system (9), (10), then it is a solution
to equation (8).
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It is easy to see that each equation of system (9), (10) can be represented as

t"[ﬁn’;+(’”’”ﬁ:,—l; ﬁfj—‘nﬁ:ﬁk(r,t), (11)
r

r

where ff (r,t) are determined from the previous equations of this system, at that ];01 (r,t)=0.

Further, from the boundary condition (2), by virtue of (7), we have
i (r.a)=p(r), w (Le)=p () k=1k, n=01,.... (12)
In (11), (12), changing the variables o, (r,¢)=u*(r,t)— 7, (¢) we obtain

0@+ o -ty -t = P, (13)
r
0 (r,a)='(r), 05(1,1)=0 k=1k, n=0,L,.., (14)

At _
fHrn)= £ )y, + 25w, 0,0) =2, ()= v (@)

(l—m)
Having replaced 0" (r,t) =r 2 o (r,t) the problem (13), (14), we reduce to the following problem

Luf = t"(u,’;r +%u:] ) (15)
v, (r.a)=9;(r). v)(L1)=0. (16)
7= (= 08m=d2) G ) 0= ).
The solution to problem (15), (16) is sought in the form

v (r,t) =0k (r,t)+ 0 (r,2), (17)

where v (r,¢)— is the solution to the problem
Lot (r,1)= F5(r 1), (18)
ot (r,a)=0, vt (1,£)=0, (19)

and v! (r,t)— the solution to the problem

Lvt, =0, (20)
o, (ra)=9,(r). o), (L1)=0, (21)

The solution to the above tasks, consider in the form

0} ()= ) R(IT(e) (22)

while let

0

F00=Ya 0R0) 0= bR () @

s=1

Substituting (22) into (18), (19), taking into account (23), we obtain

ﬂ’n
R, +r_2RS +uR =0, 0<r<l1. (24)
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R (1)=0, |R(0)<oo, (25)
T +ut'T,(t)==a,,(t), 0<i<a, (26)
T,(a)=0. 27)
A limited solution to problem (24), (25) is ([6])
R(r)=r 7 (u,,r) (28)

+(m—2)

where v=nT, U= 4.

The solution to problem (26), (27) is the function

Ts,n(f)=[exp(—%t"”]}jas,n(f{exp . «:] 4 (29)

Substituting (28) in (23) we obtain

1

rRTH)= Y oW ) waJV ) 0<r<l. (30)

s=1

Series (30) are expansions in Fourier-Bessel series ([7]), if

a,,(0)=20.(u., )" I JEF (&M (£ e, (31)

b, =2, MHI (&), (1, M, (32)

where u,, s =1,2,...—the positive zeros of the Bassel functions J, (Z), are arranged in increasing order of

magnitude.
From (22), (28), (29) we obtain the solution to problem (18), (19)

vt (r,1) Z\/_ J (), (33)

where a_, (t) is determined from (31).

Further, substituting (22) into (20), (21), taking into account (23), we will have the problem

T,+ult'T =0,0<t<a, T(a)=b

s,n

which decision is
2

T Y (l‘): b exp/l‘_v‘"l(aqﬂ _tq+1) (34)

From (28), (34) we obtain

vy, (r,t) = st n\/;exp( "l ( ol _ o )}IV (,umr), (35)

where b, are from (32).
Therefore, first solving problem (9), (12) (n=0), and then (10), (12) (n=1), etc. we find
successively all v*(r,z) of (17), where v (r,z), v’ (r,t) they are determined from (33), (35).
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So, in the field Q ; takes place
j p(0)LudH =0. (36)

Let f(r,0,t)=R(r)p(O)T (1), at that R(r)eV,,V, — be dense inL,((0,1)), p(0) e C*(H), dense in
L,(H), and T(¢)eV,,V,— dense inL,((0,cx)). Then it is f(r,0,t)eV,V=V,®H®V, - dense in

L,(Q,) (8D.
From this and (36) it follows that

J‘f(r, 0,t)LudQ), =0
Q
and
Lu=0,Y(r,0,t)eQ,,.
Thus, the solution to problem (1), (2) in the domain Q  is the function

0= 3 Y [0+ bt el 0 @)

n=0 k=1

where vf (r,¢), 0! (r,t) are determined from (33), (35).
Given the formula ([7]), 2J/(z)=J,_,(z)-J..,(z) estimates ([9, 5])

/2 T T 1
JV(Z)Z ;COS(Z_EV_ZJ+0[FJ’ VZO,

m-2

k

n

<c¢n

o Yn"m(e){s%nr;’”q, j=Lm—1,q=0,L,.., (38)
00, "
as well as lemmas, restrictions on the coefficients of equation (1) and on given functions as
l//l(t,H), go(r,H), in [10], we can prove that the resulting solution (37) belongs to the class
c@,)nc'(@,us)nc(@,)

Further, from (33), (35), (37) for t > +0 we have

(rHO r@ ZZ T nm

n=0 k=l

= o) P P
()=vi 0+ r jas, (r:)[exp r:‘f“jd@b [ ﬁaﬂJ()(ﬂ) (39)
s—1 0 2
u (r,0,0)=v(r,0)= ZZ (8), (40)

2y (2om)
Vi) =wi,0)-D r * a0 ).

n+
s=1 2

From (31) - (33), (38), as well as the lemmas, it follows that z(r,8), v(r,0) e W} (S), I > 37171
Thus, taking into account the boundary conditions (3), (39), (40) in the domain €, we arrive at the
mixed problem for degenerate hyperbolic equations

m

L=l Au—u,+ Zai (r,0,0u, +b(r,0,00u, + c(r,0,t)u =0 (41)
i=1
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with data
u|s =7(r,0), u,|s =v(r,0), ”|r,; =y,(1,0). (42)

The following theorem was proved in [4]
Theorem 2. If (r,0), v(r,0)e W/ (S), v,(t,0)e W, (F l l> then problem (41), (42) has a

unique solution if condition (5) is satisfied.

Further, using Theorem 2, we arrive at the solvability of Problem 1.

item 4. Uniqueness of the solution to Problem 1. First we consider the problem (1), (2) in the
domain Q_ and prove its uniqueness to the solution. For this, we construct a solution to the first boundary

value problem for the equation
Lo=t'Av-v, - ZdiUX; +dv=0, (6)

with data &
(r,0)= ZZ (Y, 0) o], =0, 43)

where d(x,t)=e— Zdix , 7. (r)e G, G- many functions z(r) from the class C([0,1])"C'((0,1)).

Scores G are dense everywhere in L, ((0,1))([8]) . Solution of the problem (6 *). (43) we will search in the
form (7), where the functions 0 (r,z) will be defined below. Then, similarly to item 2, the functions
_k(r t) satisfy a system of equations of the form (9) - (10), where, respectively, dm, d! are replaced
to —d*, —d*,and e to d*,i=1,...,m k=1Lk, n=0]1,...

in?

Further, from the boundary condition (43), by virtue of (7), we arrive at the following problem

2,
k _ 4q k n o,k
Llun _t (Unrr }/_2 n

oF(r,0)=72"(r), 0 (1,¢)=0, (45)
(m-1) (m-1) (m-1)

orrt)=r 2 5/(rt). £H(r0)=r 7 M) 2y =r 7 7).

The solution to problem (44), (45) will be sought in the form of (17), where U]kn (r, t) is the solution to
the problem for equation (18) with data

= 4 (r,0) (44)

vl (,0)=0,0} (1,1)=0, (46)
a Ufn (r, l‘)— solution of the problem for equation (20) with condition

2n( ) T (r) 2n( ) 0 ’ (47)
The solutions to problem (18), (46) and (20), (47) respectively have the form

k : 2 o\ 1) oo
Uln(ret)zzﬁ[(exp[ﬁf J]_!‘as,n(f)[exp(—ﬁf Dd‘?}v(ﬂs,/),

vt (r,t)= 2 T, Jr [exp(:;j’”l ! DJ ; (,ur) ,
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where

o, =2, (us,nﬂ@r: (&) (1, E)dE, v=n +_(m2_ &

Thus, the solution of problem (6*), (43) in the form of a series

)]
o(r0.0)= D" > r * [ (i) + 0k, ()2, 6),
k=1

n=0 =
constructed, which, by virtue of estimates (38), belongs to the class C(ﬁa) NC' (ﬁa NS)NC? (ﬁa) .

VL —uL,v =—vP(u) +uP(v) —uvQ,
where

m

Plu)= tqZuxt cos(N*,x,), 0= cos(Ni,t)— Zdl. cos(N*,x,),
i=1

i=1

And N* is the internal normal to the boundary Q, , according to Green's formula, we obtain

jT(l", Au(r,0,0)ds = 0. (48)

Since the linear span of a system of functions {z_'nk (r)J " (0)} is dense in L,(S) ([8]), we conclude

n,m

from (48) that u(r,0,0) =0, V(r,0) € S . Therefore, by the extremum principle for parabolic equation
6)[12] u=0 in Q.
It follows that u,(r,8,0) =v(r,0) =0, V(r,0) €S .

Thus, we have arrived at the homogeneous mixed problem (41), (42), which, by virtue of Theorem 2,
has a trivial solution.

Consequently, the uniqueness of the solution to Problem 1 is proved.

The theorem is completely proved.

Since an explicit form of the solution to problem (41), (42) was obtained in [4], it is possible to write
an explicit representation for problem 1 as well.

The work was supported by the KazNPU science foundation (agreement No. 8 dated 05.01.2020)

C.A. Anpames, E. Kaze3

MaremMaTtuka, (hu3nka xxoHe HH)OpPMATHKA HHCTHTYTHI,
Abati ateragarel Kaz¥ITY, Anmatel, Kazakcran

BIP KJIACTATBI ABFBIHJAJIFAH KOII OJIINEM/I 'MIIEPBOJIA-ITAPABOJIAJIBIK
TEHAEYJIEP YIIHTH APAJIAC ECENTEPJIH KOPPEKTLIII'T

Anngarna. KeHicTikreri 3JeKTPOMAarHUTTIK JKa3bIKTHIH MaTeMAaTHKAIBIK MOJICIIACPIH 3ePTTEreHIe, 3JCKTpOMar-
HUTTIK NPOLIECCTIH HEri31 OHbIH KacHeTTepiMeH aHbIKTanaabl. Erep opra eTki30eiTiH 0oJica, OHAA a3FbIHJIANIFaH KOl
eINIeMIi TUepOONanblK TeHAeyiepre kenemis. Erep me opra kem eTKI3rimTi 0osica, OHJAa a3FbIHAAIFAH KOl
OJIIIeM/Ii TapaboIabIK TeHACYIepre KeATipiii.

CoHIBIKTaH, KYpAei opranapaa (MpICallbl, OTKI3€TIH OpTaa e3repMeli JACIiK) MCKTPOMArHUTTIK Ka3bIKTHIK-
Tappl 3epTTerenie 013 a3FbIHIANIFaH KOl eJIIeM/ li TUIIepOoIabIK-1apabosaiblK TEeHASYIepre KeaeMis.

ConblMeH Kartap, ['aMWIBTOH KarujachlHa CoHKec KEHICTIKTETri cepmiMai MemOpaHa TepOemicTepiHiH a3FbIH-
JTAITFaH KOl eJIIIeM/ i TUIepOOoIIabIK TeHICYIePMEH MOJENbAey MYMKIH eKeHIIr1 Oenrimi.

MaccameH TONTHIPBUIFAH OPTaJa JKbULYy Tapary MpPOLECIH 3epTTey a3FbIHIAJFaH KOl eieMIl napaboiasibik
TEHJEYJIepTe aNIbIN KEeJeTi.

CoHbIMeH cepriMi MeMOpaHaaarbl KbUTy TapaTy MPOLECIHIH MaTeMaTHKAJIBIK MOJIENbACYIH 3ePTTEeH OTHIPHIIL,
a3FBIHJANIFAH KOl eJIeMl runepoona-napadonanbik TeHaeynepre kenemis. Ocbl KOChIMIIANAP/bI OKbII YHPEHY
Ke3iH/Ie 3epTTEeNreH MaceleNIepAiH IeiMIepiH HaKThl TYPIE KOPCETY KePEKTiri TybIHAaMIbI.

— 34 ——
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ABFBIHIATFaH KOII oJIIIeMIi THIIepOoIalIbIK TEHACYIIEp YIIiH apajiac ecentep OyFaH AeHiH KapaCcTHIPBUIIH.

ABFRIHIAFaH KON ejmeMi rurnepOona-mapaboiaielK TeHACYNIep YIIH MyHAAl ecenTepiH HAKTHI IIemIiMi
TaOBLIMaraHIbIFBI OeNTTI.

Maxkanaga OipMOHII MICHIIMIIIIK KOPCETUINeH JKOHE Oip KilacTarbl a3FbIHAAIFaH KOIl eJIeMiIi rumepOoJa-
napa0oanbIK TeHAeYJIep YILIIH apaiac eCenTiH HAKThI KJIACCHKAJIBIK IIEIIIMI KeJITIPIIreH.

Tyiiin ce3nep: apanac ecer, KJIACCUKAJIBIK MICMIiM, OIpMoHAI miemiMainik, beccenb GyHKuuschl, chepanbik
(dhyHKUMSIIAp.

C.A. Anpames, E. Kaze3
Wucruryt maremaruky, pusuku u uadopmaruku, KasHITY um. Abas, Anmarsl, Kazakcran

KOPPEKTHOCTb CMEIIIAHHOM 3AJIAYH JIJIS1 OJTHOI'O KJIACCA .
BbIPOXKIAIOIUNXCA MHOI'OMEPHbBIX 'NITEPBOJIO-TAPABOJIMYECKUX YPABHEHUU

AHHOTanusl. M3BeCTHO, YTO NPH MaTEMAaTHYECKOM MOJEIHPOBAHUM 3JIEKTPOMArHUTHBIX IOJEH B IpOC-
TPaHCTBE, XapaKTep 3JIEKTPOMArHUTHOIO IpoLiecca OMpeNeNsieTcsi cBoicTBaMu cpenpl. Eciam cpena HempoBosasi,
TO IOJy4aeM BBIPOXKAAIOIINXCS MHOIOMEpHBIE ruiepOoianueckue ypaBHeHus. Ecimu xe cpema obnamaer GonbLIoi
IMPOBOAMMOCTBIO, TO IPUXOJAMM K BBIPOXKIAIOIUMCA MHOTOMEPHBIM Hapa60ﬂl/l‘leCKl/IM YpaBHCHUAM.

CrenoBarenbHO, aHAIN3 DJIEKTPOMArHUTHBIX TI0JIEH B CIIOKHBIX cpefiaX (Hanpumep, €Cii MPOBOAUMOCTD CPEIbI
MEHSIETCS) CBOJATCS K BHIPOXKIAIOIMMCS MHOTOMEPHBIM THIIEpO0IIO- MapaboIMuecKHM YPaBHEHUSIM.

W3BecTHO, TakKe 4TO KOyieOaHHWs yNPYyrux MeMOpaH B HPOCTPAHCTBE I0 NPUHIOUIY [ aMHMIbTOHAa MOKHO
MO/IETIMPOBATh BHIPOXKAAIOIIMMICS MHOTOMEPHBIMH THIIEPOOIMYECKUMH ypaBHEHHSIMH.

Wzyuenne mporecca pacpoCTpaHEHHs TEIUIa B CPEJE, 3all0JIHEHHONH MacCod, MPUBOAAT K BBIPOXKIAOIIIMCS
MHOTOMEPHBIM ITapadOINIECKHM YPaBHEHHUSM.

CrenoBarenbHO, UCCIEqysl MaTEMaTHIeCKOe MOJEIMPOBAHNE MPOLECCa PaclpOCTPaHEHHUs TeIula B KOJIeOo-
IMKXCSl yNPYrux MeMOpaHax, TakKe MPUXOAMM K BBIPOKAAIOIIMMCS MHOTOMEPHBIM THIIEpOO0IIO- MapaboInuecKum
ypaBHEHUsIM. 1Ipy M3ydeHHMH 3THX HPHIOKEHHUH, BO3HUKAET HEOOXOAMMOCTH MOTYyYEHHs SBHOTO NPEICTaBICHHS
pelIeHui nccaeyeMbIx 3a1ad.

CMenranHbIe 331244 [T BBIPOXKIAIOIIMXCSI MHOTOMEPHBIX TUIICPOOIMUYSCKIX YPAaBHEHUI paHee paCCMOTPEHBI.

Hackouibko M3BECTHO, 3TH 331241 JUIsl BHIPOXKIAIOIIUXCSI MHOTOMEPHBIX TUIIEPO0JI0- MapaboIMuecKiX ypaBHe-
HUW HE U3YYECHBI.

B nmanHoO# paboTe mokasaHa OHO3HAYHAS PA3pelIMMOCTh W IOJYYEH SIBHBIH BUJA KJIACCHYECKOTO PEICHMS
CMENIaHHOH 3aJa4uy 1JIsl OTHOTO KJIacCa BBIPOXKIAIOIINXCSI MHOTOMEPHBIX THIIEpO0IIO- TapaboInIecKiX YpaBHEHHUH.

KiroueBble ciioBa: cMeIIaHHas 33/1a4a, KJIACCHYECKOE pELIeHHe, OJHO3HAuHas pa3pelrMOCThb, (QYHKIHH
Beccerns, cheprueckue QyHKITHIA.
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FUNCTIONS OF DISTRIBUTIONS OF AMOUNTS OF UNIFORALLY
DISTRIBUTED RANDOM VALUES OF TIMES OF PROCESSING
THE REQUEST OF THE INFOCOMMUNICATION SYSTEM

Abstract. The normal distribution of a random variable is usually used in studies of the probabilistic properties
of information systems. Using the normal distribution to approximate the distributions determined over a bounded
distorts the physical meaning of the model and the numerical results obtained can only be used as an initial
approximation. The purpose of the work is to improve methods for calculating the probability properties of
infocommunication systems. The object of study is an analytical method for calculating the request processing time
in the system, the subject is the formula for calculating the duration of sequential processing of a request by elements
of the system with uniformly distributed independent random processing times. For positive random variables, it is
proposed to use finite-interval distribution laws, for example, beta distribution. Density formulas and probability
functions for the sums of two, three, and four independent randomly distributed variables are given.

Key words: cumulative distribution function, CDF, probability density function, PDF, probabilistic properties,
infocommunication system.

Introduction. In a multicriteria performance evaluation, an additive convolution of its criteria is often
used; the weighting coefficients of the criteria are introduced [1]. The meaning of these weights and their
values are determined heuristically, based on an expert survey. In contrast to additive convolution, a
multiplicative formula is known for converting criteria efficiency functions into a general indicator with
the goal of its further optimization [2]. In this case, the output of the complex criteria be more grounded
and it is easier to understand. One of the approaches to deriving a multiplicative complex efficiency
criterion is based on a probabilistic approach: the probabilities of reaching given criteria values are
estimated. The overall probability of achieving the target values of several criteria is calculated as the
product of the probabilities of the individual criteria, if criteria do not depend on each other. An increase
in the probability of an individual criterion increases the likelihood of a complex criterion, therefore,
increases the efficiency. At the same time, for an analytical study using a simple probabilistic
multiplicative complex efficiency criterion, an analytical description of the probability distribution
functions of the criteria used, which are often difficult to obtain, is necessary.

One of the important indicators of the effectiveness of infocommunication systems is the
responsiveness, reactivity, throughput and other properties associated with the evaluation of the system’s
performance over time [3]. A probabilistic criterion, for example, the duration of data processing, is
defined as the probability of completion of data processing in a given time.

Another problem to be solved at the initial stages of the design of infocommunication systems is to
assess the impact of the durations of individual stages of data processing on the total processing time in
the system [4, 5]. This problem is solved by the most informative calculation of probability properties
durations her data processing steps.
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Mathematically, the tasks of calculating the data processing time are usually solved using an acyclic
directed stochastic graph. The same apparatus is used to calculate network diagrams using the PERT
method [6 - 8]. Computational methods PERT designed for networks of large dimension, so the use of the
central limit theorem of probability theory, justifying the use of normal probability distribution of time the
law of individual stages and network as a whole [9]. Such an approach, with a small number of data
processing stages in the network, causes difficulties in substantiating the use of the normal distribution law
defined on the interval (-co, +00). In practice a priori known minimum duration of data processing in step,
it is caused by physical features of the data processing in the step, and the maximum length is determined
by the requirements of the technical tasks. The mean or mode of the duration of the stage is unlikely to
occur, therefore, calculation based on them has little reliability. The calculation of only the largest and
smallest data processing times (interval method) is not sufficiently informative [10]. Under such
conditions, it is advisable to use a probabilistic approach with a uniform density of data processing
durations at the stages [11, 12].

With the sequential execution of the stages, the duration of processing requests is reduced to summing
the durations of processing at each stage, i.e. to the summation of independent random variables [13 - 15].
The probability distribution function of the sum of independent random variables is calculated through the
convolution formula of the distribution functions of the terms.

The topology of the connections of information processing elements in the system can be different,
but to evaluate the critical duration of information processing, a sequential chain of elements is allocated
that is likely to determine the temporal properties of the system. Estimating the duration of information
processing in such a chain of elements, obviously, comes down to summing the processing durations in
each of them. For a deeper estimation of temporal properties, it is necessary to know the probability
density function (PDF) f{¢) and/or the cumulative distribution function (CDF) F(#) of a continuous random
variable [14], and the best analytical solution to this problem is an accurate analytical description of the
PDF and CDF.

Mathematical model. Let random continuous independent quantities 7 € ¢, i € 1,..., n be uniformly
distributed on the intervals # € [0; B;], B; > 0. To simplify further analytical transformations, random
variables are ordered by increasing ;. The upper bounds of the ordered random variables are indicated by
the variables b;. Ordering condition: b; < b; 1y, i € 1,..., n - 1. For example, the largest values of the random
component of the duration of the first stage B; = 3, the second stage 3, = 5 and the third stage ; = 4 will
receive new notation b, = 3, b, = 4, b; = 5. It is known that, due to the additive properties of the arithmetic
operation of summation, changing the sequence of summing random variables does not affect the final
result [13].

In contrast to [15], the simplified Heaviside function H(¢) [17] was used to simplify analytical
dependences:

0,7r<0;

. )]

H (t)= Jundefined, r = 0;

1,0 < r.

The PDF and CDF of a random variable using (1) are described:

0,b, <t<0; @)
t)=
fi (1) bl—H(bl—t),0<t<b1;
1
0,1<0;

3)

Fl(t)z bL,0<t<bl;

1
1,b, <t

Based on these proposals, the formula expressions F(¢) and f{f) are obtained for the sums of several
independent random variables for a more general case than [13].
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The PDF of the sum of two random variables is determined by convolution [15]:

S ()= [ £ ) o (0 = w)du, )

where fi(?), f>(f) are the PDF of the first and second terms; f»(¢) is the PDF of the sum of the first and
second random variables.

The CDF F)(?) is defined similarly. Using the direct method, fi,(f) and F),(¢) can be determined by
substituting (2), (3) in (4):

0,1<0;
1 )
S (=157 [t—H(t-b)(t-b)-H(t-b,)(t-b,)],0<t<b +b,;
1%2
0,b, + b, <t
0,1<0;
1L 1. 2 2 (©)
Fo()=14757 [ = H (= b)(t=b) = H (1=b,)(t=b) [L0<t<b +b,;
172
b, +b, <t.

The characteristic function of the sum of two uniformly distributed random variables [17]:

g (py= L)

blbzp2

The uniformly distributed random variables and their sums are symmetric, therefore, the mean,
median and mode are equal, and the asymmetry coefficient is zero. For the sum of two uniformly
distributed random variables, the mode is absent [15]:

M (T)=Me(T)=2202 ;bz :
Dissipation properties:
e variance:
2 2
12
e quantile of the order of 0.2:
[2
gblbz 5
e quantile of the order of 0.8:
2 bb, ;

e 2nd order starting moment :

b12 + b22 + blbz .
3 2 7

m, (T )=
e 3rd order starting moment :

D+ b . b,b,(b, + b,)

b
ms (1) == 2
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e 4th order starting moment :

b1b2 (b12 +b22)+£b2b2 .
2 3 R

4 4
m, (T)= & —;bz

e kurtosis coefficient :
9(b' + b))+ 30bb;

Ex ()= s(b2 + b2

Below, without further explanation, formulas for calculating the properties for the sums of three and
four uniformly distributed random variables are given. The quantiles for such distributions are usually

determined by numerical methods.
The PDF, CDF, characteristic function, mean and variance of the sum of three uniformly distributed

random variables

0,:<0;
_
2b,b,b,
fins (1) = +H (t=b b, )(t=b —b,) + H(t-b —b)(t-b —b) +
+H(t—b2—b3)(t—b2—b3)2},0<t<b1+b2+b3;

0,b, + b, + b, <1t

(= H (t=b)(t=b) = H(1=b,)(t=b,) = H (t=b)(t=b) +

0,:<0;

—6,)1,1)2173 (= H (=b) (= b)) = H (=)= b)) = H(t=b)(r-b) +

Fis () = FH (t-b b))t -b —b,) + H (b —b)(t-b —b,) +
FH (t=by = b))t = by = b)) [,0<t<b +b,+b,;

1,b, + b, + b, <t

(=)0 )m o),

Xt(p): b1b2b3p3 ’

M (T)=Me(T)=Mo(T)=b1+b2—2+b3;

b} + b; + b
D (T) B
A y-quantile is calculated by numerically solving the equation F»3(t,) = y. For example, a 0.2-quantile
tho = 1.55675; 0.8-quantile fog = 2.94325 = 4.5 - 1.55675 with b, = 1, b, = 1.5, b; = 2. Since F(f) is a
polynomial interval-defined function, before solving the equation, it is necessary to determine the interval
of values ¢, in which there will be a solution to the equation. Various methods can be used to determine the
interval, for example, using a graph, or by tabulating F',3(¢) at the boundaries of the intervals, etc.

D+ by +b; . b,b, + bb, + b,b,
3 2 ’

my(1)="
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b} +b) +b; + blbz(b1+b2)+b1b3(b1 +b3)+b2b3(b2 +b3)+i

m3(T)= 1 5 4b1b2b3;
b+ bt + bt bbby (B + b7 )+ bby (b} + b7 )+ byby (by + b))
m,(T)= 5 + 5 +
2(b2b2 + b2bZ + b2b?
+ (b7 ;3 23)+b1b2b3(b1+b2+b3);

9 (b + by + b))+ 30(blb; + blb} + bib})
5 (bf + by + b} )2

Ex(T):

The PDF, CDF, characteristic function, mean and variance of the sum of four uniformly distributed
independent random variables:

0,:<0;

[ H (b)) = H (- b)) = H (= b)) (- b,)

1bybsb,
~H(t-b)t-b,)Y +H(t-b —b,)t—-b —b,) +H(t-b —b)t-b —b) +
+ H(t—-b b )t-b ~b,) +H(G(~-b, b )t—-b, —b) +
Srasa (1) = + H(t=b, = b, )t—by—b,) +H(t—by—b,)(t-by-b,) -
~H(t-b —b,—b )t -b —b, b)) —H(t—b —b,—b, )t -b —b, —b,) -
—H(r—b,—b3—b4)(z—bl—b3—b4)3—H(r—bz—b3—b4)(t—b2—b3—b4)3},
O<t<b +b,+b,+b,;
0,b, +b, +b, +b,<t;

3

0,:<0;

i BB < H (b)) - H () (b -

~H(t=b)(t—=b,) +H({~b —b)(t—b b)) +
+H(t—b —b)(t—-b —b) +H(t=b -b)(t-b -b) +
Fose)=9 4 H (1=t =) —by b)) + H(t—b, —b,)(t b, —b,)" +
+H(t—b,—b )t —by—b,) —H(t—b —b, —b)(t—b —b,—b) -
~H(t—b —by—b)(t=b ~by—b,) —H(t—-b —b, —b,)(t=b —b,—b,) -
—H(t—bz—b3—b4)(t—b2—b3—b4)4],0<t<b1+b2+b3+b4;
1,b,+b, +b, +b, <t;
(=)=t )me )=o)
% (P)= bb,bb,p
b, +b, + b, +b,

M (T)=Me(T)=Mo(T)= 5 ;

b} + b + b +b]
12

b

D(T)=

— 4 ——
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For example, a 0.2-quantile #, = 2.56716 and a 0.8-quantile #,g = 4.4328 = 7 - 2.56716 with b, = 1,
b2 = 15, b3 = 2, b4 =2.5.

b+ b +b] +b] L Dby + by + biby + byby + byb, + bib,

m,(T)= 3 5 ;
3.,3.,3 . ,3
B by +b] 4] biby (by + by )+ byby (b + by )+ byb, (B + b, )+ byby (by + by
m3( )_ 4 + ) +
b.b (b +b )+bb (b +b)
274\%2 T4 )T 0394 \"3 7 ) 3 .
+ . + Z(b1b2b3 bbb, + bbb, + b2b3b4),
(7= b +b24J5rb34 by bib, (b} + b} )+ bby (b} +b32);b1b4(b12 + by )+ byby (b] +b32)+
boby (b5 + b7 )+ bb, (b7 + b))  2(b’b] + blb] + b + bib] + bjb; + bib] )
+ 5 + 3 +

+ bbby (b, + b, +by)+ bb,b, (b +b,+b,)+ bbb, (b +b,+b,)+

+ bbb, (b, + by +b,)+ %blb2b3b4 ;

9 (b;‘ + b+ b+ b;‘)+ 30 (bﬁb; + b2b2 + b2b2 + b2b2 + bIb} + b;bj)
S(bl2 +b] + b+ bf)2

Ex(T)=

The proposed approach can be used to derive analytical expressions for the sum of a larger number of
random variables, however, the bulkiness of the formulas increases significantly. The implementation of
the proposed calculation formulas in computer programs does not cause difficulties. The temporal
computational complexity is determined by the number of operations of multiplication and division when
calculating the values of the functions in the last sub-interval of determining the functions of the sum of
random variables. For example, for F(f) with n = 2, the number of operations of multiplication and
division is 6, for n = 3 — 18, and for n = 4 — 50, this means that the number of such operations obeys a
quadratic dependence on n. Thus, the computational complexity of the formulas obtained is O(#?).

To illustrate the application of the obtained formulas, various deciles are calculated. When the
probability of completion of information processing is 0.1, the duration of the information process in a
chain of four elements having evenly distributed random durations in seconds at intervals [0; 15], [0; 15],
[0; 15] and [0; 40] is equal to #,; =24.25 s.

Risk assessments of untimely data processing are determined through decile calculations [18]. For
example, to calculate the duration of processing information in the same chain at a risk level of 10%, the
equation Fy34(fp9) = 1 - 0.1 is numerically solved, which implies 7 = 60.75 s. To calculate deciles, we
used the traditional method of numerical solution of nonlinear equations.

The graphs f1,5(¢), f123(?), f1234(f) are shown in the figure.

Summary. The obtained analytical dependences are applicable for independent random variables of
the genus. The implementation of the formulas obtained in the form of computer programs allows the use
of more complex distribution functions of random variables for more adequate modeling of data
processing in infocommunication systems.
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Figure 1- Graphs of the PDF f\,(¢), f123(f) and f1534(¢) for by =1, b= 1.5, b3 =2, b, =2.5.

M.IO. Ba6uu', M.M. Byraes', A.A. Tapacos', A.i. Usanos?,
AJO. Maabirun’, K.T. Cayanosa®, IILH. CarbinasikoBa’

'«PyGum» FeUTBIMH-OHIipicTiK Kacimopusy AK, ITensa, Peceii;
* [en3a MemeKeTTiK yHuBepcuterti, [lensa, Peceii;
? ATIMaThl SHEpPreTHKA 5koHe GaiinaHbic yHHBepCcHTeTi, AnMatsl, Kazakcran

UHO®OKOMMYHUKALIMSLIBIK )KYHEHIH CYPAHBICTBI OHJAEYJIETT
BIPKEJKI YJIECTIPIMAI KE3JEHCOK YAKBIT KOCBIHABICHIHBIH
TAPAJTY ®YHKIUSJIAPBI

AnHoTanus. THPOKOMMYHHUKALMSIIBIK JKYHesep i xobanaypiH 0acTankbl Ke3eHIepiH/e IEenIiIreH MaHbI3/Ibl
MIiHAETTepAIH Oipi — MepeKTepai OHICYMiH *EeKe KE3CH Y3aKThIFBIHBIH JKYHEC JKaIMbl OHJACY YaKbIThIHA OCEPIH
Oarayiay. bys1 mMocerne nepekTepi eHICY Ke3€HI Y3aKThIFBIHBIH BIKTUMAJJIbl CHIIATTAMAJIAPBIH €CENTey apKbLIbI
TICTIUTe .

MaremaTuKalbIK TYPFBIIaH OHJIEY YaKbITBIH €CENTEy MACENEC] 9AeTTe alMKIIIK OarbITTaJFaH CTOXaCTHUKAJIBIK
rpad¥K apKbUIBI IemiMia Tabaasl. Atanras anicrep PERT ozici apKbuIbl skenulik cyyibanapisl ecentey YIiH Koja-
weutanel. PERT ecenrey omictepi ayKeIMIBI KeJiiepre apHajfaH, COHIBIKTaH OelieK Ke3eHIep MEH TyTac OapIbIK
JKEINHIH OpBIHAANY YaKbITHl VIIiH BIKTUMAJABIK YJIECTIpiM 3aHIBUIBIFBIH KOJNIAHYIBl HETI3ACHTIH BIKTUMAIIIBIK
TEOPHACHIHBIH OPTANBIK IIEKTI Teopemachl KonmaHeUIaabl. JKemimeri MoiiMeTTepHi ©HIEY Ke3eHIepi a3 OoiFaH
xKaFiaiina Oy Tocin (-oo, + 00) apanbIFbIHIA AHBIKTAJIFAH KAJBIITHI TapaTy 3aHbIH KOJJAHyla KUBIHIBIKTap
TyFbI3ajibl. Toxipubene ke3eHaeri MaTiMeTTepl OHASYAIH MUHHUMANbl Y3aKThIFbI aPUOPIIbI ONTiii, 0J1 MAJTiMeT-
Tepal eHICYAIH (HU3MKAIBIK cHIAaTTaMallapblHa OaMNIaHBICTBI, ajl MAKCHMAJIbl Y3aKThIFbI TEXHHKAJBIK TalChpMa
TaJlanTapbl HETi3iHJe aHbIKTadaabl. Ke3eH y3aKTHIFBIHBIH OpTalla MOHI HEMece MojJa BIKTHMANJBIFBl ©T€ a3,
COH/IBIKT@H OFaH HEri3JIeJITeH ecenTeyre JEreH CeHIM Jie mamanbl. EH y3aKk jkoHe KbICKa OHJIEY YaKbIThIH ecenTey
(uHTEpBaN omici) aKmaparhl JKeTKUTiKCi3. MyH/ai jkarmaiina kesexjep OOMbIHINA JACPEKTEPAl OHICY YaKbITHIHBIH
OipKenKi THIFBI3ABIK BIKTUMAIIBIK ONICIH KoJmaHraH »eH. Ke3eH OOWBIHINA IOHEKTI TypAe OpBIHIAIFaHIa
CYPaHBICTHI OHJICY Y3aKTBIFbl 3p KE3€HJIE OH/ICY YAKbITBIHBIH KOCBIHJBICHI — TOYEJICI3 Ke3IeHCOK IIamMa KOCHIH/IBICHI
ecenteneni. Toyenci3 Ke3neicoK MIama KOCHIHIBICHIHBIH BIKTHUMAJIBUIBIKTEL YJIECTIpY (DYHKIMSACHI MYILIENEPAiH
Tapaixy GyHKOHUIaphl OOMBIHINIA KOHBOIIOIHS (POPMYIIachl apKbUIEI €CEeNTeNe .

JKyiteneri akmapaTTel ©HACY dJEMEHTTEPiHIH OaiIaHBIC TOIMOJOTHICH dPTYpai OOIYBI MYMKIiH, Oipak akra-
PaTTHI OHACYAIH MIEKTIK Y3aKTHIFbIH Oaranay YIIiH )KYHEeHiH YaKbITIIA CUITATTAMACHIH aHBIKTAWTBIH Ti30eKTi Typeri
aneMeHTTep Ti30eriH epekmeneiiai. OcblHAal deMeHTTep Ti30eTiHAe aKnapaTThl OHJICY Y3aKThIFbIH Oaranay, SpuHe,
OJIap/IbIH OPKANCHICHIH/AFbl OH/CY YaKbITBIHBIH KOCHIH/BICHIHA AJbIHA/bL. YaKbITIIA CHUIIATTaMalap/bl TEPEeHIpeK
Oaranay YLIIH Y3/IKCi3 Ke3/IeHCOK [IaMaHbIH bIKTUMAJBIK ThIFBI3ABIFGI DYHKIMACHIH f(t) skoHe / Hemece F(t) ynec-
TipiM (YHKIMSACBHIH OLTy KaXKeT )aHe OyJI MoceNeHIH €H jKaKChl IeliMi — Tapally MeH ThIFbI3bIK (OYHKIHSIIaPbIHBIH
JI9J1 aHAITUTUKAIIBIK, CUITATTaMachl.

JKyMBICTBIH MakcaThl — MHQOKOMMYHHKAIUSIIBIK, KYHESIEP/IiH BIKTUMAIIBIK CHITATTaMalIapblH €CENTey JIIiC-
TEpiH XKeTinipy. 3epTTey HbICAHbI — XKYHele CYpaHbICTHl OHJIEY YaKbITBIH €CENTEyIiH aHATUTHUKAIBIK 9JIiCl, TaKbI-
PpBIOBI — OipKelKi OeTiHTeH Tayesci3 Ke3eHCOK eHIey YaKbIThl 0ap Kyie 3JieMeHTTepl apKbUIbl CYPaHBICTHI PETIMEH

— 4) ——
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OHJIEY Y3aKTHIFBIH ecenTey Qopmynackl. Eki, yII skoHE TOpPT Toyenci3 OipKemKi yiecTipiareH Ke3IeHCOK Imama
KOCBIH/BICHI YIIIiH THIFBI3ABIK (POPMYyTaIapbl MEH BIKTHMAIIBIKTEIH (QYHKIHSIIAPEl KeATipiIi.

Tyi#iin ce3mep: BIKTUMANIBIK THIFBI3ABIFEL, YJIECTipY (QYHKIHACH, WH(POKOMMYHHUKAIMSIBIK IKYHEIepIiH
BIKTHMAJl CUIIATTaMachl.

M.IO. Ba6uu', M.M. Byraes', A.A. Tapacos', A.1. UBanos’,
AJO. Maabiru?, K.T. CayaHOBa3, III.H. CarbinapikoBa’

'AO «Hayuno-npounsBoncrBeHHoe npeanpusitue «Pyoun», [Tensa, Poccus;
*Tensenckuii ['ocynapcTBennsiii Yuupepeurer, Ilensa, Poccus;
3 AnMatuHcKuii YHuBepcuTeT Duepreruku u Crssu, Anmarsl, Kazaxcran

®YHKIUU PACIPEJIEJEHUI CYMM PABHOMEPHO PACIPEJAEJEHHBIX CJIYYANUHBIX
3HAUYEHHUHW BPEMEH OFPABOTKH 3AITIPOCA UH®OKOMMYHUKALIMOHHON CUCTEMOM

AnHoTtanus. OIHOM M3 BaXHBIX 33a]a4, PEIIaeMbIX HA HAYaJbHBIX dTalaxX MPOSKTUPOBAHUS MH(POKOMMYHHUKA-
LMOHHBIX CHCTEM SIBIIAETCA OLEHKA BIMSHUS IPOJOJDKUTEIBHOCTEH OTHENBHBIX 3TaloB OOpPaOOTKM NaHHBIX Ha
0011y TIPOJIOIKUTENILHOCTh 00Pa0OTKH B cucTeMe. JTa 3aqada Haubosee HHGOPMATUBHO peliaeTcs uepe3 pacyér
BEPOSITHOCTHBIX XapaKTEePUCTUK IUIUTEIBHOCTEH 3TaroB 0oOpaOOTKM JaHHBIX. MaTeMaTH4ecKu 3afadyd pacyéra
BpeMeHH 00pabOTKM JaHHBIX OOBIYHO PEIIAIOTCS C IOMOILIBI0 ALUKIMYECKOr0 HANpaBIEHHOTO CTOXACTHYECKOTrO
rpaga. ITOT Ke anmapar UCIOJIb3yeTcs Ui pacuéra cereBblX rpadukoB MerogoM PERT. Pacuérusie meronst PERT
CO3JaHbl Ul CeTe OONBIION pPa3sMEpPHOCTH, MOATOMY HMCIHOJIB30BaHA IIEHTpPalbHAS IpeseNbHas TeopeMa TEOpHH
BEPOSITHOCTH, OOOCHOBBIBAIOIAS NPUMEHEHHE HOPMAIBHOTO 3aKOHA paclpeieNeHHs BEPOSTHOCTH BPEMEHH
BBITIOJTHEHHSI OTJEIBHBIX 3TAallOB M BCEH CETH B IeTOM. Takoi MOIXOX HMpH HEOOJBIIOM UHCIIE 3TaroB 00pabOTKH
JAHHBIX B CETH BBI3BIBACT CJIO)KHOCTH B OOOCHOBAHHM HCIIOJIb30BAHUS HOPMAJIBHOTO 3aKOHA pacIpeneeHus,
KOTOPBIH omnpeieniéH Ha nHTepBae (-co, +00). Ha mpakTike anpruopHO M3BECTHB MUHUMAITBHASI TIPOJOKATEITFHOCTD
00paboTKK JaHHBIX Ha 3Tane, oHa O0ycCloBleHa (U3MYECKUMH OCOOCHHOCTSIMU OOpabOTKM NAHHBIX Ha HdTalle, a
MaKCHMaJlbHas POAOJIKUTEIBLHOCTD ONPEEISIETCS] TPEOOBAHUSIMU TEXHUUECKOTo 3afanust. CpenHee 3HAUCHUE WU
MOJa IPOJODKUTENBHOCTH 3Talma MMEIOT MECTO C MalOd BEPOSITHOCTBIO, IIO3TOMY PAacdET Ha MX OCHOBE HMEET
HEOOJIBIIYI0 JOCTOBEPHOCTh. Pacdér TOJbKO HAMOOJBIIET0 ¥ HAUMEHBIIETO BPEMEHH O00paOOTKU JaHHBIX (HMHTEP-
BaJIBHBII METOJ) HEOCTATOYHO MH(OpMaTHBEH. B Takux ycioBHSX Lielieco00pa3HO MCIIOJIb30BATh BEPOSITHOCTHBIN
MOJXO0J] C PAaBHOMEPHOH IUIOTHOCTBIO JJIMTENILHOCTEH 00pabOTKM AaHHBIX Ha JTamnax. [Ipu mocnemoBaTenbHOM
BBITTOJTHEHUH 3TAIoB IPOJODKUTENLHOCTE 00Pa0OTKH 3aIPOCOB CBOJIUTCS K CYMMHPOBAHHUIO MPOJIODKUTEIEHOCTEH
00paboTKM Ha KaXIOM W3 OJTaloB, T.6. K CYMMHPOBAaHHMIO HE3aBHCHMBIX CIy4YalHBIX BeNWUUH. DyHKIUSA
pacrpezaeneHus BepOsSTHOCTH CyMMbI HE3aBUCHMBIX CITyYalHBIX BEJIMYHH PACCUUTHIBAaETCS yepe3 (hopMyiy CBEPTKH
(hyHKIMH pacTpeieNieHNs CIlaraeMbIX.

Tomonmorust COeAMHEHUH JIEMEHTOB 00pa0OTKH HWH(MOPMAIIMKA B CHUCTEME MOXKET OBITh Pa3MUIHOW, HO IS
OLIEHKH KPUTHYECKOW IPOJOIDKHTEIBHOCTH 00pabOTKM HMH(GOPMAIMK BBIACISAIOT MOCIEI0BATEIBHYIO MEHNOYKY
3JIEMEHTOB, KOTOpas, BEPOSITHO, OyAET ONpEICIsITh BPEMEHHBIE XapaKTEPUCTHKU cucTteMbl. OLeHKa IpOIoIKH-
TEJILHOCTH 00paboTKH MH(OpMALUH B TAaKOH LENOYKE 3JIEMEHTOB, OYEBUIHO, CBOJUTCS K CYMMHPOBAHUIO IIPOJIOII-
JKUTEITBbHOCTEH 00pabOTKU B KaKI0M U3 HUX. J[is 6osiee riry0OKO# OICHKH BPEMEHHBIX XapaKTEPUCTHK HEOOXOTUMO
3HaTh (PyHKLMIO TIOTHOCTH BeposiTHocTH f(t) w/mim ¢ynkuumio pacnpexeneHus F(t) HempepbIBHOW citydaiHOW
BEJIMYUHBI, U JIYYIIUM PEIICHHEM 3TOH 3a/Ja4yM sBISCTCS TOYHOE aHAIMTHYECKOE OnucaHue (pyHKIUI pacmpenee-
HUSI U TTIOTHOCTH.

Lenp pa®oThl — COBEPUIEHCTBOBAHME METOJOB pacdyéra BEPOSTHOCTHBIX XapaKTEPUCTHK WH(POKOMMYHHKa-
IUOHHBIX cucTeM. OOBEKTOM HCCIIeIOBAaHMS SBISIETCS aHAIMTUYECKUH METOA pacyéra BpeMeHH 00paboTKu 3ampoca
B CHCTEME, IpeAMETOM — (OPMYJIBI pacdéra NpOJOKUTEIFHOCTH TTOCIIE0BAaTEIbHON 00pabOTKH 3apoca 3IeMeH-
TaMH CHCTEMBI C PAaBHOMEPHO paclpe/ieIiEHHBIMI HE3aBUCHMBIMY CITy4aifHBIMU BpeMeHaMu o0pabotku. [IpuBeneHs
(hopMyJIBI TUTIOTHOCTH M (DYHKIHH BEPOSTHOCTH VI CYMM [IBYX, TPEX M YETHIPEX HE3aBHCHUMBIX PaBHOMEPHO
pacupeenEéHHbIX CIy4aiHbIX BEJIUYHH.

KarodeBble cJI0Ba: IUIOTHOCTh BEPOATHOCTH, (YHKIHSA PpacCIpeCICHUs, BEPOSTHOCTHBIE XapaKTECPHUCTUKH
MH()OKOMMYHHKAIMOHHBIX CHCTEM.
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BUILDING AN INFORMATION SYSTEM TO SUPPORT SCIENTIFIC
AND EDUCATIONAL ACTIVITIES BASED
ON THE ONTOLOGICAL MODEL OF THE SUBJECT AREA

Abstract. The paper considers an approach to the creating an information system for supporting scientific and
educational activities (ISSEA). Such a system is designed to systematize knowledge and information resources on
the required educational and scientific topics, ensure their integration into a single information space and provide
meaningful access to them.

The conceptual approach to the development process of ISSEA is based on combining the most important
components of Semantic Web technology, in particular, the use of ontology to represent the semantics of information
educational resources and support their intellectual analysis and knowledge management methods to improve the
effectiveness of access to heterogeneous loosely connected information on various aspects of educational and
scientific activities. Such information systems (is) represent information objects of knowledge (in the form of a
network of knowledge and data), search for them, and ontology-driven navigation. ISSEA is equipped with an
ergonomic web user interface and special editors designed to manage the knowledge integrated into it.

Key words: ontology; information system; integration; scientific and educational activities.

Introduction. Modern science and education today need to concentrate and generalize the
accumulated information on various branches of knowledge and use it effectively, but meeting this need is
complicated by the fact that, due to its diversity and multi-aspect, scientific and educational information
resources are dispersed on remote pages of many sites and in distributed electronic libraries and archives.
To solve this problem, it is necessary to solve the problem of bringing such resources related to a given
area of knowledge into a single information space.

Support for the logical integrity of integrated resources will be provided on the basis of an ontology
that provides a coherent and consistent view of the area of knowledge to which the integrated resources
belong.

Combining scientific and educational resources on a given topic into a single information space and
supporting their logical integrity will create prerequisites for solving the problem of providing meaningful
access to them and mechanisms for their intellectual processing to a wide range of users. To ensure such
access, the concept and architecture of an intelligent information system managed by ontology will be
developed.

Domain ontologies currently find their main application in the field of building search engines,
knowledge representation systems, knowledge engineering, and in solving problems of semantic
integration of information resources. Ontology is defined as "a formal specification of conceptualization
that takes place in some context of the domain" [1-2]. Conceptualization, in turn, is defined as the
representation of the subject area through the description of a set of concepts (concepts) of the subject area
and the relationships (relations) between them.
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The information system for scientific and educational activities performs the following functions:

1. Provides access to information about various aspects and participants of scientific activity,
researchers' personalities, groups, communities and organizations involved in the research process.

2. Allows you to integrate related resources on the Internet (relational databases, XML and HTML
resources, news channels, etc.) into a single information space.

3. Provides a means to search for information of interest to the user in the entire information space of
the portal.

4. Provides informational support for resource users (for example, when announcing various events
and events).

5. Supports a flexible user interface that allows you to take into account the user's preferences when
working with the resource and the services provided.

Conceptual model of knowledge representation. To represent the knowledge of the ISSEA,
a formalized model is needed that provides flexible means of describing the concepts of the problem and
subject areas and various semantic relationships between them [3-4]. An important requirement for the
knowledge representation model is the ability to set restrictions on the values of properties of objects in
the domain and describe the semantics of relations in the form of axioms [5]. Metaontology of the
following type is proposed as a conceptual model of knowledge representation that meets the requirements
described above:

O=(K,B, T,D, S, P, A),

where K is a finite non-empty set of classes describing concepts of some subject or problem domain; B is a
finite set of binary relations defined on classes (concepts);T be a set of standard types, D-set of domains
(sets of values of the standard string type); S is a finite set of attributes that describe the properties of
concepts K and relations B, P-set of restrictions on the values of attributes of concepts and relationships; A
is a set of axioms that define the semantics of ontology classes and relations. There are three types of
relationships in the ontology: BT is an asymmetric, transitive, reflexive binary inheritance relation that can
be used to construct hierarchies of K concepts; BP is a binary transitive inclusion relation ("part-whole")
and BA is a finite set of associative relations [6-7].

The ISSEA ontology is based on the above meta-ontology. To simplify the system configuration for
the selected area of knowledge and its further maintenance, the basic ontologies that are independent of
the IS domain are highlighted, as well as a subject ontology that describes a specific area of knowledge
(figure 1). As the base ontology was selected as two of the ontology. The first of them describes the
problem area of the system. It does not depend on the subject area of the system and is a top-level
ontology that includes classes of concepts related to the organization of educational activities, such as
Person, Organization, Scientific activity, Scientific events, Publication, Geographical location, and a
Collection of conference materials. Such concepts are used to describe participants in ontology,
organization of educational work, events (seminars, conferences), joint projects, and various types of
information resources.

The second ontology is the ontology of subject knowledge, which defines meta-concepts for
describing the concepts of possible subject areas, which define structures for describing the concepts of a
specific area of knowledge. The terms of the subject area of the second ontology include the Training
course, Competence, The task of the training course, methods for solving problems, and the Result of the
course development.

The concepts of basic ontologies are linked by associative relations, the choice of which is made not
only based on the completeness of the representation of the problem and subject areas of IS, but also
taking into account the ease of navigation through educational content and information search. The
ontology built in this way allows you to describe the subject and problem area of IS, and also sets
structures for representing real objects (including information resources) and relationships between them.
The semantics of relations between information objects is determined by the relations defined between the
corresponding ontology concepts. The totality of such information objects and their connections forms the
information content or ISSEA content.
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Figure 1 - Basic ontologies ISSEA

Information content of the ISSEA. Setting up the ISSEA for the subject area and managing the
system content is carried out using specialized editors (ontology editor and data editor), implemented as a
web application and available to registered users-experts on the Internet. The ontology description
language and the ontology editor were selected and designed in such a way that they were clear,
transparent, and easy to use. As a prototype of the ontology description language, the Already well-
established SEMP-TAO knowledge representation language ISSEA taken [8-12].

The main structure for representing knowledge and data in this language is a heterogeneous semantic
network consisting of objects connected by directed binary relations. The object of a semantic network can
be any entity of the subject area identified by an expert or knowledge engineer. Each object is
characterized by its own name and the values of the object's attribute slots. Restrictions can be set on
object slots, which are logical expressions that link the values of object slots. Objects with the same
properties are combined into classes. Classes have an inheritance relation defined that forms a class
hierarchy. A special feature of relationships is that they can have their own attributes that define the
relationship between arguments:

R( Argl.Arg 2, Matr),

where R is the name of the relationship, Argl, Arg 2 —relation arguments (classes), Matr — a set of
attributes that describe additional properties of the relationship.

Mathematical properties such as transitivity, symmetry, and reflexivity can also be attributed to
relationships. Ontologies are managed using the ontology editor. In order to ensure distributed ontology
development, this editor supports a mechanism for delegating rights to experts at different levels. You can
use the ontology editor to create, modify, and delete any ontology elements — classes, relationships,
domains, and define and modify concept hierarchies.

For a more convenient representation of ISSEA information, the ontology editor includes tools for
configuring knowledge and data visualization, which allow you to set a template for visualizing objects of
this class and a template for visualizing links to them for each ontology class. A class object visualization
template defines the order in which all its attributes and related relationships are displayed. For clarity and
meaningful representation of a reference to a specific class object, the visualization template can include
both attributes of this class, and attributes of classes associated with it by relations, as well as directly
attributes of these relations. The attribute values included in the link template are used to build a text
representation of the object reference (hyperlinks). In order to exchange ontologies with other information
systems, as well as to integrate ontologies developed by other researchers into the ISSEA, a subsystem
that performs two functions has been implemented and is being debugged: 1) converting an ontology
presented in the ISSEA format to an OWL representation, and 2) translating an ontology presented in the
OWL format to an internal ISSEA format.
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New information objects are entered using an ontology-driven data editor. The data editor allows you
to create, edit, and delete information objects and relationships between them. Forms for entering specific
10 and their relationships are automatically generated using the ISSEA ontology. The peculiarity of the
proposed approach is that the ISSEA provides access not only to its own information resources, but also
supports navigation through pre-marked (indexed) resources located on the Internet. At the same time,
information about resources is accumulated by a collector of ontological information about resources, i.e.
a special ISSEA subsystem that collects, analyzes, evaluates relevance, automatically indexes and
classifies Internet resources that are close to the subject of is. Collector includes two modules: 1) module
for collecting information (search robot) and 2) module for indexing and classifying resources. The
information collection module searches for web documents using links set by experts and stored in a
special database, and also determines their relevance to the IS topic. The resource indexing and
classification module uses an ontology and a subject dictionary to build a meaningful index for each
document and define the science section that it belongs to.

The organization of meaningful access on the basis of ontologies. Meaningful access to
systematized knowledge and information resources of a given area of knowledge is provided by means of
advanced navigation and search tools provided by ISSEA. The main scenario of a user working with
ISSEA consists of selecting objects of a certain class either directly using visualization tools, or using a
search engine, viewing similar objects, navigating through their associations, and filtering their lists.

Navigation. For the end user, the data for the ISSEA is represented as a set of related information
objects. All information about a particular object and its relationships is displayed as an HTML page, the
format and content of which depend on the class of this object and the visualization template specified for
it. In this case, objects associated with this object are represented on its page as hyperlinks that allow you
to go to their detailed description.

The list of objects is displayed as a page containing a set of links to these objects. For large arrays of
objects, a composite page is formed that includes a list of pages with navigation elements according to the
ISSEA data, which is the process of moving from one information object to another using the links set
between them. For example, when viewing information about a specific Grant, we can see the values of its
attributes and its relationship to other objects. Using the links provided as navigation elements, you can
view detailed information about both direct links and reverse links (about grant participants, about
publications describing this grant). When you click on a specific link of any information object, we can
get a fairly large list of objects (for example, a list of all participants in a major project or conference). In
this regard, a mechanism for filtering lists of information objects was introduced, which is understood as a
way to select a subset of 10 from the list by imposing restrictions on it, i.e. filter tasks. The filter is a set of
conditions that define acceptable values for 10 attributes and requirements for the existence of links with
other information objects. This method allows you, for example, to filter a set of project participants by
age or scientific degree (conditions for an attribute), and by the research methods they use (conditions for
a related object).

Search. The search is also based on ontology, which allows the user to set the query in terms of the
ISSEA domain. The main elements of such a query are the concepts and relations of the ontology, as well
as the restrictions that the required data must satisfy. Acceptable limits for an attribute depend on the type
of its values. For example, for attributes such as "number" (integer) and "date" (data), you can set an exact
value or an acceptable range of values. To set restrictions on objects that are associated with an associative
relationship with the desired object, the user can set conditions for the values of all attributes of related
objects. Conditions can also be set for the attribute values of the corresponding relationships. For example,
the query "Find recommended literary works of the type "article" in a training course in the period from
1920 to 1990".formally it will look like this:

Class «Training course»:

Relation «recommended literary worksy:

Class «Publication»

Attribute «Type» = «article »

Attribute «Start date »: (>=1920) & (<=1990)

Attribute «Expiry date»: (>= 1920) & (<=1990)

Now the search queries are specified using a special graphical interface that is managed by the
ontology of the ISSEA. When the user selects a class of information objects to search for, a search form is
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automatically generated.this form allows you to set restrictions on the attribute values of objects of the
selected class, as well as on the attribute values of objects associated with this object by associative
relations.

Conclusion. To date, there are a large number of approaches to building an information system that
are based on using ontology as a conceptual model. The proposed approach to building an information
system is based on the technology being developed for creating and maintaining distributed learning
information environments. The purpose of the technology for organizing information resources of
knowledge on ISSEA is to structure, systematize, organize context-dependent search, as well as generate
new knowledge based on existing knowledge in the environment. The information base of the ISSEA
consists of ontologies that, along with the traditional description of the subject area, contain a related
description of the structure and typology of the corresponding data stores and network resources. In
addition, using the ontology as the basis of the ISSEA, which is its declarative component, makes the
system easily extensible and customizable, so that it can integrate both new knowledge and new sections
of information resources.

Ontology provides tools for effectively presenting a variety of information on a given topic, supports
the systematization and integration of relevant information resources, and provides meaningful access to
them.

Thanks to the use of ontologies as an information model, the ISSEA is not just another catalog of
resources on a given topic, but a network of knowledge and data that allows you to maintain easy
navigation and meaningful search through its links. Dividing the ISSEA ontology into subject-independent
and subject-specific ontologies makes the ISSEA customizable for any field of scientific knowledge. The
proposed possibility of declarative adjustment of the ontology during the operation of the ISSEA will
allow tracking the dynamics of new knowledge and information resources on the topic and thus support its
relevance and usefulness.
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MOHIIK AWUMAKTBIH OHTOJIOT MSITBIK MOJIEJI HETT3TH/IE
FBIJIBIMU-BLIIM BEPY KbISMETIH KOJIJIAY/IbIH
AKIAPATTBIK JKYWECIH KYPY

AnHoranusi. JXymeicta FBUTBIME-OiiM Oepy KBI3METiH KONIAYABIH aKIapaTTHIK >KYWeCiH Kypy Tocini
KapacTeIppUIapl. MyHIal Jkylie Tanam eTiieTiH OuTiM Oepy OHe FBUIBIMH TaKbIPbINTAp OObIHINA OLTIM MeH
aKIapaTTHIK pecypcTapbl Xyieneyre, onapablH OipbIHFail aKmapaTThIK KeHICTIKKe KipirylH KaMTaMachl3 €TyTe jKOHe
olapra Ma3MyHJABI KOJ JKETKi3yAl KamTaMachl3 eTyre apHainfaH. FbeuteiMu-OiniM Oepy KBI3METIH KOJJayIbIH
aKIapaTThIK JKYHECiH d3ipiiey mpoIleciHe TYKbIPhIMAAMANBIK Ko3Kapac Semantic Web TeXHOIOTUACHIHBIH MaHbI3/IbI
KOMITOHEHTTepiH OipiKTipyre, atan aTKaHaa, akapaTThK OiliM Oepy pecypcrapblHbIH CEMaHTHUKAChIH YChIHY YIIIH
OHTOJIOTUSIHBI KOJIIaHYFa jkoHe OiLniM Oepy MeH FhUIBIMHM KBI3METTIH SpTYpJli aclekTijiepi OOMbIHIIA reTeporeHi
anci3 OaiiaHbICKAaH aKmaparka KOJI JKeTKI3yAiH THIMIUITIH apTThIpy YIIIH OJapiblH 3HUATKEpIIK Tajlaybl MeH
Oinmimui Oackapy oIicTepiH KojjayFa HerizmenreH. MyHpaall akmapaTThIK Kyilenaep aknaparThelk OUTiM 0ObeKTiUIepiH
YyChIHY bl (OUTiIM MEH JepeKTep Keidici TypiHzae), onapisl i3ey/l KOHE OHTOJIOTHs OacKapaThlH HaBUTALMSHBI
KaMmTamachI3 etefi. FeurbiMu-6imiM Oepy KbI3METiH KOMAAayAbIH aKIapaTTHIK KYHECIHIH IPTOHOMHKAIIBIK KOJJaHYIIIbI
web-uHTepdeiiciMeH XoHe ofaH OipikTipinreH OumiMIi Oackapyra apHaiNFaH apHAWBl peJakTopiapMeH XaOIbIK-
TasFaH. ByriHTI TaHaa OHTOJIOTHSIHBI TY)KBIPHIMIAMAJIBIK MOJIENb PETiHAC NalfaiaHyFa HETI3CIreH aKnapaTThIK
KYHEH] KYpYIOBIH KONTereH Tocinaepi 6ap. AKnapaTThIK KYHeHl KYpYAbIH YCHIHBUIFAH TOCLUTI TapaThIIFaH OKBITYABIH
aKMapaTTHIK OPTACHIH KYpYy JKOHE KOJIay YIIiH 93ipJCHIeH TEXHOJOTHSIHBIH HETi3i OOJBIN TaOblIaasl. AKIIapaTTHIK
OimiM  pecypcTapblH  YHBIMIACTBIPY TEXHOJOTHSCBIHBIH MAaKCaThI-KYpPBUIBIMIAY, JKYHeley, KOHTEKCTKE Toyesi
i3neyai YHBIMAACTBIPY, COHBIMEH KaTap aKmapaTTHIK JKyHenaep Heri3iHae »aHa OuTiMIi KaubInTacTeipy. FhutbiMu-
OiiM Oepy KbI3METIH KOJIaylIbIH aKMapaTThIK KYWECIHIH aKMapaTThIK HETi3i OHTOJIOTUSAAH TYPabl, OJlap MOHIK
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alfMaKTBIH JOCTYPIIi CHITaTTaMachIMEH KaTap THICTI AepeKTep KoiMaraphl MEH JKENUIK PecypCTapAblH KYPHUIBIMEI
MEH THUIOJOTHACHIHBIH CUITaTTaMachlHAH Typajpl. COHBIMEH Karap, OHTOJO-THSHBI aKMapaTThIK >KYHeHiH Herisi
peTiHae maiinanaHy, OHBIH AEKIApaTHBTI Kypampmac Oeiiri OonbIn TaOBUIAABI, KYHeHI OHall KeHeWTemi >KoHe
KoH(UTypanuusnaiiipl, COHbIH apKachlHIA >KaHa OLTIM Je, aKmapaTThIKPECYpCTapblH jkaHa Oenimuepi Je ofFaH
KOCBLIIA aJajpbl.

Onrosnorust OepiireH TaKpIPbI OOMBIHINIA P TYPJi aKHmapaTThl THIMJI YChIHYFa, THICTI aKMapaTThiK pecyp-
CTap/ibl XKyHeneyre )kKoHe MHTerpaLusiiayFa s)koHe oJapFa Ma3MyH/Ibl KOJI XKETKi3yre MyMKiHAIK Oepeti.

Onrosorust OOWBIHIIA KeJleciiep aBTOMATThI TYp/e KYpbUlaibl:

e AKmnaparThIK )KYHEHIH ilIKi gepekrep 0a3achbIHbIH CXeMachl (JepeKTep 0a3achIHbIH JIOTUKAIIBIK KYPBUIBIMBI
JKOHE OHBIH TYTAaCTBIFbIH ILIEKTEY);

e AKNapaTThIK KYHEHIH JEPEKKOPBIH JepeKTepMEH TOJTHIpyFa apHaJfaH HbIcaHgap (OHTOJIOTHS YFbIMJa-
PBIHBIH JaHaJIapbl O0JIBIN TaOBLIATHIH aKIIApaTTHIK 0OBEKTLIED);

e AKnapaTTHIK JXKYWEHIH aKIapaTTHIK KEHICTiri OOWBIHIIA HaBHUTAIMs CXeMachl (OHTOJOTHS KaTBIHACTAPHI
OOMBIHIIIA);

e I3ney cypaysiapblHbIH (OopMaIapbl (OHTONOTHS YFEIMAAPBl MEH KaThIHACTAPhl OOWBIHIIA).

OHTOJIOTHSIHBI AKNAPATTHIK MOJIENb PETIHAE KOJIAHY/AbIH apKachlHAa FBUIBIMHU JKOHE OuTiM Oepy KbI3METiH
KOJIIayIbIH aKMapaTThIK Kyieci-0yi1 OepiireH TakpIpbil OOWBIHILIA PECYPCTAapIbIH TaFbl Oip KaTajorbl FaHa eMmec,
COHBIMEH KaTap bIHFaWIbl HaBUralys MEH Ma3MYH[bI i3/1ey/l KOJJaWThiH OlTiM MEH MaiiMeTTep *kexici. FruibiMu
XKoHE OUTiM Oepy KBI3METIH KOJIIAyAblH aKMapaTThIK JKYHECIHIH OHTOJOTHMSACHIH IIOHIC TOYENI JKOHE MOHJIK
OHTOJIOTHSIFA 06y FhUIBIMH OUTIMHIH Ke3-KelreH canacbiHa ukempeneni. [laiinanany OapbIChIHIA OHTOJIOTHSIHBI
JIEKJIApAaTHBTI KailTta KYpy MYMKIHIIIT FBUIBIMH-OUIIM Oepy KbI3METiH KOJJIAyAbIH aKIapaTThIK XKYHeci TaKbIpbIIl
OOMBIHIIA XaHA OUTIM MEH aKMapaTTHIK PEeCypCTapiblH Haijga 0Oy JAMHAMHKACHIH OakKpUIayFa MYMKIHIIK Oeperi
JKOHE COJI apKbUIBI OHBIH ©3€KTUIIr MEH MaiiIalIblIbIFBIH KOJIJay/Abl KAMTaMachl3 eTei.

Fruteimu-6intiM Oepy KpI3MeTiHe apHaJIFaH aKIMapaTThIK XKyHe Keneci PyHKIUAIapIsl OPBIHIARIB:

1. FoutbiMH KBI3METTIH OpTYpJi acmeKTiJiepi MEH KaThICYIIbUIApHI, 3epTTEYIIUICPIiH TYIFaIapsl Typajbl
aKIaparka, 3epTTey IPOLECiHe eHTI31ITeH TonTap, KOFaMIACTHIKTap MEH YHBIMIAp Typallbl aklmapaTka Kol )KeTKi3y Il
KaMTaMachI3 eTell;

2. BaiinanbicTel pecypcrapiasl VHTEepHETKE (pessiuusuiblk nepektep 6azacsl, XML sxone HTML pecypcrapsi,
JKaHAIBIKTap apHajapbl xoHe T.0.) OipbIHFail aKIapaTThIK KEeHICTIKKe OIpiKTIpyre MyMKIHIIK Oeperi;

3. TlopranmeiH OapyblK aKHapaTTHIK KEHICTIMIHAE NaladaHylIbIHbI KbI3BIKTHIPATBIH aKMapaTThl i31ey
KYpaJIIapbIH YCHIHAIBI,

4. Pecypc mnaiinanaHynibuiapblHa akmapaTThIK KOJJIayAbl KaMTaMachl3 eTefi (MbIcalibl, SpTYpili OKHFajap MEH
ic-IIapajap/bl )Kapusuiay);

5. PecypcrapMeH >koHE KOPCETUICTIH KBI3METTEPMEH JKYMBIC iCTE€y Ke3iHJAe MaiiflalaHyIIbIHbIH KajJayblH
ecKepyre MYMKIiHZIK OepeTiH HKeMli TaiaanaHybl HHTepdeiciH KOITai b,

Tyiiin ce3aep: OHTOIOTHS, aKIMAPATTHIK KYHe, MHTETPaIls, FRUIBIME XKOHE O1TiM Oepy KbI3METi.

2K.B. Canqupmekosa', M.A. Caméer6aesa'?, JI.A. Tycynos', 2K.T. AnTbin6exona’

1EBpa31/117101<or0 HarmoHanbHoro yHuBepcureta um. JI. H. I'ymunesa, Hyp-Cynran, Kazaxcras.
*UucTuTyT HEQOPMALIMOHHEIX U BRIYUCTHTEIBHBIX TEXHOIOTHi, Anvatsl, Kazaxcras.
Tapasckuii HHHOBALIMOHHO-IYMaHHTapHOTo yHUBepcuTera, Tapas, Kasaxcran.

IHOCTPOEHHE I/IH(I)OPMAIII/IOHHOP'I“CI/ICTEMI)I MMOJAEPKKHA
HAYYHO-OBPA3OBATEJ/IBHOU AESITEJIBHOCTH
HA OCHOBE OHTOJIOI'MYECKOU MOJEJIX ITPEJIMETHOMU OBJIACTH

AnHoTtanusi. B pabore paccmarpuBaeTcsi MOAXOA K CO3JaHUIO HMH(POPMAIMOHHOW CHUCTEMBI MOAICPIKKA
Hay4HO-00pa3oBarenbHOl AestensHocTH (MCHO/). IlogoOnas cucrema mpu3BaHa CHCTEMAaTH3MPOBATH 3HAHUSA U
nH(pOpMaLMOHHBIE PECYPCHI IO TpedyeMoil 00pa3oBaTeIbHON 1 HAYYHON TeMaTHKe, 00ECIeYUTh UX UHTETPALUIO B
enanHoe MH(OPMAIIMOHHOE MPOCTPAHCTBO M MPEIOCTABUTh K HUM COJCPIKATENIBbHBIA JOCTyI. KOHIenTyanbHbIN
moxxoa k mpoueccy paspaborku MCHOJI 0asupyercs Ha OOBEIUHEHHWH HAWOOJIEEe Ba)XKHBIX KOMIIOHCHTOB
TexHoysorud Semantic Web, B YaCTHOCTH, WCIIOJb30BAHMU OHTOJOTMH JUIA NPEACTABICHUS CEMaHTHKU
HH(POPMAIMOHHBIX 00pa30BATEIbHBIX PECYpPCOB W MOJJICPKKA WX WHTEIUICKTYadbHOTO aHajiW3a W METOIHMK
YOpaBJICHUS 3HAHUSAMHE ISl TIOBBIIICHHUS 3()()EKTUBHOCTH JOCTYIA K TeTEPOTEHHON CIIa00CBA3aHHOW WH(pOpMAIHU
M0 pa3IMYHBIM aclieKTaM OOpa30BaTEIEHOW W HAYYHOH IesTenbHOCTH. Takue wHpopMmanuoHHble cuctembl (HC)
o0ecreunBaroT MpeacTaBIeHne HHQOPMAIIOHHBIX 00BEKTOB 3HAHMH (B BUAE CETH 3HAHWW M JAHHBIX), UX TOWUCK U
ynpasisiemyto oHToorueit Hapuranuto. MCHO/] cHaOkeH 3)proHOMUYHBIM TOJIB30BATENBCKUM Web-uHTepdericoM u
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CHELHUaIbHBIMU PEAAKTOPAMH, IPEAHA3HAYCHHBIMHU JUI YNPABICHUS 3HAHUSIMH, MHTETpUpyeMbIMH B Hero. Ha
CETOHSALIHNI JIeHb CYIIECTBYET OOJIBIIOE KOJMYECTBO IOJIXOJOB K ITOCTPOCHHIO HWH(OPMAIMOHHONH CHCTEMBI,
KOTOpBIE 0a3MpPyIOTCs Ha UCTIOIb30BAaHUU B KaUeCTBE KOHIENTYaIbHOI Mozesn oHTostoruio. [Ipearaemslii moaxon
K HOCTPOEHHIO HMH(OPMALMOHHOH CHUCTEMBI IIOJIOKEH B OCHOBY pa3pabaThiBaeMOil TEXHOJOTMHM CO3LaHHSA H
CONPOBOXKICHUA HH(POPMALIMOHHBIX Cpel pacnpelereHHoro oOydeHus. llenblo TEXHOJIOTMM OpraHHM3aLUH
nHpopMannoHHEIX pecypcoB 3HaHmii Ha MCHOJ] sBnsiercs cTpyKTypH3amus, CHUCTEMaTH3alWs, OPTaHU3aIsL
KOHTEKCTHO3aBUCHMOT'O TIOMCKa, a TaK)Ke IeHepals HOBBIX 3HAHMH Ha OCHOBaHHMHU yxe umerommxcs B cpene VC.
HNudopmanmonnyro ocaoBy MCHO/] cocTaBisiOT OHTOJOIMH, KOTOPHIC HApsaAy C TPATUIMOHHBIM OIMCAHUEM
NpeAMETHOW 00JacT CoAep)KaT COOTHECEHHOE C HUM OIMCAHWE CTPYKTYPhl W THIIOJIOTMH COOTBETCTBYIOIMX
XpaHWJIMII JIaHHBIX M CETEBBIX pecypcoB. Kpome Toro, ucnonp3oBanue B kadectBe ocHOBB MICHO/] onronoruwm,
SIBIISIFOLLICHCS €€ JICKJIapaTUBHBIM KOMIIOHEHTOM, J€JIaeT CUCTEMY JIETKO PacIIUpseMOi U HacTpanBaeMoi, Onaroxaps
YeMy B Hee MOTYT MHTEIPHPOBAThCSI KaK HOBBIE 3HAHMUS, TaK M HOBBIE CPe3bl MH(POPMAIMOHHBIX PECYPCOB.

OHTONOTHS TPENOCTaBISET cpeAcTBa s 3()(EKTHBHOTO TpeACTaBICHUS pa3HooOpa3sHOW WHGOpMAIH IO
3aJaHHOM TeMaTHKe, MOJIEPKUBACT CHCTEMATHU3AIMIO ¥ MHTETPAIMIO PEIEBAaHTHBIX MH(OPMAIIIOHHBIX PECYPCOB U
COJICPIKaTENbHBIN TOCTYH K HHUM.

ITo oHTONOTMM aBTOMATHYECKH CTPOSITCS:

e cxema BHyTpeHHe# 0a3bl qanabIx VIC (Joruyeckas ctpykrypa B/l u ee orpaHndeHns eI0CTHOCTH);

e opwmsl i 3anonuenus bJ] UC nanapiMu (MHGOPMAIMOHHBIMU OOBEKTaMHU, SBIISIOLIMMHCS 3K3EMILIIPaMH
MOHATHUII OHTOJIOTHH);

e cxema HaBurauuu 1o uHdopmauuoHHoMy rpoctpaHcTBy VIC (110 OTHOIIEHUSIM OHTOJIOTHH);

e  (hopMBI MOUCKOBBIX 3aMPOCOB (IO TOHATHSIM M OTHOLIEHHUSM OHTOJIOTHH).

Bnaronapst ncrons30BaHNI0 OHTOJIOTHH B KayecTBe nHpopMannonHoi monenu, MCHO/I npencrasiser coboi
HE MPOCTO €lle OJMH KaTaJor PECypcoB IO 33JaHHOIM TeMaTHKEe, a CeThb 3HAHWH W JaHHBIX, 110 CBS3AIM KOTOpPOH
moJAep KuBaeTcs ynoOHas HABUTAIN U colepKaTeNbHbIN mouck. Paznenenne onronormm MCHO/] Ha mpeameTHO-
He3aBUCHMEBIe U TpeaMeTHble oHToNornu nenaetr MCHO/ HacTpamBaeMbIM Ha JIFOOYIO 00NIacTh HAyYHBIX 3HAHHU.
A BO3MOXXHOCTBH NIEKJIAPAaTHBHOW MOACTPOHKH OHTONoTHH B xoje dkcmuryatanmd MCHO/] mo3BoinuT OTCIEKHUBAThH
JUHAMHUKY IOSBJICHUS HOBBIX 3HaHWUM M HMH(OPMAILMOHHBIX PECYPCOB IO TEeMaTHKE M, TEM CaMbIM, O0ECHEUHT
MOJJIEPAKKY €r0 aKTyaJIbHOCTH U MOJIE3HOCTH.

NndopmanuonHasa cucremMa AI8 HAy4HO-00pa30BATEIbHOH JeATEIbHOCTH BbINOJHACT CieIyIOLIHe
byHkum:

1. obecrieunBaer nocTyn K MHGOPMALMKM O Pa3lIMUHBIX ACMEKTaxX M YYaCTHHKAaxX Hay4yHOH NesTelIbHOCTH,
JMYHOCTSIX HCcienoBaTeneld, MHpOpMaIuy O TPYIIax, COOOIECTBaX U OpraHU3alMsIX, BKIIOYEHHBIX B HCCIIEI0Ba-
TEJIbCKUHN IpoLece;

2. TO3BOJISIET MHTETPUPOBATh CBSI3aHHBIE pecypchl B ceTn VHTepHeT (peisiumoHHble 0a3bl naHHBIX, XML n
HTML pecypchl, HOBOCTHBIE KaHAEI | T. [.) B €IUHOE HHOOPMAIIMOHHOE IIPOCTPAHCTBO.);

3. mpenocTaBiIsAeT CPEICTBA MONCKA MHTEpEeCyIomeil mosp3oBares nHpopManuy Bo BceM HMH(POpMannOHHOM
MIPOCTPAHCTBE MOpTaNa.;

4. obecneunBaeT MHGOPMALMOHHYIO MOJJEPKKY MONB30BaTeNell pecypca (HanpuMep, aHOHCUPOBaHUE pas3iIny-
HBIX COOBITHI U MEPONPUSATHI );

5. moauepKMBaeT THOKHMH MOJB30BAaTENbCKU HHTep(deiic, MO3BOJSIONMIA yYUTHIBATH IPEAIIOYTCHUS
TMI0JIB30BATEIS IIPH PAdOTE C PECYPCOM U MPEJOCTABISIEMBIMH YCIIyTaMH.

KaroueBbie cioBa: oHrojorusi, HHGOPMaOHHAs CHCTEMa, MHTErpalys, HayuyHO-00pa3oBaTelbHasl JesTeNb-
HOCTb.
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EQUATIONS OF PLANETARY SYSTEMS MOTION

Abstract. The study of the dynamically evolution of planetary systems is very actually in relation with findings
of exoplanet systems. N free spherical bodies problem is considered in this paper, mutually gravitating according to
Newton's law, with isotropically variable masses as a celestial-mechanical model of non-stationary exoplanetary
systems. The dynamic evolution of planetary systems is learned, when evolution's leading factor is the masses'
variability of gravitating bodies themselves. The laws of the bodies' masses varying are assumed to be known
arbitrary functions of time. When doing so the rate of varying of bodies' masses is different. The planets' location is
such that the orbits of planets don't intersect. Let us treat this position of planets is preserve in the evolution course.
The motions are researched in the relative coordinates system with beginning in the center of the parent star, axes
that are parallel to corresponding axes of the absolute coordinates system. The canonical perturbation theory is used
on the base aperiodic motion over the quasi-canonical cross-section. The bodies evolution is studied in the osculating
analogues of the second system of canonical Poincare elements. The canonical equations of perturbed motion in
analogues of the second system of canonical Poincare elements are convenient for describing the planetary systems
dynamic evolution, when analogues of eccentricities and analogues of inclinations of orbital plane are sufficiently
small. It is noted that to obtain an analytical expression of the perturbing function main part through canonical
osculating Poincare elements using computer algebra is preferably. If in expansions of the main part of perturbing
function is constrained with precision to second orders including relatively small quantities, then the equations of
secular perturbations will obtained as linear non-autonomous system. This circumstance meaningful makes much
easier to study the non-autonomous canonical system of differential equations of secular perturbations of considering
problem.

Keywords: planetary systems, variable mass, Poincare elements, theory of perturbations, evolution equations.

1. Introduction. In relation with findings of exoplanet systems, the study of the dynamically
evolution of planetary systems is very actually. Observations materials are wealthy [1-3], especially the
study of planetary systems in the stage of non-stationary is represents of interesting, when leading factor
of evolution is variability of masses of graviting bodies [4-7].

In this paper, n free spherical bodies problem is considered, mutually gravitating according to
Newton's law, with isotropically variable masses. The laws of the masses varying will be considered to be
known. On the base aperiodic motion over the quasi-canonical cross-section the canonical perturbation
theory is used [7-8]. The motions are researched in the relative coordinates system, in the analogues of the
second system of canonical Poincare elements.

2. Problem statement and differential equations of motion in the relative coordinates system.
The motion of planetary systems is considered, consisting of n+1 spherical bodies with variable masses

mutually gravitating according to Newton's law. The following notations are entered: 7, — the parent star
of planetary system, T,

, (i=1,2,..,n) — planets. The motions are studied in the relative coordinates
system with the beginning in the center of the parent star 7, axes that are parallel to corresponding axes

of the absolute coordinates system.
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The planets' location is such that 7, is inner planet relative to planets T,,, but outer one relative to

i+l
T, . Let us treat that this position of planets in the evolution course is preserve.

The masses of bodies are changed isotropically over time and laws of variable of masses are assumed
to be known

my=my(t), m =m(t), .., m, =m,/(t) (2.1
Let the rate of masses varying is different
Mo M M M k=12,n, %k, (2.2)
m, m, m, m,

The motion equations of #n planets in the relative coordinates system with isotropically variable
masses can be written as [7,9]

- my+m;)_ 5
ﬁ-=—f(°r—3’)n-+fz mk(
- k=1

1

P =7
3

7 .
—-’;J, (i=12,.,n), (k=12,..n) 2.3)
Aik

N

where A, mutual distances of the center of spherical bodies

2 2 2
Aik:\/(xk_xi) +(yk_yi) +(Zk_Zi) =4, (2.4)
f — the gravitational constant, m, =m, (t)— mass of the parent star, m, zmi(t)— mass of planet T,
7.(x,,y,,z,) - radius-vector of the center of spherical bodies, sign "stroke" in the summation denotes that
the i# k.

3. The motion equations in osculating elements. Equations of the motion (2.3) are rewritten in the
form

(m0+mi) ..i F‘ A zmo(t0)+m,-(t0):

o A A my () +m,(t)

)
|
|
XU
Il

7 (1), G.1)

where #,— is initial moment of time,

F =grad ¥,
Wo=W,+W,, (3.2)
1 1 7r-r V.,
W,=f) m|——- k1, W, =——=r". (3.3)
y kzz; k(Aik r J 2y,

Obtained form of relative motion equations (3.1) is convenient to use perturbations theory formulated
to such non-stationary systems [7].

When doing so expressions (3.2) are the perturbing forces. If the perturbing forces are equal to zero,
then obtain integrable unperturbed motions.

At W, =0 the equations (3.1) describe aperiodic motion over the quasi-canonical cross-section [7,8]

?+fwfi—ﬁfi:0 (3.4)

1
i i

The solution of differential equations (3.4) is similar to the solution of the classical two body problem
with constant masses

X, = 7,0, [cosu, -cos 2, —sinu, -sin €2 -cosi, |,
Y, =7,p,[cosu, -sin £2, +sinu, -cos £, - cosi |, (3.5)

z, =ypsinu, -sing;, r,=y,p, u, =60+,

—— 54 ——
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g (1 —e’ ) 16
pl_l+e,cos«9l’ (3.6)
where u,— analogue of the latitude argument, 6. — analogue of the true anomaly. The solutions (3.5)-(3.6)
will be used as initial unperturbed motion. The values

s il'a a)j9 0 (37)

1

a, e

1

are analogues of known Kepler elements. When doing so, a, — analogue of a semimajor axis,
e,— analogue of eccentricity, @, — analogue of the pericenter argument, 7, — analogue of inclinations of the
orbit, €2 — analogue of the longitude of an ascending node.

In the case of quasi-elliptic motion e, <1 the dependence of analogues of the mean anomaly M, on
time

M, =n[¢()-4(z)], (3.8)

are determined taking into account the laws of masses variation. Here n, — the analogue of mean motion,

n, = @ =const, M, = f[m0 (t0)+ml. (to ):l (3.9)
a.

1

M, — gravitational parameter

When doing so, ¢,(¢) —the primary function of the values

1 my(t)+m (1) )
= . 3.10
7/,‘2 (t) £m0(10)+mf(to)J ( )

Correspondingly ¢.(z;) is a dynamically element, analogue of the pericenter passage time. By 7, —is

denoted passage time through the pericenter. We emphasize that in unperturbed motion mean angular
velocity is variable and depends on laws of masses variability of corresponding bodies.

2
M,.:n,.[ L J:n,.[ () + m, (1) J . (3.11)
720)) " mg(t)+m (1)
In unperturbed motion, formally mathematically, the Kepler equations are occurs, which allows to

find coordinates and velocities as functions of time.
In the case of quasi-elliptic motion (e, <1), regular integration of the differential equation of

unperturbed motion (3.7) can be defined by the following six elements of quasi-elliptic motion
a,. . i, o, Q. 4). (3.12)

In work [7] a corresponding perturbation theory is constructed, which will be widely used in this
paper, by using elements (3.12) as unperturbed.
For our purposes analogues of the second system of canonical Poincare elements are prefered

Ay Ay & s iy 4y (3.13)

which are entered according to the formulas

A, =Jtoa, A=l +x, (3.14)
£ =\/2\/7w\/af(1—‘/1—ef )Cosnl., 7 =—\/2\/7m/af(1—,/1—ef )Sinﬂl., (3.15)
»; =\/2\/;Tm/a7/1—ef (1- Cosi,)CosQ, g, :—\/2\/;7,.0\/af,/l—ei2 (1- Cosi,)Sin®y.  (3.16)

lizMiznf[@(t)_féi(Ti)]a 7 =Q +w, (3.17)

where
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The differential equations of n spherical bodies motion in the osculating analogues of the second
system of Poincare variable (3.14)-(3.16) have canonical form

. OR . OR ) aR
Ai =— 981 =—, b=
o4, on, aq,”
(3.18)
B 8R . 8R . 8R
i aA 7 55 4 ap
where the Hamilton functions
/uz
=00 AW (t,ALE L p L Aq 3.19
1 2A]2 7/12(t) L( i é pl i ’71 qz) ( )

The canonical equations of perturbed motion (3.18) are convenient for describing the dynamic
evolution of planetary systems, when analogues of eccentricities and analogues of inclinations of orbital
plane are sufficiently small.

e <<1, i<<l. (3.20)

The canonical equations of motion (3.18) rewrite in the form

1

0RO, i _OR| oW,

"TUOA, A BA,] SRrYIRFYI
. aR A . OR oW
n=- E=—»~1=—= (3.21)
65 o8’ on, o,
. __OR oW, . _OR oW,
qu___ pi:—:—_
op, ap, oq, 9q;

At W, =0 it can be seen from equations (3.21) that the canonical variables A.,7,,<.,q,, p; remain
constant, and the element A — mean longitude is an increasing function of time.

4. The expansion of the perturbing functions. To write explicitly the right-hand sides of the
perturbed motion equations (3.21), it is necessary to Express the perturbing function (3.2)-(3.3) in terms of
the osculating elements (3.14) - (3.16). The expression of the value W, through osculating elements is

simple, and its explicit analytical form is known [7]. The main difficulties represent the expansion into a
series of the force function of the Newtonian interaction of bodies

L 1 V-7
Wo=f> mk(—— i 3")(4-1)
k=1 Ay iy

through osculating elements (3.14)-(3.16).
It is advisable to emphasize the main and indirect parts in the expression of the perturbing function

(4.1)
xxk+ylyk+zzk
Flrom o) rgm e

k

e L e

We denote the main and indirect parts of the perturbing function (4.1)

ng,main = fi 'mk [ALJ ’ gi, ind = fz mk [ ( JCOS( )J . (43)
k=1 ik e

n , 1
ng = fz mk L_
k=1 Aik k

4.2)
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The indirect part of the perturbing function (4.3) does not contribute to the expressions of the secular
perturbing function as in the classical many body problem [10]. Therefore, it is sufficient to have an
analytical expression of the main part of the perturbing function (4.3) in terms of the canonical elements
(3.14)-(3.16) to obtain differential equations of secular perturbations in the canonical osculating elements
(3.14)-(3.16).

To obtain an analytical expression of the main part of the perturbing function (4.3), through the
canonical osculating elements (3.14)-(3.16), it is necessary to have a decomposition in a series of
quantities

[ALJ’ iLk=12,..,n, i#k. (4.4)

ik

These are very cumbersome and time-consuming algebraic calculations that are performed using
computer algebra. In work [8,11,12], such calculations were performed for the two-planet problem of
three bodies with variable masses, with precision to second orders including relatively small quantities
(3.20).

For the n planetary problem of many body with isotropically varying masses, considered in this
paper, the expansion into a series of quantities (4.4) is performed in exactly the same way. However, the
calculation volume for a many planet problem is growing, which is natural.

5. The equations of secular perturbations. The equations of secular perturbations that determine the
behavior of orbital parameters over long time intervals are obtained from the equations of motion (3.21) if
instead the perturbating functions W, their secular part is substituted

oy ow

A=- =10 , A, =0,
oA, A, oA,
. OR  ow! A
==, §=r - G
95, 0g; on,  on,
' __aRi* __aVVi(SCC) . aR[* ~ aVVi(SCC)
o, o P e,
(sec) _ (sec) (sec) (sec) _ (sec)
VVi - ng + VVci > ng - ng,rn . (52)

Naturally, the following system of canonical equations is split off from the system of differential
equations (5.1)

_ aVVi(sec) § ~ aw/;(sec)
m; 2¢ ) i on, >
i=1,2,..n, (5.3)
. aVV;(sec) . aVV;(sec)
q; o, > D; oq, .

If, in the expansion into a series of quantities (4.4), we restrict ourselves to second-order accuracy,
including relatively small quantities (3.20), then the system of equations (5.3) will turn out to be a linear
non-Autonomous system. When doing so approximate formulas for the relationship of various systems of
osculating elements as initial assumptions have the form

& =+ANecosm, n,=—\Aesnz, Aiei2 = 5;‘2 +77i2’ 1gr; =11,
p, =+JA,sini;cosQ,, g, =—JA,sini;sinQ,, A,sin’i,=p’+q}, 1gQ,=-q,/p,

Then, in turn, the resulting system of canonical equations (5.3) is divided into two separate
subsystems (see details in [8]). The first subsystem defines the equations of secular perturbations for
eccentric elements. The second subsystem defines the equations of secular perturbations for the oblique
elements. The linearity of the system of differential equations (5.3) in the approximation (5.4)
significantly facilitates the study of the non-Autonomous canonical system of differential equations of
secular perturbations (5.3) of the problem in this formulation.

(5.4)
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6. Conclusion. In this paper, the differential equations of secular perturbations for non-stationary »
planetary systems with isotropically varying masses in analogs of the second system of canonical Poincare
elements are obtained in analytical form.

To obtain the actual expansion of the perturbing function through osculating elements, it is planned
to use the analytical computing system "Wolfram Mathematica" [13,14].

The resulting equations will be used to study the effects of mass variability during the evolution of
exoplanetary systems. This will take into account the effects of the decrease in the mass of the parent star
and the increase in the mass of planets due to the accretion of matter from the remnants of the
protoplanetary disk.

M. k. Mnﬂmnﬁaenl’z, A.b. Komepﬁaena1

! On-Dapabu areianarel Kaz¥'y, Anmatel, Kazakcran;
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IJIAHETA )KYWECIHIH KO3FAJBIC TEHJEYJIEPI

AHHOTauusl. DOK30IUIaHETa J>KYWECIHIH allbUIyblHa OaiIaHBICTBI IDIAHETa JKYHENepiHiH JUHAMHKAJIBIK
SBOJIOLMSCHIH 3€pTTeY ©3€KTi Macenere aiHanabl. JKyMbIcTa HBIOTOH 3aHbI OOMBIHIIA ©3apa rPaBUTALMAIAHATHIH,
HECTAIIMOHAPJIBl HK30IUIaHETaNbIK JKYHelIepliH acllaH-MeXaHUKalbIK MOJeNl peTiHge Maccajapbl H30TPONTHI
©3TepeTiH, epKiH cdepalblk 7 JeHe Macelleci KapacThIpbUIFaH. Macca M30TPONTHl ©3repreH Ke3ze op JAeHere acep
€TeTIH PeakTHBTI KYIITEpiH KOCHIHIBICH HOJIre TEH, COJ ceOenTi Je KO3FallbIC TeHJeyl bIKmaMmiaiaasl. Aunaiina
JICHE MaccallapblHbIH aHHBIMAIBUIBIFEl cepiHeH IudQepeHnranasl TeHAeyIep Kyleci aBTOHOMIBI €MeC Typre
Kemeni opi Oy MoceneHi aWrapipikrail kypaemeHaipeni. COHABIKTAaH MoceNie YHBITKY TEOPHSCHI oicTepiMeH
3eprreneni. [paBUTanMsIaHATHIH JIeHE MACCACHIHBIH ©3Trepici SBONIOMUSHBIH JKETEKIIi (aKTOpBl peTiHIe
KapacTBIPBUIFAaH JKaFaiiga IUlaHeTa XYHeNepiHiH AWHAMHKAJIBIK 3BOJIOLMACH! 3epTTeieni. JleHe maccaiapblHBIH
e3repy 3aHABUIBIFBI Ke3 KeJIreH jKoHe Oenriii yakelT QYHKIMACH peTiHAe ecenke anbiHaabl. COHBIMEH KaTap, JeHe
MaccalapblHbIH ©3repy KapKbIHIbUIBIFBI opTYpiii. [lnaHeranapabiH opHaiacybl OJapiAblH opOuTanapel 0ip-OipiMeH
Ke3JIeCIIeUTIHIeH JKaraaiila KapacThIpbUIFaH. DBOJIOIMS Ke3iHJE IUIaHeTalapJblH OChUIall OpHanacy >Xaraailbl
cakTanajpl nen ecenrteiiMiz. OchIHAAN KOJIMEH YHBITKY TEOPHSCBIHBIH OAICTEpIH KOJIAHYAbIH MaTeMaTHKAaJbIK
JIYPBICTBIFBI HEri3re ajnblHaabl. [InaHera maccanapbl OpTaNbIK KYJIJbI3 MaccachblHaH QJJeKai/a Killl Jen KapacTbl-
pambi3. [lnanera >KyieciHiH OpPTAJIBIK KYJIABI3BI HEHTPIIK JIeHe OoibIn caHaidagsl. JKyMbIcTa KBa3HIJUIMIITHKAIBIK
KO3Fasblc 3eprreieni. KBasmaumMNTHKaNbBIK KO3FAJIBIC JKarJalblHAa OpTalla aHOMAJIMSl aHAJIOTHIHBIH YaKbITKa
TOYSJIIUIrT YHWBITKBIMaraH KO3FalbIC Ke3iHJE MaccalapAblH e3repy 3aHJIbUIBIFBI  eceOiHJe aHBIKTAJIA/IbL.
YibITKIMaFraH KO3FAIBIC KE3iHAE KOOpAWHATANap MEH >KbUINAMIBIKTBI YakKbIT (YHKIMSACHI PETIHIE aHBIKTayFa
MYMKiHIiK Oeperin Kemmep TeHmeyi MaTeMaTHWKalbIK TYPFBIIAH OPBIHABI AEM caHalaAbl. KBa3sMdUIMOTHKAIBIK
JKarJaiiia YHBITKBIMAaraH KO3FAIBICTHIH IU(depeHnHaIabIK TeHICYiH TYpaKThl MHTEIpanay KBa3HAJUIUITHKAIBIK
KO3FaIBICTBIH ~aJIThl 3JIEMEHTTIH COHKEC aHalorrapsiIMeH asblKTananel. Kymeicta IlyaHkape KaHOHIBIK
ANIEMEHTTEPAIH eKiHII >JKyiie aHaJorsl Heri3iHAe KaHOHABIK YHBITKY TEOpHACH KeH KOJIaHbUIaAbl. JleHe
sBomouusickl [lyaHkape KaHOHIBIK OSJIEMEHTTEpiHIH eKIHII JKYHeCiHiH Jie3/liK aHaJlorTapblHAa 3epTTelieli.
OKCHEHTPUCHUTET aHAIOTTapbl MEH OpOUTAa >Ka3bIKTHIFBIHBIH KOJIOCYJK aHaIOrTapbl ETKUIKTI TypAe Kili mamMa
Oounran sxarnaiina [lyankape kKaHOHIBIK DJIEMEHTTEPIHIH €KIHIII JKYHe aHaJOrTapbIHAAFbl YUBITKbIFAH KO3FaJIBICTHIH
KaHOH/IBIK TEHJIEyl IJIaHeTa JKyHelepiHiH IUHAMHUKaJIbIK 3BOJIIOLMACHIH CHIATTayAa BIHFAMIBI OOJBII caHasabl.
YWUBITKBITYIIB! (QYHKIMSIHBIH HETi3Ti OOJriHIH aHAMTHKAJBIK OpHETIH IIeKci3 Katap periHae IlyaHkape KaHOHIBIK
JIe3/iK 3JEMEHTTepiHe aly YLIIH KOMIBIOTEpJIK aireOpaHbl KojjiaHy KaxerTTiri kepcerineni. Herisinne karapra
KIKTEY 9fici YHBITKBITYIIB ()YHKIHUSHBIH HETi3ri O6NiriHIH aHAIMTHKAIBIK OpPHETIH Ke3 KEITeH MANIIKTEe airyra
MYMKiHIIK Oepeni. Erep YUBITKBITYIIB ()yHKIHSHBIH HETi3Ti OOJIriH KiKTey e Killli TaMaFa KaThICTHI eKiHII PETTiK
JIONAAIKTI KOCa €CeNTEYMEH IIEKTEICEK, OH/Ia FACKIPIIBIK YHBITKY TEHACYJIEPi ChI3BIKTEI aBTOHOM/IBI €MeC XKyiie OOJIbII
ecenteneni. OchlHAaN Karnaia aablHFAH FACHIPIIBIK YHBITKYAbIH KaHOHJBIK TEHICYIHIH XKyiiecl eki ilki xyiiere
Kikreneni. bipiHmi sxyile FachIpibIK YHBITKY TEHJIEYJEpiH 3KCUEHTPHLUTETTIK 3JIEMEHTTep YIUiH aHBIKTaiIbl.
ExiHmi kyde FachIpiblK YHBITKY TEHJCYJEepiH OOJMKAIBIK OJIEMEHTTEp YIIIH aHbIKTaiiael. Ocbl Jkaraai
KapacThIPBUIBIIT OTHIPFaH MOCEJICHIH FaChIPJIBIK YHBITKYBIHBIH A QepeHnranibl TeHJIeYiHIH aBTOHOMIBI €Mec
KaHOH/IBIK XKYIeCiH 3epTTey/1i aiTapibIKTail XKeHaeTe Il

Tyiliin ce3mep: IUIaHETANbIK Kylenep, e3repmeni Macca, [lyaHkape »3JeMEHTTEpi, YHBITKY TCOPHUSCHI,
SBOJIOLMSUTBIK TEHACYJIEP.
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YPABHEHUWA ABUKEHUSA NNIAHETHBIX CUCTEM

AHHOTaIIHﬂ. B CBsSI3U C OTKp])ITI/lﬂMI/I SK30IIJIAaHCTHBIX CUCTEM I/I?:leeHl/Ie ﬂHHaMH’-IeCKOﬂ 3BOJIFOIIUU ITIJIAHCTHBIX
CHCTEM SIBIIIETCS BEChbMa aKTyallbHOW. B Hacrosimeit paboTe paccMoTpeHa 3aada 7 CBOOOAHBIX CHEepPHUECKHUX Tell,
B3aMMOTPABUTUPYIOMIKX 110 3aKOHY HBIOTOHA, C M30TPOITHO M3MEHSIOMMMUCS MaccaMi Kak HeOeCHO-MeXaHNIecKas
MOJIeNIb HECTAIMOHAPHBIX SK30IUIAHETHBIX CHCTeM. [Ipy M30TpOmHOM H3MEHEHHWH MacC CyMMapHbBIE pEaKkTHBHBIE
CHIIBI, IEHCTBYIOIME Ha KaXKIOE TeNl0, paBHBI HYJIO, TOSTOMY ypaBHEHHE IBIDKEHHs yrporraercs. OxHako u3-3a
MEPEMEHHOCTH Macc TeJl cucTeMa Au(QpepeHHaIbHbIX YPaBHEHUI CTAHOBUTCSI HEABTOHOMHBIMH, YTO CYIIECTBEHHO
ycroxHseT 3aaauy. [loaromy mpobiiema MCCIeIyeTcss METOJaMKi TEOPUH BO3MYICHUA. V3ydaeTcst AUHAMHYECKAs
OBOJIIOIIHUA IUJIAHCTHBIX CHCTEM, KOoraa Be}lyLlII/IM (l)aKTOpOM OBOJIFOLIUU SBJIACTCA HepeMeHHOCTb Macc caMux
TPAaBUTHPYIOIIUX Tel. 3aKOHBI W3MCHEHHU MAaCC TN CYUTAIOTCS W3BECTHBIMH TPOHM3BOJIBHBIME  ()YHKIIHSIMHU
BpeMeHH. [Ipu 3TOM TeMIT H3MEHEHHUS Macc Tel pa3InyHbId. PacmoiokeHue miaHeT TaKOBO, YTO OPOUTHI IJTAHET HE
nepecekaroTcs. byzaem cuuraTth, 9TO 3TO MOJIOKEHHE ITAHET B XOJI€ SBONIOLNNHU COXpaHIETCA. ITUM 00eCIIeTnBaeTCs
MaTeMaTHIecKass KOPPEKTHOCTh IPUMEHSEMBIX METOJOB TEOPHH BO3MYyIIeHHA. CUYHTAeTCs, YTO MAaCCHl IUIaHET
HAMHOTO MEHbBIIIE, YeM Macca IICHTPalbHOTO Tena. LleHTpambHBIM TeIOM SBISCTCA POIOUTEIbCKas 3Be3la
paccMaTpuBaeMoil TIJIaHETHOW CUCTEMBI. JIBUKEHUS HCCIIeI0BaHbl B OTHOCUTENLHON CHUCTEME KOOPIUHAT C HayaJloM
B IIEHTPE POIMTENHCKON 3BE3MBI, OCH KOTOPOW MapajuIelIbHBI COOTBETCTBYIOIIUM OCSM aOCOIIOTHOM CHCTEMBI
KoopauHaT. lMcmomp3yeTcss KaHOHHWYECKass TEOpHs BO3MYIICHMH Ha 0a3e ameproAWYecKOTO IBIDKEHHS II0
KBa3MKOHHUYECKOMY CEUCHHI0. B paboTe paccMaTrpuBaeTcsl KBa3UDIUIMIITUUCCKOE BHKEHUE. B cliyyae KBa3UAIUITH-
YECCKOI'0O ABUXCHUA 3aBUCUMOCTb aHAJIOI'OB cpeﬂﬂeﬁ aHoOMaJIuu OT BpeMeHl/I B HeBO3MyIJ1€HHOM JBHXXCHUN onpez[e—
JISIIOTCSI ¢ YYETOM 3aKOHOB HM3MEHEHHsS MacC. B HEBO3MYIIIEHHOM JBHXCHUU (OPMATBLHO MATEMAaTHUYECKH HUMEET
MecTo ypaBHeHHe Keriepa, KoTopoe Mo3BOJISIeT HAHTH KOOPAWHAT M CKOPOCTH Kak (pyHKIH BpeMeHU. [locTosHHBIE
HHTETpUPOBaHUs MU GEPEHIMATBHOTO YPAaBHEHUS HEBO3MYIICHHOTO IBH)KCHUS, B CIy4ae KBa3HAJUTUITHYCCKOTO
JIBIDKEHUSI, ONPENIEICHbl MIECThIO0 3JIEMEHTAMHU KBAa3UAJUIMIITUYECKOTO JBUIKEHMSI, COOTBETCTBYIOIIMMU aHAJIOTaMU
KeIUIepOBCKOI opOUTHL. B HacTosmielt paboTe MHUPOKO UCIIONb30BaHBl KAHOHMYECKAs TEOPHs BO3MYIICHUs, Ha Oa3e
aHAJIOTOB BTOPOH CHCTEMBI KAHOHHYECKHX AeMeHTOB [lyankape. [lmHaMudeckast SBOJIOIMS Tl TAKKe U3y4aeTcs B
OCKYJIMPYIONINX aHaJorax BTOPOH CHCTEMBl KaHOHWYECKMX dieMeHTOB llyankape. KaHoHWuYeckue ypaBHEHHS
BO3MYILEHHOTO JIBHJKEHHSI B aHajIorax BTOPOW CHUCTEMbl KaHOHHYECKHX diieMeHTOB IlyaHkape, ymoOHble st
ONHMCAHMS JUHAMHYECKOH SBOIIONUM IUIAHETHBIX CHCTEM, KOTJa aHaJOrd OJKCICHTPUCHTETOB M aHAJIOTH
HAKJIOHHOCTH OpOMTAaTBbHON IUIOCKOCTH — JOCTaTOYHO Maible BeMWYWHBL. OTMEdaeTcs, 4YTO Ui IIOJyYeHHS
aQHAJMTUYECKOTO BBIPAKEHHS TJIABHOW 4acTH BO3MyIIarollei QyHKUMM B BHJE OSCKOHEYHBIX PsI0B, BHIPAKEHHBIE
yepe3 KaHOHWYECKHE OCKyJupylolme syeMeHThl [lyaHkape, mpeAnodYTUTENbHO HUCIOIb30BAaHUE KOMITBIOTEPHOU
anreOpsl. MeTouKa pa3ioKEeHUS B PSIbI, B IPUHIIKIIG, JACT BO3MOKHOCTD MOMYUYCHUS aHATUTHYECKOTO BBIPAXKCHUS
TJIABHOW YacTW BO3MYyMIAroIed (hyHKIMH, ¢ Jr000# 3aJaHHOW TOYHOCTHIO. ECu B pa3iokeHHE TIaBHOH YacTu
BO3MYIIAOIIEH (YHKIIMU OTPAHUYUTCS C TOYHOCTHIO JIO BTOPBIX MOPSIKOB BKIIFOYHTEIBHO OTHOCHUTEIEHO MAaJIbIX
BEJIMYMH, TO YPABHEHUE BEKOBBIX BO3MYLIEHHUH MOIYYUTCS JIMHEHHON HEAaBTOHOMHOW cucteMoil. Torja nosydyeHHas
CHCTeMa KaHOHHYECKHX YPAaBHCHHH BEKOBBIX BO3MYIICHHU pa3felsieTcs Ha [[BE OTICNBHBIC IMOACHUCTEMEL. [lepBas
MOJICHICTEMA OTIPEIENIICT YpaBHEHNH BEKOBBIX BO3MYIICHUH ISl SKCIEHTPHYECKUX JIeMEHTOB. Bropas moacucrema
ompenersieT ypaBHEHUH BEKOBBIX BO3MYIICHUH 11 OOMHMYECKHX 3JIEMEHTOB. JTO OOCTOSTEIHCTBO CYIIECTBEHHO
o0jerdaer WCCIENOBaHUS HEABTOHOMHOW KaHOHHYECKOM CHCTeMBI Iu(QepeHInanbHbIX YPaBHEHHH BEKOBBIX
BO3MYIICHAN pacCMaTPUBAEMON POOIEMEI.

KioueBble cjioBa: TUTaHETHBIE CUCTEMBI, MEpEMEHHasi Macca, dJeMeHThl [lyaHkape, Teopusi BO3MYIIECHUH,
9BOJIIOLIMOHHLIE YPABHEHHUS.
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DEFINITION OF THE RECONNECTION RATE
OF MOST POWERFUL SOLAR FLARES

Abstract. We observed top 10 X-class solar flares registered in the period November 1997 - September 2017.
We measure physical parameters of 10 solar flares, such as the temporal scale, size, and magnetic flux density, and
find that the sizes of flares tend to be distributed more broadly as the GOES class becomes weaker and that there is a
lower limit of magnetic flux density that depends on the GOES class. We also made a brief analysis of solar flares
registered in these days, also has shown the duration of time and peak of solar flares in Universal time.

We have identified several physical quantities of solar flares and estimated reconnection rate of solar flares. To
determine the physical parameters we used images taken with the AIA instrument on board SDO satellite at
wavelengths 131 A, 174 A, 193 A, 211 A, 335 A, 1600 A, 1700 A, 4500 A, SXT - pictures, HMI Magnetogram,
SOLIS Chromospheric Magnetogram, GOES XRT-data. We estimate reconnection inflow velocity, coronal Alfven
velocity, and reconnection rate using the observed values. The inflow velocities are distributed from a few km s to
several tens of km s, and the Alfven velocities in the corona are in the range from 10° to 10* km s”. Hence, the
reconnection rate is 10~. We find that the reconnection rate in a flare tends to decrease as the GOES class of the flare
increases.

Keywords: solar flares, X-rays, reconnection rate.

Introduction. Solar flares are strong “explosions”, seen as sudden brightening atmosphere of the Sun
over active regions (sunspot groups). They take position in the chromosphere and the corona, but the
powerful ones can increase temperature even the photosphere (producing a flare visible even in white
light).

Richard Carrington, who was drawing sunspots, when he suddenly noticed two bright spots in one of
the sunspot groups, observed the first Solar flare in 1859. They brightened and faded in just ten minutes.
Carrington already noticed that this phenomenon was followed by the appearance of northern lights on the
following night. These white-flares are very rare, less than a hundred of them were observed in the last
century. In the short wavelength range (UV and X-ray) the brightening is even more bigger. During a
flare, the total ultraviolet radiation of the Sun rises with a significant factor, while the level of sum X-ray
radiation from the Sun can grow with orders of magnitudes [1].

Flares produce effects across the entire electromagnetic spectrum. They produce x-rays and ultraviolet
radiation, which indicates very high temperatures during a flash. Radio waves show that a small fraction
of particles is accelerated to high energies. Most of the radiation is synchrotron radiation generated by
electrons moving along spiral paths around magnetic field lines. The flux of high-energy particles and
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cosmic rays also increases on Earth as a result of intense flash. Magnetic storms on Earth often occur with
a delay of about 36 hours after a flare event was observed on the Sun. This is mainly interpreted as the
amplification of the solar wind, which compresses the magnetosphere and increases the magnetic field at
the surface of the Earth. Flashes appear in areas where a sharp change in the direction of the local
magnetic field occurs. The preferred mechanism for explaining the sudden release of energy in flashes is
magnetic reconnection.

Solar flares are giant explosions on the sun that send energy, light and high speed particles into space.
These flares are often associated with solar magnetic storms known as coronal mass ejections (CMEs).
The number of solar flares increases approximately every 11 years, and the sun is currently moving
towards another solar maximum, likely in 2013. That means more flares will be coming, some small and
some big enough to send their radiation all the way to Earth.

The biggest flares are known as "X-class flares" based on a classification system that divides solar
flares according to their strength. The smallest ones are A-class (near background levels), followed by B,
C, M and X. Similar to the Richter scale for earthquakes, each letter represents a 10-fold increase in
energy output. So an X is ten times an M and 100 times a C. Within each letter, class there is a finer scale
from 1 to 9 [2-3].

C-class and smaller flares are too weak to noticeably affect Earth. M-class flares can cause brief radio
blackouts at the poles and minor radiation storms that might endanger astronauts [4].

The most powerful flare measured with modern methods was in 2003, during the last solar maximum,
and it was so powerful that it overloaded the sensors measuring it. Massive solar X-ray flare, which
occurred on 4 November, was, at best estimate, an X28. This is a new number 1 X-ray flare for the record
books, the most powerful in recorded observational history.

In this work, we have identified several physical quantities of X-class solar flares and estimated
reconnection rate of X-class solar flares. We have analyzed top 10 strongest solar flares registered from
the period November 1997 - September 2017.

Table 1 - Strongest solar flares since November 1997 [6].

Ne GOES Date Region Start Maximum End
class
1 X28+ 2003/11/04 10486 19:29 19:50 20:06
2 X20+ 2001/04/02 9393 21:32 21:51 22:03
3 X17.2+ 2003/10/28 10486 09:51 11:10 11:24
4 X17+ 2005/09/07 10808 17:17 17:40 18:03
5 X14.4 2001/04/15 9415 13:19 13:50 13:55
6 X10 2003/10/29 10486 20:37 20:49 21:01
7 X9.4 1997/11/06 8100 11:49 11:55 12:01
8 X9.3 2017/09/06 2673 11:53 12:02 12:10
9 X9 2006/12/05 10930 10:18 10:35 10:45
10 X8.3 2003/11/02 10486 17:03 17:25 17:39

Data analysis. The amount of energy released during a flare [7-9], £ fare» ©an be explained by the

magnetic energy stored in the solar atmosphere,

2
Eﬂare ~ Emag = BCOr L3
‘ & (1)

where L is the characteristic size of the flare and B, is the characteristic magnetic flux density in the

corona. Since the released magnetic energy balances the energy flowing into the reconnection region, we
can describe the energy release rate as
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|dE’7mg ~2 B for vV L2
a | T

2
where V) is the inflow velocity of the plasma. Therefore, the time required for the energy inflow to

supply the flare energy is estimated as

|dE

mag

ye
dt 4V

L 3)
and this should be the timescale of the flare. Using this timescale, we can estimate the inflow velocity
V. as

in

Tﬂare ~ Eﬂare(

L
in
47’- flare (4)
. . . . V., .
To evaluate the reconnection rate in nondimensional form, M , = , we must estimate the Alfven
A

o . B, . . .

velocity in the inflow region: V, = W Hence, if we measure the coronal density p the spatial
o ’

scale of the flare L , the magnetic flux density in the corona B

o » and the timescale of flares 7, , we can
calculate inflow velocity ¥, , Alfven velocity V/,, and reconnection rate M ,[10-11].

The Geostationary Operational Environmental Satellite or GOES [5] carry out monitoring of solar
flares in a real time. Data on the electrons, protons, and X-rays were taken from satellites GOES 13,
GOES 14 and GOES 15 [5-6].

Fo DX/X (171 &)’ 4—Nov—2003 01:00:16.785

GOES Xray Flux (5 minute data) Begin: 2003 Nov 2 0000 UTG

- 10-2

E]

3

107

-4

UL R R

10

N W1 WA

GOES10 1.0-8.0 A
GOES12 1.0-8.0 A

]
"]

9 =
£ 107% E 3
1
: ;’3 1078k 4 - | ¢
= ] o
10~7 !.I WA s J‘?\Vn \ vﬂ i ¥
=Wy W : A | 3, 00
= = = =} <
10_8 E = E =
E = = 3 %]
E g z 3 S
1079 . . &
e Nov 2 Nov 3 Nov 4 Nov &
nnnnn SolarMonitor.org Universal Time
T Updated 2003 Nov 4 23:56:03 UTC NOAA/SEC Boulder, CO USA

Figure 1 - Active area 10486 (XRT Hinode)
and the total X-ray flux obtained in GOES 13 and GOES 15 [5]

In figure 1 shown the images obtained on the board of Hinode satellite in XRT (November 4, 2003,
X28). To determine the length of the loops, we used SXT images. From the SXT data, we get values for
the length of the loops.
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Figure 2 - Total proton and electron flux obtained in GOES 13 and GOES 15 [5]

In figure 2 shows the total flux of X-rays and an electron, which was registered on November 4, 2003.

Results. Using the above described method, we analyzed 10 X-class solar flares that have been
registered 1997-2017 years. Examined the dependence of the reconnection rate from GOES class of solar
flares. Table 2 summarizes the parameters of the flares obtained in this work.

Table 2 - Parameters of the flares

Date fe;tllgg GBS | r(s) | Lem) | TAOK) | ¥ (em-s™) M, Epy2lerg-s™)
2003/11/04 10486 X28+ 1260 | 2,39-10° 14 4,75-10°> | 593-10"%| 8,73-10%
2001/04/02 9393 X20+ 1140 | 1,31-10° 14 2,86-10° | 3,57-107% | 1,57-10%
2003/10/28 10486 | X17.2+ | 4740 | 2,32-10° 14 1,22-10° [ 1,53-107% | 2,12-10%
2005/09/07 | 10808 X17+ 1380 | 1,96 - 10° 14 3,55-10° | 4,43-107% | 4,37 107
2001/04/15 9415 X144 | 1860 | 1,38-10° 14 1,85-10° | 2,31-10% | 1,13-10%
2003/10/29 10486 X10 720 | 2,39-10° 14 831-10° | 1,04-107% | 1,53-10°®
1997/11/06 8100 X9.4 360 | 1,74-10° 14 1,21-10° | 1,51-10"% | 1,18-10%¢
2017/09/06 | 12673 X9.3 540 | 7,98-10° 14 3,69-10° | 4,61-10"%| 7,55-10%°
2006/12/05 10930 X9 1020 | 4,35-10° 14 1,07-10° [ 1,33-107%* | 6,48-10%°
2003/11/02 10486 X8.3 1320 | 2,32-10° 14 4,39-10° | 5,49-107* 7,6 -10%7

There is a weak correlation between the timescale 7,,, and the GOES peak flux (figure 3a). The

characteristic size of flares, L, shows a larger scatter when the GOES peak flux is smaller (figure 3b).
Figure 4 shows the dependence of the reconnection rate M , from GOES class.
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Figure 3 - Physical parameters of each flare plotted against the GOES class. (a) Timescale 7 flare - (b) Size L
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Figure 4 - Reconnection rate M 4 Dlotted against GOES class

Conclusion. The values of reconnection rate are distributed in the range from10™ —107. Here, the
value of the reconnection rate decreases as the GOES class increases. The value of the reconnection rate
obtained in this study is within 1 order of magnitude from the predicted maximum value of the Petschek
model [12].

A.T. CapcembaeBa”’, ®.b. Beatncaposa', M. Oacypen”', A.T. Capcembaii’,
A.C. TyrebaeBa', A.T. Opazpimber’', MLE. Aoumes'

18n-<1>apa61/1 aThiHIarel Kasak yITThIK yHUBEpCHTETI, AMaThl, Ka3akcran;
*UnskeHepiiK xKoHe KOMIaHOabI FRUTBIMAAD HHCTUTYTHI,
MoHromnust YITTHIK YHHUBepcuTeTi, YiaH-batop, MoHromms;
3T. Kemek6aen arerHIarel Ne250 mexren-nuneiti, Kerzpuiopaa, Kasakcran

EH KYATTBI KYH 'KAPKBILJIBIHBIH
KAMTA YIITACY KbLJIIAM/IBIFbIH AHBIKTAY

AnHoTaums. KyH >xapKbUTbl 6apiblK JIEKTPOMArHUTTIK CIIEKTpre ocep eredi. KyH skapKbpUIbl Ke3iHlIe peHTIeH
JKOHE YIBTpa(HONIeT COyJieci IIbIFaabl opi OV KYH JKApKbUIBIHAA ©TE KOFaphl TEMIICPATYPaHbIH Oap EKCHiH
kepceresi. PagroTonKplH OeIIeKTepAiH KilIKeHe OeJiriHiH KOFaphl JHEprusra NeWiH YIEWTIHIINH KepceTesi.
CoynenenyiiH kem 0eliri — CHupajib TPAacKTOPHSICBIMEH, MAarHUT Opici aiHaIaCBhIHIAFBI KYII CBI3BIFBI OOWBIMEH
KO3FaJIaTBIH 3JICKTPOH TYIBIPATHIH CHHXPOTPOHIBI coylesieHy. KapKbIHABI KapKbUT HOTHDKECIHIE JKeple >KOFaphl
SHEPTreTUKAJIBIK OOJIICKTEp MEH FAPBIIITHIK COYyJIe aFbIHBI Ja apTaabl. JKepleri MarHUTTIK Jaybll kebiHece KyHe
KapKBIHIBI KapKbUT OKAFACHl OalikalFaHHAH KeHiH mamMaMeH 36 caraTka kemrireai. by HerizineH MarHutocdepaHbl
KpIchI, JKep OeTiHmeri MarHUT epiciH apTTHIPATHIH KYH JKENiHIH Kymeroi xen Tycigaipimemi. KyH >kapKpLibl
JKEPTUTIKTI MarHUT OpICiHIH OarbITHI KYPT ©3TepeTiH Kepie maina Oomambl. KyH >kapKbLIBI Ke3iHIOE SHEPTHUSHBIH
KEHETTEH 00CaThUTYBIH TYCIHIIPETIH KOJMAMIIBEI MEXaHU3M — MATHUTTI KaliTa yIuracy.

KyHzaeri kKapKbIHIBI JKapKblT — KYH aTMOC(epachlHIAaFbl €H 9CepJli dHePreTHKAIBIK OKUFalapibiH Oipi. Kyn
JKAPKBUIBIHBIH KYH TOXKIHIH SHEPreTHKAaIbIK TENe-TEeHIKTEerl OPHBIH JKOHE FapbIIITHIK aya-pailblHIarbl MaHbI3/IbI
POIIiH ecKepe OTHIPHIM, KYH OeJICeHAUTIrHEe OaKblIay sKyMBICTAPHI JKYPTi3iIli, SHEPTHs MIBIFBIMBI MEH KYH KapKbIIBI
WHIYKIMSICHIHBIH Maiiia 00y Karaaibl 3epTTe/l. ¥JITTHIK KYH 00CepBaTOPUsIIAPhI KOI YaKbITThl KAMTHTBIH TYPJIi
manimeT (Mbicaibl, Solar and Heliospheric Observatory, SOHO), kepinic (Solar Terrestrial Relations Observatory,
STEREO) »oHe kemnrtereH akmapartapMeH kKamramachi3 etemi (Solar Dynamics Observatory, SDO). Hakrsipak
aiitcak, SDO npepektepiHe Tek OipHemie IepeKTep KOWMAChl apKBUIBI KOJ KETKi3yre 00J1ajpl, MBICAJBI, FHUIBIMU
KYHIBUTBIFBI 0ap TOJIBIK KaJICHTTIK MOIIIMET HEMECEe TOJBIK JUCKIMET1 ipi OJIIIeM I MOIIMETTEP i )KYKTECY KHBIHBIPAK,

1997 »xpurrbl Kapama MeH 2017 KBUIFBI KBIPKYHEK apalbIFbIHAA TIPKEITreH X-KIachiHa jKaTaThiH 10 ¢H MBIKTHI
KYH XapKbUIbIH 3epTTefik. Makanaga 10 KyH >KapKbUIBIHBIH (DU3MKANIBIK MapaMeTpIIepiH OIIIEeAiK, O Heri3iHeH
YaKBIT IIKAJACHl, KYH JKapKbUIBIHBIH ©31HAIK OJIIIeMiH jKOHE MarHUT aFbIHBIHBH THIFRI3ABIFEIH, GOES Kmace ancipeit
OacraraH caiibIH KYH >KapKBUIBIHBIH ©31H/IK eJIIIeMiepi KeHIpeK TapaxyFa OerimM 600maTbiHIBIFBIH aHBIKTaabIK. GOES
KJIACBIHA TOYEJ/Ii MAarHUT aFbIHBI THIFBI3IBIFBIHBIH TOMEHTI IIeTi aHbIKTanabl. CoHmaii-ak, 20-25 HayphI3 apaibIFbIHIA
TIPKEJITeH KYH apKbUIbIHA KbICKAIIIA TaJIay JKYPri3aiK, KYH JKapKbUIbl YAaKbIT IIKAIACBHIHBIH Y3aKThIFbI )KOHE OYKI
QNIEMJIIK YaKbITTa KOPCETIITCH MAaKCUMYMBbI aHBIKTAJIJIbI.

65 ——
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KyH >kapKpUIbIHBIH OipHemnre (M3MKaIbIK MOHI MEH KaiTa YINTACy JKbUIAAMIBIFBIH €CENTEN TaJIKbIIabIK.
dusuKankK napamerprepi anbikTay ymin SDO cryTauri 6opreinga AIA unctpymentinin 131 A, 174 A, 193 A,
211 A, 335 A, 1600 A, 1700 A, 4500 A Tonkpin y3biHabFeHaa ansaran xoe SXT cyperi, HMI Magnetogram,
SOLIS Chromospheric Magnetogram, GOES XRT nepexrepi naiinanansuiapl. baiikay HOTHKECIH/IE albIHFaH MOH/II
KOJIIaHa OTBIPHIIN, MarHUTTIK KalTa YIITacyIbIH TYCY XbULIAMIBIFBIH, KOPOHAIBIK AJB(GBEH JKbUIAAMIBIFBIH JKOHE
MATHUTTIK KaifTa YIITACy/Ibl €CEnTe/liK. AFBIHHBIH TYCY XKbUIIAM/BIFBI GipHEIe KM ¢ -1eH GipHelle OHJaraH KM-Te
¢’!-re meiiin TapanFau, a1 kopoHanarbl AnbseH sxbuamMabFsl 10°-ten 10 kM ¢! 1uanason apanbFbiH Kypais.
CoHBIMEH, MAarHMTTi KaiiTa yimracy skeuiiamabiFel 107 MoHiH Kypaiiasl, KyH sKapKbUIBIHIarbl MArHHTTI KaiTa
YIITACy KbUIIaMABIFBI TOMeHeTeH caiiblH GOES KiIachlHBIH dKOFapbUTAUTHIHBI aHBIKTAIBI.

Tyiiin ce3aep: KyH XKapKbUIbL, PEHTI€H CayJIeci, KaiiTa yITacy *KbUIIaMIbIFbI.

A.T. CapcembaeBa"’, @.B. Beancaposa', M. Oncypeﬂ”, A.T. Capcembaii’,
A.C. TyrtebaeBa', A.T. OpaszpimGer’, M.E. AGumes'

! ®usuko-rexunueckuii ¢axynbrer, KasHY um.anp-Dapadu, Kazakcran;
’[1Ikoa HHKEHEPHBIX M IPHKIAIHBIX HayK,
HanmonaneHeiil yausepcutretr Monronuu, ¥Yian-barop, Monronus;
*[kona-nuneii No250 um. T. KomexGaesa, Kapmaxkuunckuii paiion, Kei3siuiopauackas o6iacts, Kazaxcran

OIPEAEJEHHUE CKOPOCTH HEPECOEJIVHEHUA
HAUWBOJIEE MOIIHbBIX COJTHEYHBIX BCIIBIIIEK

AnHotanusi. CoyHEYHBIE BCHBIIKK IPOM3BOAAT 3(P(EKTH] BO BCEM BIEKTPOMAarHWTHOM crekTpe. OHHU
IPOU3BOAAT PEHTI'€HOBCKOE U YJIbTPAa(HOIETOBOE H3ITy4YEeHHE, YTO YKa3blBaeT Ha OYCHb BHICOKHE TEMIIEPATyphl BO
BpEMs BCHBIIIKK. PagMOBOIHBI IOKA3bIBAIOT, YTO HEOOMbIIAs YacTh YACTHUI] YCKOPSIETCS A0 BBICOKHX 3HEPIHH.
bonbmas 4vacte H3JIYYCHUS — 3TO CHUHXPOTPOHHOE M3JIYUYCHHUE, T'CHCPUPYEMOC IBJICKTPOHAMH, ABWIKYIIHUMUCA I10
CIIUPAJIBHBIM TPACKTOPHUAM BOKPYI' CHUJIOBBIX JNMHAR MarautHoro moisg. IloTok YacCcTUll BBICOKHX 3Hepr1/1171 nu
KOCMHUYECKHX JIy4el TakKe yBeJIMYMBaeTCs Ha 3eMiie B pe3ysibTare MHTCHCHBHOW BCIBIIIKK. MarHuTHbIe Oypu Ha
3emile 4acTO BO3HMKAIOT C 3aJIepKKOI npuMepHO Ha 36 dacoB nocue Toro, kak Ha CoutHile HabJro1anach BCIIBIIIKA.
OTO B OCHOBHOM HHTEpIIPETHPYETCS KaK YCHJIEHHE COJHEYHOIO BETpa, KOTOPBIM CXKMMaeT MarHutocdepy u
YBEJIMYMBAET MArHUTHOE I10JI€ Y MOBEPXHOCTH 3eMJIM. BCIBIIKK MOSBIAIOTCS B MECTax, IIe MPOUCXOIUT pe3Koe
M3MEHEHHE HaNpaBJIeHUs] MECTHOTO MarHUTHOTO 1oJisl. [IpearnmouTuTensHbIi MEXaHu3M AJIsl OOBSICHEHHSI BHE3AITHOTO
BBICBOOOXK/ICHNS SHEPTUH IIPU BCIIBIIIKAX — 9TO MArHUTHOE TIEPECOCANHEHNE.

Benbimkn Ha CosHIE — OJJHO M3 CaMbIX BIEYATIIAIOIINX SHEPreTHUSCKUX COOBITHH B COJNHEUHOH aTtMmocdepe.
VYuuteiBas UX poiib B SHEPreTHYECKOM OallaHCce CONHEYHOW KOPOHBI U MX (DYyHKIHMIO, HIPAIOIIYI0 BaKHYIO POJIb B
KOCMHUYECKOH 1Orojie, MHOTOYHCIICHHbIE HAOMIOCHUS UCCIIEI0BAIN BBIAEIECHHE SHEPIHN M WHIYKIUIO COTHEUHBIX
BCIBIICK, YAENAs 0co00e BHUMAaHHE COJHEYHONW AakTHBHOCTH. HalMoHanmbHBIE COIHEYHBIE OOCEPBATOPHUU
MpeaOCTaBJIAIOT BCEM CETH MHOKECTBO JaHHBIX, OXBaTbIBAKOIINX O61Hl/IpHI)Ie BPEMCHHBIC OHAala30HbI (HaanMep,
Conueunas u reiuochepnas obcepBatopust, SOHO), MHOrOYHCICHHBIC MEPCICKTHBBI (00CEpBATOPUS COJHEYHO-
3emHbIX otHoleHnid, STEREQO) u Bo3Bpamator MHOro uHpopmanuu (oOcepBaTopus conHeuHOH nuHamuku, SDO).
B wactHOCTH, OrpoMHBIi 00beM SDO-IaHHBIX AOCTYTIEH TOJIBKO U3 HECKOJIBKUX XPAaHWJIMII, TAKOH THUII JaHHBIX, KaK
JIaHHBIE TIOJTHOM KaJEeHIIMH WM TTOJHBIA JMCK, NPEICTABISIONINI HAyYHYI0 LEHHOCTh, TPYJHO 3arpy3uTh M3-332 UX
pasmepa.

Mer Habmromany 10 MOITHBIX COTHEYHBIX BCITBIMICK KiTacca X, 3apeTUCTPUPOBAHHBIX B IEPHOJ ¢ HOSOpst 1997 .
o ceHTsI0ph 2017 r. MBI m3Mepwin prusnyeckre mapaMmeTpsl 10 COTHEYHBIX BCHBIIICK, B OCHOBHOM IIKAITy BPEMEHU,
XapaKTepHBIH pa3Mep BCHBIMEK U IUIOTHOCTh MarHUTHOTO MOTOKA, M OOHApPYKMIHM, YTO XapaKTEpHBIE pa3Mepbl
BCITBIIIIEK UMEIOT TEHACHIIUIO PaclpeaessaThCs Oomnee mmpoko, nockonbky kiacc GOES cranoButcs cnabee u 31mech
CYLIECTBYET HIKHHUM Tpenes MIOTHOCTH MAarHUTHOTO MOTOKa, KoTopas 3aBucuT oT kimacca GOES. Msl Taxke
clenanyd KpaTKuil aHaliu3 COJHEYHBIX BCIBIIIEK, 3apErHCTPUPOBAHHBIX B OTH JHH, a TaKKe II0Ka3aHa
MMPOAOKUTCIIBHOCTh BPEMEHU BCIILIIIKKA U €€ MAKCUMYM 110 BC@MI/IpHOMy BPEMCHMU.

L\ 3 OIpeaACIMIN HECKOJIBKO (1)I/I3I/IlIeCKI/lX BCJIMYMH BCHBIMICK W OLCHUIMU CKOPOCTH ICPECOCANHCHUA
COJIHEYHBIX Bemblmek. [t ompeneneHust (GU3MUECKUX HMapaMeTPOB MBI HCIIOJIB30BATH CHUMKH, ITOJyYEHHBIE C
uncTpyMenTa AIA Ha Gopry cryTHuka SDO Ha mmmnax Boan 131 A, 174 A, 193 A, 211 A, 335 A, 1600 A, 1700 A,
4500 A, SXT - cuumku, HMI Magnetogram, SOLIS Chromospheric Magnetogram, GOES XRT-naHHble.
Hcnone3ys HabIr01acMble 3HAUSHHSI, MBI OLICHWIA CKOPOCTH MPUTOKA MATHUTHOTO MEPECOETNHEHNS, KOPOHAIBHYIO
ab()BEHOBCKYIO CKOPOCTh M MarHWUTHOE nepecoequHeHrne. CKOPOCTH MPUTOKA PacTIpENessIFOTCsl OT HECKOIBKHX KM
¢! 10 HECKOJBKHX JECSATKOB KM ¢, a anb()BEHOBCKHIE CKOPOCTH B KOPOHE HAXOIATCA B tuarnasone ot 10° o 10% km
¢’'. CrenoBaTenbHO, MarHMTHOE mepecoeirHeHne coctapmser 10~. Mbl HAXOAMM, YTO CKOPOCTh MATHHTHOTO
MEPECOETMHEHNS B BCIIBIIIKE MMEET TEHICHIMIO YMEHbIIAaThCA ¢ yBennueHueM kinacca GOES.

KnroueBble c10Ba: COIHEYHAs! BCIIBIIIKA, PEHTTEHOBCKOE U3Iy4€HHE, CKOPOCTh EPECOETMHEHHSI.
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GAUGE EQUIVALENCE BETWEEN THE TWO-COMPONENT
GENERALIZATION OF THE (2+1)-DIMENSIONAL
DAVEY-STEWARTSON I EQUATION AND I - SPIN SYSTEM

Abstract. In recent years, multidimensional nonlinear evolutionary equations have been actively studied within
the framework of the theory of solitons. Their relevance is confirmed by numerous scientific publications. In this
work the gauge equivalence between the (2+1)-dimensional integrable two-component Davey-Stewartson 1 (DSI)
equation and the /™ - spin system is established. Multicomponent generalizations of nonlinear integrable equations are
of current interest from both physical and mathematical points of view. In the theory of integrable (soliton)
equations, one of the key models is integrable nonlinear Schrodinger-type (NLS) equations. A two-component
integrable generalization of the (2+1)-dimensional DSI equation, obtained on the basis of its one-component
representation, and its corresponding Lax representation were proposed. A geometric connection between the two-
layer spin system and the integrable two-component Manakov system is found. The nonlinear equations are
integrated using the inverse scattering problem method by means of a linear system. For each integrable nonlinear
equation, as is known, there is a Lax pair of two linear equations, a compatibility condition, that is, a condition of
zero curvature, which this equation serves. We have obtained Lax pair whose zero curvature condition gives the
I” - spin system.

Key words: Gauge equivalence, /" - spin systems, integrable nonlinear equations, Manakov system, Davey-
Stewartson I (DSI) equation.

1. Introduction

Integrable spin systems are an important subclass of integrable nonlinear equations. Multicomponent
generalizations of nonlinear integrable equations are of current interest from both physical and
mathematical points of view. In the theory of integrable (soliton) equations, one of the key models is
integrable nonlinear Schrodinger-type (NLS) equations [1, 2]. The DS equations of types I and II are the
(1+1)-dimensional generalizations of NLS equations [3]. In the work [4, 5], a two-component integrable
generalization of the (2+1)-dimensional DSI equation, obtained on the basis of its one-component
representation, and its corresponding Lax representation were proposed. A geometric connection between
the two-layer spin system and the integrable two-component Manakov system is established in [6-8]. The
concept of gauge equivalence of two spectral problem was introduced in [5]. The main result of this work
is the establishment of gauge equivalence between the (2+1)-dimensional integrable two-component DS-I
equation and the /" -spin system.

Consider the (2+1)-dimensional DSI equation [4]:
iqlt + qlxx + QI)y - Ulql - a’l‘h = O’ (l)
iq2t+q2xx+q2yy_a)2ql —-0,q, =0, ()
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—in, +r, + Ny —O — O, = 0, 3)

—iry + 1y 1y, — @, —U 1, =0, 4)

Vixx — V1yy = 211qq + 1202) xx + 2(12G2) xy + (211G1 + 12G2) 1y, ()
Ugx — V2yy = (11qq + 212q2)xx + 2(11q1)xy + (1 a1 + 27202)y,y, (6)
O1xx — W1yy = (@172)xx — 2(q172) 2y + (Q172)y, @)

Woxy — Wayy = (@271 xx — 2(‘127'1)xy + (QZrl)yyr 3

where r = +q%, q* is the complex conjugate of ¢, q; = q1(x,y,2), r; = r;(x,y,z) are complex-valued
functions and v; = v;(x,y,t), w; = w;(x,y,t) (i =1,2) are real functions.

Lax representation for this equation is given in the form

Fy = JYF, + QF, )
Fy = 2iYF,,, + +2iQF, + A,F, (10)
where
1 0 0 0 @1 q
Z:<0 -1 0),Q=(—7‘1 0 0>,
0 0 -1 -, 0 0
C11 i(qlx + qu) i(qu + qu)
Ag = —i(7”1x - 7”1y) C22 C23
—i(TZx - sz) C32 C33

The one-component cases of these equations have been extensively studied in [2, 3].

2. Gauge equivalence between the I - spin system and two-component generalization of the
(2+1)-dimensional DSI equation
The I” - spin system reads as

il — 4ic, [+ 4ial, + 4icy + T {T + Ly + (= 1) } = 0, (11

where

r=g1'yg.1*=1I, (12)
are
ATV EVIRD AT
I'= <F21 I F23) € su(3).

F31 F32 F33
The Lax pair is given as
D, = I'd,, (13)
@, = 2il Dy, + IV D, (14)
where
V'=4ia+ I, +TT,. (15)
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Theorem. The two-component generalization of the (2+1)-dimensional DSI equation (1)-(8) and
I - spin system (11) is gauge equivalent to each other.

Proof. According to the definition, the systems (9)-(10) and (13)-(14) are gauge equivalent if
eigenfunctions F and @ can be connected as @ = g~1F or F = g®, where g is the solution of Eq. (9) at
zero spectral parameter A.

From the transformation F = g@ we take the derivatives with respect to y and t, then equate them to
the left sides of the Eqgs. (13)-(14). As a result, we obtain the following equations

o, =(97'29,+97'Q9—97'9,) P+ 972 g P, (16)

@, =2ig ' T 9Py +2ig7' (22 g, + Q9)P: + g1 (2iX g,, +2iQg, + Aeg® — g,)®- (17)
On the other hand, according to the definition of gauge equivalence, g satisfies Egs. (9)-(10):

gy = X gx + Q4 (18)
gt = 21X Gux + 21Qgx + Aog. (19)
Substituting these equations into (16)-(17), we obtain

b, =TP,. (20)
P, = (419729979, +2ig7'Q9)Px + 2ig 7 9P (21)

Further, making the substitution I" = g~1 Y g in the last equations, one can rewrite them as
b, =TI'P,, (22)
O, = 2il Dy, +i(4g™ g, +2971Qg) Py (23)

As can be seen, it is necessary to express g~ g, and g~1Qg in terms of I" - spin. To begin with, let us
define I',:

Iy = (g_l ng)x = [T, g_lgx]- (24)
Next we introduce the notation
gxg~" = i0,. (25)
Here
a B v
0y = (n -a 0 ) (206)
p 0 —-«a
where a, 8, y, n and p are real functions. Then Eq. (24) will take the following form
L =9"'X 99719 = 2ig™" 019, 27)
and
I'r, = (g7 ' 29)(2ig™16,9) = 2ig~" 0,4, (28)
where
0 B v
@=G<)Q. 29)
p 0 O
In a similar way we find /'),
0 a1 q
Iry=Ily+2g7*(rn 0 0]g. (30)
rn, 0 O

— 7) ——
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From this equation the commutator simply is [/, 1] = 21T, and [Ty, + I, = 2 g~ 1Qg. Taking into
account the above expressions and after some calculations, we get the following:

-1

Q

Q

=
Il

ial’ + 2T, 31)

- 1
9709 =5(I'G, — I,). (32)
If the last equations are substituted into Eq. (23), then the output is Eq. (14).

That is, here we have obtained Lax pair whose zero-curvature condition gives the /” - spin system

(11). Thus, we obtained the system of Eqs. (11)-(14), which was required to prove.

2. Conclusion.

To conclude, we obtained the Lax representation of the /™ - spin system (13)-(14) that is gauge
equivalent to the Lax pair of the two-component generalization DSI (9)-(10).

The work was supported by the MES RK on the GF, IRN AP08857372.
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EKI KOMIIOHEHTTI KAJIIIbBI (2+1)-©JIIHEMAI A9BU-CTIOAPTCOH I TEHJAEYI
MEH I' - CHUHJIIK )KYWECI APACBIHJIAFBI KAJIMBPJIIK SKBUBAJEHTLIITT

Annotanusi. COHFBI JKbUIIAPBI COMIUTOHIAP TEOPUSCHI ASCHIH[A KOMOIIEM/Il ChI3BIKTHI €MEC IBOJIOLHSLIBIK
Tegaeynep OenceHai 3eprrenmyne. OnapIplH ©3CKTUITT KONTEreH FHUIBIMH J>KapUsUIaHBIMOApMEH JOJCIACHET].
Wurerpannanatbid (COMUTOHIBI) TeHeyep Teopuschinaa lllpeanHrep TUMIHACTT HHTETPANIAHATBIH ChI3BIKTHI €MeC
terueynep (LLICT) nerisri moaenbaepain Oipi 6ounbin caHaisaasl. byn Tenaeyni anrain petr O.11peaunHrep KBaHTTHIK
Kyitenepiy ipreni KacHeTTepiH Tajfay YIIIH YChIHFaH JXOHE 0acTarKpia OJl aTOM ILIiHJer] OemeKTepaiy e3apa
OpeKeTTeCy YAEpiCiH cUmaTTay YuliH KojiaHpurad [1-2].

CBhI3BIKTHIK €MEC MHTETpallJJaHaThbIH TeHCYJIEPAIH KOIKOMIIOHEHTT] JKaIbUIaHybl (PU3UKAIIBIK XKOHE COHJIaM-aK
MaTeMaTUKAJIBIK TYPFBIIAH Ka3ipri yakblITTa KbI3bIFYIIBUIBIK Tybipaabl. JKanneuanran HICT TeHaeyi TOMKbIHABIK
yaepictep (pU3MKaCBIHIAFBI KYOBUTBICTAPIBIH TYTAC KUBIHTBHIFBIH cUNaTTaiiabl. O (GU3UKaHBIH TYPJIi CalaChIHIAFhI
TOJIKBIHJIBI CHIIATTAay/a KCHIHEH TapaFaH, aTall alTKaH/a, ChI3BIKTHIK €MEC ONTHKA, IUIa3MallblK (hU3UKa KOHE T.O.
I sxome II tuni JaBu-Crroaprcona (C) Terneyi LLICT tenneyinin OipkoMmoHEeHTTI (2+1)-emmemai xKaanbUTaHybl
cananansl [3], an [4-5] »ymeicta uHTErpanganateH (2+1)-emmemai JICI TerneyiHiH eki KOMIIOHEHTTI KaJITbLUIaHY bl
YCBIHBLTFaH.

ChI3BIKTBI €MeC TEHJIEYJIep WHTerpajjiaHajbl, SIFHU CBI3BIKTBIK JKYHE apKbUIbl LIAIIBIPAHIbI Kepl ecenm dfici
apKbUIbl HIelryre Ooanbl, MOHI OOMBIHINA CBHI3BIKTBIK TEOPHs OIICTEPIMEH CBI3BIKTHIK €MEC €CelTi 3epTreyre
MYMKiHAIK Oepeni. bi3 Oinerinaeii, opOip MHTErpaNaHaThIH CBI3BIKTHIK €MEC TEHAEYre apHAJIFaH €Ki ChI3BIKTHIK
TEHJICYICH TypaThiH JIakc skyObl Oap, YHIECIMAUTIK IAPTHI, SIFHU HOJIIIK KMCHIKTHIK IIIAPTHI OEPUITeH TEHIEY OOJIbII
caHananpl. [4]-xymbicta ycbiHbUFaH eki koMrmoHeHTTI JICI TeHmaeyi OHbIH Oip KOMIIOHEHTTI YCBIHY JKOHE COHKeC
Jlakc ycwiHBICHI Herizinae anbiHFaH. JKammel Jlakc kyObl COMKeC CBI3BIKTHIK €MeC TeHJEeY HWHTErpalAbUIbIFbIHA
KeMuIIiK OepMeiini, Oipak Oyi1 — KaKeTTi IIapT.

CBIBBIKTHIK €MeC MHTerpajlaHaThiH TEHIEYJIEp/l 3epTTeyzAeri Tarbl Oip YFbIM — KaJIHOpJIiK AKBHBAIEHTTLIIK
MAaHBI3JBI PO aTKapaabl. EKi CIEKTPIK ecenTiH KaTHOPIIK SKBUBAICHTTUIIK YFBIMBI [2]-ne eHrizinmi. Kamubpik
SKBUBAICHTTIK — KApaCTHIPBUIFaH TEHACYJepre TOH KeHOip MaHBI3ABI XKallbl CHIIATTaMaNapIbl allyFa MYMKIHIIK
OepeTiH, CBI3BIKTBHIK €MeC TeHIESYJIepAi 3epTTeyre apHaimFaH Tocin. KammOpiik >KBHUBaNEHTTLTIK OipKaTap >kaHa
WHTETpalIaHAThIH TEHIEYIIep KypyFa xkoHe Jlakc »xyObl apKbUIBI A0J MISNTyre MyMKIHIIK Oepei.

[6-8] sxymBIcTa eKiKabaTThl CHMHIIK JKyHe MEH HHTErpaJaHaThlH €Ki KOMIIOHEHTTI MaHakKoB ykieci
apachbIHIIaFbl KATHOPIIIK SKBUBAICHTTUTIK aHBIKTAJIFaH.

Makanana (2+1)-emmemni uaterpanianatein eki komnonenTti JICI Ttenneyi (1)-(8) men I” -cnuHzik xkyiteci
(11) KapacTeIpbUIFaH, OJIapBIH 63apa OalIaHbICHl 3epTTENTEH.

KanuOpini sxkBUBaJIeHTTUTIK aHbIKTamMachiHa caiikec, (9)-(10) xone (13)-(14) xyiiecinin F >koHe @ MeEHIIIKTI
dyuxuusapein @ = g~1F, g nemece F = g®, myHnarsl g - (9) Tenaeyain A HOIIiK CIEKTPIIIK MapaMeTp Ke3iHmeri
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mrenrimi gen OalIaHBICTHIPCAK, KAIMOPITIK KBUBAJIICHTTI JETl CHMATTaidagsl. F = g@ TypleHAipyiHEeH y XoHe t-Fa
KaTBICTBHI TYBIHIBI allaMbl3, coaH Keiin onapasl (13)-(14) TerneynepaiH cox xak OeiriHe TeHecTipemis KoHe T.0.
OcpInaiina OCHl €Ki TeHACYIiH KaIHOpIIiK SKBUBAJEHTTLIr colikecinmie Jlake »xy0Ob1 apkeutsl JCI Terneyiniy (9)-
(10) JIakc xyObI sxoHe [ - cimumik xyihecinin (13)-(14) Jlakc sxyObl apachIHIa JAJICIACHICH.

JKymbicThIH Herisri HoTHKecl (2+1) emuemai unrerpainanathid eki komnoneHtti J[CI Tenneyi men I -CiuH ik
XKyiieci apachlHAarbl KaTMOPIIiK SKBUBAJICHT OPHATBUIFAHBIFBI OOJIBIN CaHaJa bl

H.C. Cepuk6aes'”, . H. Hyrmaﬂonam, A.A. MeiipmanoBa'
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3TOO “Ratbay Myrzakulov Eurasian International Centre for Theoretical Physics”, Hyp-Cynran, Kasaxcran

KAJIMBPOBOYHASI SKBUBAJIEHTHOCTD MEXKIY
JBYXKOMIOHEHTHBIM OBOBIIEHUEM (2+1)-MEPHOTI'O YPABHEHMSI
JNPBU-CTIOAPTCOHA 1 1 I' - CHUHOBOM CUCTEMOM

AHHoTanus. B nocnennne roapl B paMkax TEOPUH COTMTOHOB aKTHBHO M3YYalOTCSl MHOTOMEPHBIE HEJTMHEHHBIE
SBOJIOLMOHHbIE ypaBHEHHS. VX aKTyaJIbHOCTh NMOATBEPKAACTCS MHOTOUYHMCICHHBIMH HayYHBIMH MyOnukanusvMu. B
TEOPUH HMHTETPUPYEMBIX (COJIMTOHHBIX) YPAaBHEHHH OIHOW W3 KIIFOUEBBIX MOJIENICH SBISIFOTCS HHTETPUpPYEMBbIE
HenuHeHble ypaBHeHus trna lpequarepa (HYI). Bnepssie 3to ypaBHeHue Oputo npemioxero . Llpenuarepom
JUI aHaiuKM3a (YHIAMEHTAIBHBIX CBOWCTB KBAaHTOBBIX CHCTEM, M IIEPBOHAYAIBHO C €r0 HNOMOIIBIO OIMCHIBAIIMCH
MIPOIIECChI B3aMMOIEHCTBHS BHYTPHATOMHBIX JacTwil [ 1-2].

MHOrOKOMIIOHEHTHBIE ~ 00OOILICHUS] HEJIMHEHHBIX HMHTErPUPYEMBIX YpaBHEHUII B Hacrosiiee Bpems
MPEACTABISIOT UHTEPEC Kak ¢ (PU3MUYECKOIl, TaK U ¢ MaTeMaTH4YecKoi Touku 3penus. O0o0imennoe ypapuenue HYII
OIUCBHIBAET LYK COBOKYITHOCTB SIBJIEHHH B (PU3MKE BOJIHOBBIX IpolieccoB. OHO IIMPOKO paclpOCTPaHEHO NpHU
OIMCAaHUM BOJIH B PA3IMYHBIX 00JacTsAX (U3NKHM, B YACTHOCTH B BOJIHOBBIX SIBIICHUSX HEIMHEWHOW ONTHKH, (prsnke
wiasmel 1 T.4. Kak u3BectHo ypaBHenust [sBu-Crioaptcona (C) tunoB I n Il sBnsitoTcss 0JHOKOMIOHEHTHBIMU
(2+1)-mepubiMu  0000mennsiMu  ypaBaennii HVYII [3], a B pabGorax [4, 5] mpeuiokeHO IBYXKOMIIOHEHTHOE
HHTETpUpyemMoe oboobmenne (2+1)-mepHoro ypasaenus JCI.

Henuneiinple ypaBHEHHMS HMHTETPUPYIOTCS, T.€. MX MOXKHO DEIINTHh C IIOMOIIBIO METoJa OOpaTHOW 3aaaun
paccesiHusl NOCPEACTBOM JIMHEMHON CUCTEMBI, KOTOPBIN MTO3BOJIET UCCIIEI0BAaTh HEJIMHENHYIO 3a7auy, 110 CYILECTBY,
METOaMH TMHEHHOHM Teopun. Kak Mbl 3HaeM A7 KaXKJ0r0 MHTETPUPYEMOT0 HEMHEWHOTO YPaBHEHHS CYIIECTBYET
napa Jlakca u3 IOBYX JMHEHWHBIX ypaBHEHUH, YCIOBHEM COBMECTHOCTH, TO €CTh YCJIOBHUEM HYJEBOW KPHUBU3HBI
KOTOPBIX CITy’KUT AaHHOe ypaBHeHHe. lIpemnoxxernnoe B pabote [4] nByxkommonenTHoe ypaBHeHue J[CI, momyuero
Ha OCHOBE €ro OJIHOKOMIIOHEHTHOTO IPEJCTaBIICHHUsI U COOTBETCTBYIOILETro emy mpezacrasienus: Jlakca. BoooOuie,
cyuiecTBoBaHue mapa Jlakca He rapaHTHpyeT MHTEIPHPYEMOCTh COOTBETCTBYIOLIETO HEIIMHEHHOTO YpaBHEHHS, HO
SIBISIETCSI HEOOXOANMBIM YCIIOBHEM.

E1me oxHO noHsTHE — KaMMOPOBOYHAs SKBUBAJICHTHOCTH — UI'PAET BAXKHYIO POJIb B UCCIIEIOBAHUSX HEIMHEHHBIX
MHTErpUpYyeMbIX ypaBHeHUH. [IoHATHE KannOPOBOYHOM SKBUBAJICHTHOCTHU JABYX CIEKTPAIbHBIX 3a7a4 ObIJIO BBEICHO
B [2]. KamnbOpoBouHast 3KBHBAJICHTHOCTh — 3TO IIOAXOJ K HCCIICJOBAaHUIO HEIWHEHHBIX YpaBHEHHH, KOTOPBIH
MO3BOJISIET OTKPBITH HEKOTOPBIC BaXKHBIE OOIIME XapaKTEPHCTHKH, MPUCYIIUE PacCMaTpPUBAEMBIM ypPaBHEHHSM.
KanmnbpoBouHasi 3KBUBAJIEHTHOCTH MO3BOJISICT T€HEPHPOBATH P/ HOBBIX MHTEIPHUPYEMBIX YPABHEHHH U PEIIUTH MX
TOYHO C HOMOLIBI0 popmyiisl Jlakca.

B pabortax [6-8] HalimeHa KannOpOBOYHAS HKBHBAICHTHOCTh MEXIY ABYXCIOWHOW CIIMHOBOW CHCTEMOH H
HMHTErpUPYEMOM IByXKOMIIOHEHTHOM cucTeMOM MaHakoBa.

B »3t10i1 ctatee paccmoTpeHo (2+1)-mMepHoe uHTerpupyemoe AByxkomnoHeHTHoe ypaBHeHue J[CI (1)-(8) u
I’ - cnuHoBass cucrema (11), wucciaenoBaHa wux B3auMOCBs3b. COIJIACHO ONpEAEICHHIO KaINOPOBOYHOM
SKBUBaJIEHTHOCTH, cuctemsl (9)-(10) u (13)-(14) kannOpoBOYHO 3KBHBAJICHTHBI, €CJIM COOCTBEHHBIE QyHKIMU F U @
MOTYT OBITh CBSI3aHBI ClIEAyIOmUM obpasoM: @ = g 1F wi F = g®, rae g — pelenue ypapHenus (9) npu HyjieBoMm
crnekTpaibHOM napamerpe A. 13 nmpeodpasoBanus F = g@ OGepem Npou3BOJHbIE IO Y U t, @ 3aT€M IIPHPaBHUBAEM HX
K JeBbIM YacTsM ypaBHeHHU. (13)-(14) m 1.1 Takum oOpazom, mokazaHa KaaHOpPOBOUYHAS HKBHBAICHTHOCTH ITHX
IIByX YpaBHEHHH C MOMOINBI0 COOTBETCTBYIomuMX map Jlakca, T.e. mapoit Jlakca ypasHenus [ICI (9)-(10) u mapoit
Jlakca " - cnimHOBO# cuctemsl (13)-(14).

OCHOBHBIM PE3YNBTATOM JJAHHOW pabOTHI SBISAETCS YCTAaHOBIEHHE KaTHMOPOBOYHON SKBHUBAJIEHTHOCTH MEXKIY
(2+1)-MepHBIM HHTETPUPYEMBIM JIBYXKOMIOHEHTHBIM ypaBHeHHeM JICI u /" - CIMHOBOM cUCTEMO.

— ) ——
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OLIEHKA SHEPTETUYECKOM Y®®EKTUBHOCTU U
BO3MOKHOCTH UCITIOJIB3OBAHUA B CETAX
MNPOMBIIIJIEHHBIX IPEANPUATUAN CTABUJIN3ATOPA
HANPSAXKXEHUS C ®YHKIIMEN SHEPTOCBEPEKEHUS

AHHOTaUMsI. DHEProcOEperamii CTadMIN3aTOp HANpsDKEHUS OTHOCHUTCS K OONIACTH 3JCKTPOTEXHUKU H
MOXET OBITh HCIOJB30BaH JUIS 3JCKTPOIMTAHUS IEKTPOTEXHHUYECKOH ammapaTrypsl, NPUBOIOB, ABHUTATENCH,
OCBETHTEINIBHBIX CETEH, OJOKOB NMUTAHHUS CHUCTEM CBS3M, aBTOMATUKM M TEJIEMEXaHHKH C IIEJbI0 ONTHMHU3ALHNN
paboThl 3mekTpoobopyIOBaHUS U 3HEprocoOepekeHus. CHIKEHHE pacxoja AIIEKTPOIHEPTUH MOXKET OBITh JOCTHUT-
HYTO 3a CYET MCKJIIOUCHUS NOTPEOIEeHHs HArpy3KOW HEHY)KHOHM AJIsI HOPMAJIbHOTO pexuMa paboThl SHEPTUH, U 32
CUET CHIDKCHHUS BEIMYMHBI TOKAa M MOTEPh SHEPTrUH B NHTAIONIEH ceTH. Kpome TOro, yBEIMUHTCS CPOK CIIyKOBbI
OCBETHUTEINIFHBIX M OBITOBBIX JJIEKTPOIPUOOPOB, KOTOpblEe OyAyT padoTaTh IPH HOPMAJIBHOM, a HE IMOBBIIICHHOM
HanpspkeHuu. [Ipy CHW)KEHMH HampsDKEHHsT M MOTpeOJIeHWM Harpy3Kod TOW K€ MOIIHOCTH TOK B CETH
YBECJIMYUBACTCA MPONOPUHUOHAIBHO YMCEHBIICHUIO HAIMPAXKCHHA, YTO BBI3BOBET MNEPETPEB DJIEMCHTOB CETH N0 MECTa
YCTAaHOBKM cTa0win3aTopa, cpabaThIBaHWE aBTOMAaTOB, NPEJOXPAHHUTENCH W JPYyrUX OHJIEMEHTOB 3alIMTHI, T.C.
nepe0oii B aneKTpocHaOkeHnn moTpedureneil. JIrobol crabuinnzaTop He SIBISETCS MCTOYHUKOM SHEPrHH, M €ro
NPUMEHEHHE TIPH 3HAYHUTEILHOM YMEHBIICHWH HANpPSDKEHHS B CeTH (Jeduiure MOIIHOCTH) HE JaeT XKEJIaeMoro
pesynbrara. K.IIJ[. Takux crabummsaropoB coctaBisieT 95-97% , T.e 10 5% sHeprum TepsieTcs B PErysupyroneM
YCTpOMCTBE, YTO OTPAHNYUBAET X IPHUMEHEHHUE B LIEJIIX SKOHOMHUH SHEPTHUH, a TAKXKE BO3PACTAIOT Macca, TabapuThl
u crouMocTb. lIpemiaraemoe ycTpOWCTBO OCHOBAaHO Ha IPHUMEHEHHH B KadeCTBE PETYJMPYIOLIETO OpraHa
MaJIOMOIIIHOTO TpaHC(hopMaTopa, padOTAIOIIET0 B pexuMe aBTOTpaHchopMaropa ¢ Kod(hGHUIHMEHTOM TpaHChOop-
Mmarnuu, onu3kuM K 1. [Tyrem nepekiroueHns 0OMOTKH BBICOKOTO HAIIPsHKEHUs TpaHchopMaTopa Mo Harpy3koit 6e3
pa3pbiBa IENu NONydYaroTcsi 3 pexuma paboThl YCTPOWCTBA. YCTPOWCTBA PETYIMPOBAHUS HWCIOIB3YIOTCS: VIS
CHWIXCHHA pacxoZia 3JICKTPOIHEPIuu 10 20% B KWIBIX U 06]_HCCTBGHH]>IX 3JaHUAX, Mara3uHax, CE€TU HapyKHOI'O
OCBEIICHHUS; JJIs1 00ECIICUCHUS] HOPMAJILHOTO pexrMa paboThl craHkoB ¢ UITY, TexHonmornyeckux JuHud u T.1. [1o
MPOCTOTE CXEMBbI, OKYHNaeMOCTH (OKOJO JBYX JI€T), HAJEeXXHOCTH pabOThl aHAIOrOB HE HWMEET. YMEHBLIHUT
JIOITyCKaeMBbIi BO BCEM MUpPE HEHYKHBIH pacXo 3JIeKTposHepruu He MeHnee yeM Ha 10% u norepu B cetsix — 10 40%.

KitoueBble cioBa: cTaOWiM3aTop HANPSDKEHMS, JJIEKTPUYECKHE CEeTH, Tpexda3sHoe U onHO(pa3zHOe MUTaHME,
peryIupOBaHUE HAIMPSDKEHHS, SHEProcOepekeHne, CHHycOMga TOKOB ceTH, KoddduneHnt wmomHuoctH, JCY-
sHEprocoeperaroiiee ycTpoicTso.

BBenenne. B mocneaHue ecATHIETHS CIIPOC HA 3JIEKTPOIHEPTUIO TIOCTOSIHHO pacteT. st Toro 4to0sl
o0ecneunTh MOCTaBKy HEOOXOAMMOTO YPOBHS HANPSDKEHUsI JUUIsl BCEX TOJb30BaTENei HAa TOM ke MH(pa-
CTPYKTYpE, & TaK)KEe YUUThIBAs TOT (aKT, YTO HAMPsHKEHUE MOCTOSHHO KoJebiercs B npeaenax + 10% B
CBSI3U C M3MEHEHHEM CIPOCca Ha CETH, MHOTHE YUPEXKJICHHUS MONy4aroT Ooliee BHICOKOE HAMpPsHKEHUE, YeM
¥M Ha CaMOM JieJie TpedyeTcs.

Kak pesynbTar, 31M€KTpOCeTH H3HAYalbHO HEI((EKTUBHBI, M YTO 0OJee BAKHO IMEPCHAIPSIKESHUS
MOCTABIISIOTCSI HA OOBEKTHI 10 MPHYMHAM OWJUIMHTA, YTO MPUBOJIUT K PAcXOJy SHEPTHHU, 0TKa3 000pyI0-
BaHUS M COKpaIlleHHE CPOKa CiIyk0bl 000pyaoBanus [1].

— 7y ——
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Tak Kak Bce JJEKTpUYECKOe O0OpYIOBaHWE IMPEeIHA3HAYEHO JUIA pa0OTHI B MPABOBOM JHAIa3oHE
220 B + 5%, To sKcmryartarus 3Toro 060pyA0BaHUs Ha TOBHIIIEHHOM HANPSHKEHWH MPUBOIUT K MOTEPSIM
3JIEKTPOIHEPTHH.

[Ipenynaraem ajabTepHATHBHOE pELICHHE NPOOJIEMBl YCTaHOBKOW Ha 00BEKT AO «Aunenb-Arpo»
9HEProcOEpErarIero CTadMIn3aTopa HamnpsHKeHHs ¢ QYHKIMEeH SHeprocOepekeHus sl ONMTUMHU3AIUU
MTOCTaBKH AJIEKTPOIHEPTUU I MOHUTOPHUHTA CETH.

Texnuuecknii 063op ICY. KauecTBO 371€KTPOIHEPTUH SABISIETCA OJAHUM U3 KIIIOUEBBIX MOKa3aTeNeH.
B 3aBucumMocTH OT THNOB Harpy3kd B CHCTEMaX M KadecTBa, OO0ECIIEYMBAEMOTO ITOCTABIIUKOM
AJIEKTPOIHEPTHH, TOJIH30BATENHN CTAIKHBAIOTCS C OAHON W3 TEPEYHCICHHBIX HIDKE MpoOieM (MM WX
KOMOMHAITUH):

— rapMOHUYECKUE HCKAKEHUS;

— HepaBHOMEpHasi 3arpy3ka ¢as;

— MaKCHUMAaJIbHBII IIyCKOBOU TOK;

— KpaTKOBPEMEHHOE MaJIeHNE HAMIPSIKCHUS;

— CHIKeHHe Kod(h(QUIMEeHTa MOIITHOCTH.

B 3aBHcHMOCTH OT KOHKPETHOH CHCTEMBI YCTPAaHEHHE OMMCAHHBIX BBIIIE MPOOJIEM MOXKET CIKOHO-
Muth 10-40% sHeprun B 3aBUCUMOCTH OT CTETICHH MPOSIBICHUS KaXK/I0T0 U3 HETATUBHBIX (PaKTOPOB.

OHeprocOeperaroniee yctpoiictBo DCY  obecriednBaeT KOMIUIEKCHOE pEIICHUE MePeUNCIEHHBIX
BbIIIE TPoOJIeM, OTHOW W3 KOTOPHIX SBISETCA KOPPEKTUPOBKAa KO3(P(QHUIMEHTa MOIIHOCTH, TPU 3TOM
OCHOBHO€ BHUMAaHHE YAEAETCS SKOHOMUH 3JIEKTPOIHEPTHH.

KommyTupytommii 010K BBIIONHEH Ha 0a3e yNpaBisIOIIMX BBIXOJOB aHAIM3aTOpa, KOTOpPHIE Yepes
MTOMEXOIIO/IABIISIONIYI0 CXeMy, cocTosmnyto n3 RC-cynpeccopa n KOHIEHCATOPHBIX MTycKaTesel ¢ TPYIIoi
MOJABJICHHUS TYCKOBBIX TOKOB HWIJIM KOHTAKTOPOB THIIA JIBYHOPMAJILHO OTKPBITBIX WJIHM JABYHOPMAJBHO
3aKPBITHIX, COBEPILIAIOT KOMMYTAIMIO IEPBUYHON OOMOTKHU PETyJIMPOBOYHOTO TpaHCHOpMaTOpa.

PasmpIkaromuii 1 3aMBIKAOMIANA KOHTAKThl COENWHEHBI IOCIEAOBATENEHO, TPH ATOM IEPBHYHASL
00MOTKa TpaHcopMaTopa MOIKIIOYEHA C OJHONW CTOPOHBI MAPaJUIETHFHO BTOPUYHOM MEPBBIMU OJTHOMMEH-
HBIMH BBIBOJAMH HEMIOCPEICTBEHHO, C IPYToi — depe3 BTOPOil pa3MBIKAIOIIUI KOHTAKT [2-3].

K Touke coemuHeHHs BTOPOTO BBIBOAA MEPBHYHON OOMOTKH M BTOPOTO Pa3MBIKAIONIETO KOHTAKTa
MOJKITIOYEH BTOPOH 3aMBIKAIOMINN KOHTAKT OT OJIOKAa YMpaBJICHHS, COBMEHICHHOTO C aHAJIH3aTOpOM,
napaieIbHO TEPBUYHOW OOMOTKE YMOMSHYTOTO TpaHC(OpMaTopa BKIIOYEH KOHJEHCATOp, a Mapall-
JIeTbHO KOMMYTHUPYIOIIUM 3JIEMEHTaM BKIItoYeHbl RC-ienn.

[TapamnensHO Harpy3Ke BKJIFOYEH BBIXOJHOW KOHAEHCATOP, B HETO BBEJACH CHIIOBOW JABYXIOIFOCHBIN
aBTOMAT C HE3aBHUCHMBIM paCIeNATENeM, KOHTAaKThI KOTOPOTO BKJIFOUEHBI TOCIENOBATEIHHO B IEMb
Harpy3kd Ha BXOJE U BBIXOJIE PEryJHPOBOYHOTO y3J7a, MEXKIY CEThIO M BXOAOM M MEXKAY Harpy3Ko u
BBIXO/IOM YITOMSIHYTOTO y3J1a.

JloTIOTHUTENPHBIN y3€l 3alIUThl ¢ IUCTAHIIMOHHBIM YIIpaBJIeHHEM, TIOJKIIOYEHHBIH BXOJOM K TOUKE
COEIMHEHHS NIEPBOTO CUIOBOTO KOHTAKTa CO BXOJOM PETYIMPOBOYHOTO y37a, BBIXOJOM K HEUTPaILHOMY
MIPOBOAY CETH.

Bropoit n Tpetnii KOHTaKTHI TPEXIIONIOCHOTO aBTOMAaTa 3aIlUTHl YIMOMSHYTOTO IOTOJHHATEIHHOTO
y3J1a TMOAKIIOUYEHBI MEXKTy HEUTPaIbHBIM MPOBOJIOM M TOYKOH COCIMHEHHS YIMOMSHYTOTO BTOPOTO 3aMbl-
KalolIero KOHTaKTa C KOHAEHcaTopoM mepBoii RC-menu u Mexny BBIXOAHBIM BBIBOAOM MEPBHYHON 00-
MOTKH TpaHC(OpMaTopa W TOYKOW COEAMHEHHUS BTOPHIX 3aMBIKAIOMIETO M Pa3MBIKAIOIIETO KOHTAaKTOB
KOMMYTHPYIOIIETo 0JI0Ka.

OHueprocoeperaroruii 3p(HEKT yCTpOCcTBa OCHOBAH HA MIPUHIIUMIIE HE3aBUCUMOTO MTO(a3HOTO PEryIin-
POBaHUS HANPSDKEHHsI B CETH, YTO TO3BOJSAET JOOUTHCS dKOHOMUHU 10 40% DIEKTPO’HEpPTHH MO CpaB-
HeHMio ¢ aHaioramu W moxyuutb KIIJ[ ycrpoiictBa He meHee 99,7%. Ilpm sToM moTepw akTHBHOMN
MOITHOCTH Ha CTaOMIIN3aTOpe HANpPsDKEHHS B 15 pa3 MeHbIIIe 10 CPaBHEHUIO C aHAJIOTaMH, a CPOK CITYIKOBI
coctasisiet 20-25 net [4].

DHeprocOeperaroniee yCTpOHCTBO MPeAHA3HAYESHO JIJISl UCIIOIB30BAHMS HA TPa)TaHCKUX W IPOMBIIII-
JIEHHBIX 00BekTax B ceTax 0,4 kB.

st KOHTPOJISL U PETUCTpalry MapaMeTPOB JIEKTPOCETH M PEXHUMOB PabOTHI YCTPOWCTBA MpeAycC-
MOTpEHa BO3MOXXHOCTh JWCTAaHIIMOHHOTO VMIPAaBICHHUS W PE3CPBHPOBAHMSA, A TAKXKE HCIIOIB30BAHUS
CPEICTB CBSI3HU, KaK, HanmpuMep, coToBelil MogeM 3G. [loaximoueHne u nmepenavya JaHHBIX OCYIIECTBISETCS
o nporokoiry TCP/IP u unrepdeiicy Ethernet.
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Cxema noaxitogernus OCY.

OCY noaxiovaercsl MocjaeloBaTeIbHO B CETh IMOCJE CUETYMKA JNEKTpUIecKoi sHepruu (puc. 1).
MoHTa BBINOJIHAETCS KBATH(PUIMPOBAHHBIM [IEPCOHAIOM C IPYIIOH MO 3IEKTPOOE30MacHOCTH HE HIKE
TPETHEM.
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Pucynok 1 — Cxema noakmouenus OCY

OT1ianuns 3Heprocoeperamomero ycrpoiicrea ICY oT nogo0HBIX / MOX0KUX YCTPOIMCTB

— PeanbHas s5KxoHOMUSA 3IEKTPO3HEPTUHN 10 25%.

— becmatHas gonoTHUTENBHAS HNEKTPUYECKasi MOIITHOCTD.

— OyHKIMS CTaOUIU3AIMH HATIPSKCHMYSL.

— IlpoayeHne cpoka SKCIUTyaTaluy 3J1eKTponpuoopoB B 1,5 - 2,5 paza.

— KIIJ=99,7% mupotuB Max 96% y crabmimmzaropoB. KoaddunueHT nepemadn MOIIHOCTH CETH B
Harpy3Ky 3JeKTPOMarHUTHBIM IyTeM cocTaBisgeT 1:18, y crabunu3aTopoB oH paBeH 1:2.

— Torpednsemas morHOCTh DCY 0T (paKTHUECKOI MOIIIHOCTH HArpy3ku He TipeBbimaet 0,4%.

— KoHcTpykuus mpocTta W HazxexHa, 0€3 CIOKHBIX KOMMYTalHOHHBIX 3JIEMEHTOB, YTO SIBJISETCS
rapaHTOM JOJTOH SKCIUTyaTalHH.

— VYcrpoiictBo cHabxkeHOo cuctemol «batimacy.

— Ilpouecc peryaupoBaHus HPOUCXOANUT 0€3 pa3phiBa LEMH U UCKAKEHUS CUHYCOUABI HANPSDKEHHSL.

— MomHocts Harpy3ku MoxkeT konebatbes or 0 mo 100%, uTo He cKa3bpIBaeTCsl Ha KadecTBe
peryIupoBaHusl.

— MaccorabapuTHble TIOKa3aTell HIDKE B 2- 2,5 pasa, a Takke CTOUMOCTB M CPOK OKYIIaeMOCTH
o0opymoBaHUs.

I[MapameTpbl 3KOHOMUM 3JIeKTPoIHEpPrum ¢ moMoumbio JCY B AO «Ajeab-Arpo»

Ha oObexre ObuiM ycTaHOBIEHH 3HeprocOeperatomuii cradunuzarop «9CY» u YKPM (aBromaru-
YyecKasi KOHJIEHCAaTOpHasl yCTaHOBKA) Ha 25 KBAp B KOMIIpecCOpHOM 1exy [5].

B xommpeccopHoM 1exy ycraHoBieH kommpeccop Z40-154Y ¢upmer Frascold co cnenmyrommmu
INEKTPOTEXHUYECKUMH XapaKTePUCTUKAMH:

— MakcuMaJibHasg MOIHOCTE KBT- 37,9 kBrT;

— MakCHUMaJbHBIN pabounii Tok A-77,9 A;
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— o0BeMHasl MPOU3BOUTEILHOCTh M3/4ac-154,4;
— Kkoaddunuent momrHocTH cos- 0,75;
— TpexdasHoe HanpspkeHne nuTanusa-380-420B.

Ha mur ynpasienuss B kommpeccopHoMm 1exy AO «Anens Arpo» ObUT YCTAaHOBJIEH aHAITU3ATOP
KavecTBa 3ekTpuueckoii sHepruit «Circutor ARI-5» Homep noBepku-BA-04-01-08929 na nepuon 4 vaca

¢ 12:39 1o 16:39 26.08.19r.

[TapamMeTpsl AIEKTPUUECKON CETH IO | Mocie ycTaHOBKH ctabmmm3aropa OCY u YKPM 25 kBAp»

Tabnuna 1 — [TapameTpsl 3MeKTpUUECKON ceTH 10 ycTaHOBKH cTrabmnuzatopa OCY u YKPM 25 kBAp»

Date 26.08.2019 12:39:59

Voltage (V)

Current (A)
Apparent Power (VA)
Power (W)

Reactive P. L (var)
Reactive P. C (var)
Power factor

Frequency (Hz)

[ ]

Phase 1 Phase 2
227 228
31.918 28.942
7245.386 ~ 6598.776 ~
5473 4610

4801 4777

0 0

0.75 0.69

Period: 04:00:00

Phase 3 Phase IlI
224 226~
27.983 29614~
6268.192 ~ 20173
4672 14755

4227 13805

0 0

074 0.73

50.0

2]

Tabnuna 2 — [TapaMeTpsl 31eKTPUIECKON CeTH Nociie ycTaHOBKU ctabunuzaropa DCY u YKPM 25 kBAp»

Date 26.08.2019 18:47:08

Voltage (V)

Current (A)
Apparent Power (VA)
Power (W)

Reactive P. L (var)
Reactive P. C (var)

Power factor

Frequency (Hz)

Lo T

Phase 1 Phase 2
223 224
20.290 18.020
4124670~ 3736.480 ~
4102 3696

411 464

0 0

0.99 098

Period: 04:00:00

Phase 3 Phase IlI
220 222~

18.083 18.798 ~
3686.000 ~ 11547
3686 11484

129 1004

0 0

1.00 093

50.0

2]

Tabmuna 3 — Pesynerater yeranosku OCY Ha 80A nu YKPM 25 kBAp Ha kommpeccope Z40-154Y ¢upmer Frascold

TTapamerpsr OCY u COb Energy-S BBIKIIOUCH OCY u COBb Energy-S Brinrouer
Hanpsxenue, B 226 222
Tok, A 29,614 18,798
Koad. momuocTH, cosd 0,73 0,99
Makc Tok, A 33,462 22,308
AKTHBHAsI MOII[HOCTb, KBT. 14,755 11,484

UTOoro

OBIIAS DKOHOMUS KBT. 4 COCTABIIJIO 22,1%

Cpok OKynaeMocTH

1,2 roga

BuiBoabl. OCHOBHBIM NPUHLIHUIIOM paboTsl pudopa ICY sBiseTcs NpUBEACHUE YPOBHS MUTAIOLIETO
HaANPsDKEHUs] K ONTUManbHO HHU3KOMy (momyctuMomy 1o ['OCT) 3HaueHuto. DPQeKT mpuMeHEHHs TEM
Ooyplme, YeM 3HAYUTENbHEE OTIMYME TMHTAMONMEr0 HAMPsDKEHHS OT MHHHMAIBHO JIOITyCTHMOTO
HanpspkeHus - 209 B. Baxueiiniee 3HaueHIe IMEET XapakTep Harpy3Kkd, KOTOpas, 1o CyTH Aela, JSIUTCS
Ha JIB€ OCHOBHBIE I'PYTIIbIL:

1. OcBemenne u cMmemanHas (ObITOBas) Harpy3ka: OBITOBBIC DJI. MPHUOOPHI, KOMIIBIOTEPHI, OTHO-
(azHble 1. ABUTATENH H T.I. — 3TO O(UCHBIC 3MaHHsI, Mara3uHbl, OOJBHUIIBI, IIKOJTBI, BOK3AJIbI, (PU3KYIIb-
TYpPHO-030POBUTEIbHBIC KOMITIEKCHI U T.1. (9% — 21% addekt sxoHoMmn).

2. ACHHXpOHHBIE IJEKTPOJBUTATENH (HACOCHBIE, KOMIIPECCOPHBIE CTaHIMH, KPYyMHbIE BeHT. CHc-
Tembl). Ha Takoi Harpyske MOXKHO CHIKATh ITUTAIOIIEe HAPSHKEHHE TOJIBKO B TOM CITydae, €CIIH YPOBEHb
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3arpy3Kd JBHUTraTellel Mo MOIIHOCTH cocTaBUT MeHee 50%-55% (3aBUCHUT OT ero HOM. COS ), 31IeCh
CHIDKCHHE HANPSOIKCHUS NPHUBEAET K CHIDKEHMIO OOIIEro TOKa B JBUTaTelle, U K SKOHOMHHU IOpSAAKa
4%-18%.

Ecmu ke ypoBeHb 3arpy3Ku acMHXpOHHBIX IBurateneii Oymer Oomee 70%-75% sddexra mmbo
BOOOIIIE HE OyIeT, MO0 OH OyJeT 0OpaTHBIN (POCT TOKa B POTOpE, HATPEB, MTOTEPH ), XOTA (HOpMaITBHO BCE
napameTpsl B 'OCTe.

Crnenyer 3aMeTUTh, YTO, KaK MPaBUIIO, YCPESAHEHHBIN YPOBEHb 3arpy3Ku He IpeBblIaeT 65%, HO B
KaXIIOM OTIEJIFHOM ClIydae HeOOXOAMMO MPOBOIUTH 3aMEpPbl, CONIOCTABIISSI HOMHHAIBHBIA MACTIOPTHBIHI
TOK C peaJlbHO IPOTEKAOUINM. BEBIIIEn3n0KeHHbIE PACCYKACHUS IO3BOJIAIOT ClENaTh CIEAYHOIUe
BBIBOJIBI:

a) OOBEKTHI C OCBEIIEHHMEM M CMEIIaHHOW Harpy3koil (m.1) maror MakcumanbHbIA 3ddekt, ecnu
MATAIOMIee HAMPsHKeHHE Ha HUX cocTaBisieT 226B - 240B. DTo mo3BOIMT HaM peryJIMpOBaTh HAIPSHKEHUE
Ha 12B - 16B, momyuats apdext B 10% - 20%. Manble perynupoBku HanpspkeHus 215B-221B nanyt u
ad ekt B 5%-7%.

06) OOBEeKTbl ¢ aCHHXPOHHBIMHM ABHraTeIsIMU INPEXKIE BCEro Haxo 000pydOBaTh YCTPOHCTBAMHU
KOMIIEHCALIUY PEaKTHBHOW MOIIIHOCTH M JK€JIaTeNIbHO HHANBUAYaIbHON KOMIICHCAIIUH.

B) OOBEKTHI, Ha KOTOPBIX €CTh U TO, M IPYTO€ MOXKHO OLIEHUTh, UHTETPUPYS METOAWKH MYHKTOB A 1 B.

Hanpumep, eciu B CTpyKType HPUCYTCTBYIOT 75% aKTUBHOW Harpys3KH, a JBUTaTENU COCTABIISIOT
25%, cereBoe HampspkeHHE — mopsaka 225B-231B, To Bce mpeaiokeHHbIE MEPOTIPUSTHS, CKOpPEe BCETO,
npuBenyT K 3koHOMUH B 10% - 15%.

r) Hamo taxxe momHuTH, uyTo DCY mpuMeHsieTcs U Il cTaOMIM3aluy HAIpPsDKEHUS! CETH, KOTopas
Ipy TOHWXEHHOM HampsokeHuu (Menbuie 207B) He na€ér SKOHOMHM 1O pacxXody 3j. DHEPrHH, HO
0JIarOTBOPHO BJIMSET Ha TEXHOJIOTHYECKUH ITporiecc.

1) Hano monumatp, 4To OKymaemMocTh npruOopa HampsMylO 3aBUCHUT OT €ro MOLIHOCTH U OT BPEMEHH
€ro HUCIOJIb30BaHuUs, HAaIpUMeEp, B TedeHue roaa. Yem Beimie MomHocTs ICY, TeM MEHbILE ero yaelbHast
croumocTh Ha 1kBT. O0BekTH ¢ mpubopamu oT 80 -100 kBT u 6ojee, ¢ MPOAOIIKATETLHOCTHIO PAOOTHI
12 4 u Gosiee 365 aueli B roa u Tapudom oT 20 TeHre OKYIAKTCs MPUMEpHO 3a 1- 3 rona.

€) 3aMepbl IPOU3BOIATCS B INTAHUPYEMBIX MecTax ycTaHoBkH DCY aHanu3aTopoM KadecTBa cetd. Ha
JUIMHHBIX JIMHUAX HEOOXOAMMO M3MEpsTh MapaMeTpbl M B Hayajle, U B KOHIE JUHUU (BBIOOPOYHO
BOJIETMETPOM), 1a0bl HE CHU3UTH HANPSDKEHHE HIDKE IOy CTUMOTO.

k) Puugepa, muTaeMble OT OJHOTO HCTOYHMKA (TpaHcdopMmaropa), MOXKHO KOHCOJIHIMPOBAHO
npomyckarh depe3 oguH JCVY, ecnu yuér Ha HUX OOLIMH M 3TO LeecO00pa3HO C YKOHOMUYECKOH TOUKH
3peHusl.

H.M. Al‘iTmaHOBl, b. OHrapz, II. Enceﬂﬁaenz, E.C. BaiflTeHOBZ, A. )Kaﬂiﬁelqmblz

' AlMaThl SHEpreTHKa KoHe GailIaHbIC YHHBEPCUTETI,
ONeKTpOIHEPreTHKA J)KOHE IJIEKTPOTEXHUKA HHCTUTYTHI, AnMathl, Kazakcran;
> M. ThiHbIIOAEB ATHIHIAFI Kasak keJik jxoHe KOMMYHUKAIMsIIap akajaeMusichl, Anmarel, Kazakcran

OHEPKOCHITIK KOCHIOPBIH KEJICIHAEI'T SHEPT WS TUIMALIITTH
KOHE MAUJAJTAHY MYMKIHAIT'TH BAFAJIAY

AHHOTanMsi. DHEPTUsSHBl YHEMJICHTIH KEpHEY TYPaKTaHIBIPFBIIIBI MIEKTPOTEXHUKA CaJachlHA JKaTaJbl JKoHE
ANIEKTP >KaOIBIKTAPBIHBIH KYMBICBIH OHTAIJIaHABIPY KOHE JIEKTP KyaThlH YHEMJEY MaKCaTBIHIA JJIEKTP KaOIbIFb,
JKETEK, KO3FAITKBIII, KapBIKTaHABIPY JKelici, OalraHbIC KYHEIepiHiH KyaT Ke3iH, aBTOMAaTHKa MEH TeJIeMaTHKaHbBI
9NIEKTPMEH JKaOAbIKTayla KONIaHyFa Ooiambl. DHEPrus IIBIFBIHBIH a3alTyFa SHEPrHsSHBIH KaJIBIITHI KYMBIC icTeyi
YIIiH Ka)KeTCi3 KYKTEMEHI TYTBIHYIBI KO0 JKOHE KETKi3y JKeNICIHAET] TOK MEeH YHEPTUsl UIBIFBIHBIH a3aiTy apKbLIbI
KOJI JkeTKizyre 6onanbl. COHBIMEH KaTap, )KapbIKTaHIBIPY JKOHE TYPMBICTBIK 3JIEKTP KYPBUIFBIIAPBIHBIH KBI3MET €Ty
Mep3iMi apTazpl, oap KaJbIITH )KOHE KepHey opTalia xKyMsbIc icreiiai. Kepaey Temenaerene xoHe xykreme Oipraeit
KyaT TYTBIHFaHZa JKeNiJeri TOK KepHEYyIiH TOMEeH/eyiHe IPONOPLUOHAIABI TYPHE oceli api OyJI TypaKTaHbIPFbIII
OpHATBUIFAH KEpre, XEJIUIK AJIEMEHTTEPIH KbI3bI KEeTyiHe, aBTOMATThl KYPBUIFBI, CAaKTaHIBIPFBILI JKOHE Oacka
KOPFaHBIC DJIEMEHTTEPIHIH JKYMBICBIHA BIKIAJ €TeAdl, SFHU TYTHIHYIIBLIAPAbI JJIEKTPMEH >KaOIbIKTayarbl y3iIic
Goubin ecenTeneni. Kes-kenreH TypakTaHIBIPFBIII SHEPTHS K631 OOJBIN CaHaIMAa bl dKOHE OHBI XKEeNieri KepHEeYaiH
alTapNBIKTall TOMEHJCYlI apKbpUIbl MaijanaHy (KyaT TalIIbUIBIFBI) KaXeTTi HoTmxke Oepmeiini. [TOK oceamait

—— 78 ——
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TYpaKTaHABIPFRIITapABIH 95-97% Kypaiinpl, sFHU 5%-Ke IeiiH SHEpPTUSHbBI PETTEYII KYPhUIFBIAA JKOFaNTaIbl, Oyl
SHEPTHUsIHbI YHEMJICY, COHai-aK calMaFblH, MOJIIEPI MEH KYHbIH apTThIPy MAaKCAThIHIA OJIap[bl HalaiaHy/ bl
mieKkTeli. ¥ChIHBUIFAaH KOHIBIPFBI TpaHchopMmanus koddduiuenTti 1-re »akplH aBTOTpaHCHOPMATOpP PEKUMIHIE
KYMBIC ICTEWTIH TOMEH KyaTThl TpaHC(POPMATOPABIH PETTErill OpraHsl pEeTiHAe NaiJanaHyra HETi3AenreH.
TpanchopMaTopblH JKOFapbl BOJILTTBI OpaMachlH JKYKTEME Ke3iHIe KOHTYpAbl Oy30ail aybICTBIPY apKbLIbI
KYPBUIFBIHBIH 3 JKYMBIC pPEeXuMI ajiblHaibl. backapy KypbUIFbUIAPBI KeJecified KOJIaHbUIAbl: TYPFBIH JKOHE
KOFaMJIBIK FUMapaT, AYKEH, CBIPTKbI JKapbIKTAHIBIPY JKEJIEpiHIe 3JIEKTp SHEeprusichlH TYThIHYIBI 20% neiiin
azafTy; CaHIBIK OardapiaMaHbl OacKapyllibl MalllMHAIAPHl MEH TEXHOJOTHSJIBIK KEIUIepIiH, T.0. KaJbIIThI
KYMBICBIH KamTamachl3 ery. OHbIH CXeMaHbIH KapanalbIMIBUIBIFBI, ©3iH-031 akray (€Ki »KbUIFa JKYBIK) JKOHE
naiijanany ceHiMAUIri OoiblHIIAa Oanamanapsl Ke3jecreiai. byn Oykin omemze pykcar eTiIMEreH 3HEeprHsHbI
TYTHIHYABI KeM nerenne 10%-ra xoHe kel mbIFbIHbH 40%-Fa AeliH a3aiTyra MyMKIHIIK Oeperi.

CoHbIMEH, HOMHUHAJ/IBI KepHEY/IiH KOFapbulaybl OapbIChIH/A BICHIparn OOJaThIH KyaT II€H JIEKTP SHEPTHUsCHI
a3aiipIn, nalanany HIBIFBIHBI TOMEHICH/II, ChIM KUMAChl MEH YKl KYPbUIBICHIHA METAILT IIBIFBIHBI a3as1/1bl, KEJILIep
OolfpIHIIIA OEpiUIeTiH MIeKTI KyaT apTajabl, OollamrakTa >KeNiHIH JaMybl >KeHIAeTineni, Oipak >kem KYpBUIBICHIHA
KaUTAIBIK CATBIM apTajbl. DIEKTP SHEPTHsIChl MEH KyaT IIbIFBIHBIHBIH apPTYbl YJIKCH SKCILTYaTAMSUIBIK IBIFBIHFA
YIIbIpaTagsl, COHBIMEH KaTap OTKi3y KaOineri omci3. OcwiFaH OaillaHBICTBI OHBI KoOajlay Ke3iHae >KeNliHiH
HOMHHAJIIbl KEPHEYIH AYPBIC TaHIAYbIH MaHbI3IbUIBIFBl AHKBIH 00J1a/Ibl. DKOHOMHUKAIIBIK MaKCaTKa Cail HOMHHAI b
KepHEYy KXYKTeMe KyaTbl, KOpeK KO31HeH KaIlbIKTHIKKA, ONapablH 0ip-0ipiHe KaThICThI OpHAJACYBI, SJEKTP JKENICIHIH
TaHJaJIFaH KOHPUTYpaIMsIChl, KEPHEYII pETTey Tocuiaepi ChlHAbI Oipkatap dakropiapra toyenai. CbIM MeH Kabelb
KMMAaChIH KaKET €TETIH KbI3JbIpy LIapTTapbl OOWBIHILIA TaHJAY AJIEKTP JKEJIEPiHIH CeHIMl )KYMBIC aTKapybl YIIiH
aca MaHBI3IBI MIHJIET OOJBIN CaHANAJbl. OHEPKICIN AIEKTP KEITUISPIHICTI eCeNTey HOTHXKEIepi — MOJACIbBIICY KOHE
SHEPTUs YHEM/IEY.

Tyiiin ce3mep: KepHEY TypaKTaHABIPFBIIIBI, 3JIEKTP JKeniiepi, ymidaszansl koHe Oipdazanbl 31aeKTpMeH
KaOIBIKTay, KEpHEY peTTey, SHeprus YHeMIey, CHHYCOMIBIK JKeliiep, Kyar Kod((GUINEeHTI, YHePTus YHEMICHTIH
KYPBUIFBI.
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"Institute of electric power and electrical engineering,
Almaty University of Power Engineering and Telecommunications, Almaty, Kazakhstan;
? Kazakh Academy of Transport and Communications named after M. Tynyshpayev, Almaty, Kazakhstan

ASSESSMENT OF ENERGY EFFICIENCY AND POSSIBILITY OF USE IN THE NETWORKS
OF INDUSTRIAL ENTERPRISES VOLTAGE STABILIZER WITH ENERGY SAVING FUNCTION

Abstract. The energy-saving voltage stabilizer belongs to the field of electrical engineering and can be used to
supply power to electrical equipment, drives, motors, lighting networks, power supplies for communication systems,
automation and telematics in order to optimize the operation of electrical equipment and energy saving. Reducing
power consumption can be achieved by eliminating the consumption of the load unnecessary for normal operation of
energy, and by reducing the amount of current and energy losses in the supply network. In addition, the service life
of lighting and household electrical appliances will increase, which will operate at normal and not increased voltage.
When the voltage decreases and the load consumes the same power, the current in the network increases in
proportion to the decrease in voltage, which will cause overheating of the network elements to the place where the
stabilizer is installed, the operation of automatic devices, fuses and other protection elements, i.e. interruption in
power supply to consumers. Any stabilizer is not a source of energy, and its use with a significant decrease in the
voltage in the network (power shortage) does not give the desired result. ECE of such stabilizers is 95-97%, that is,
up to 5% of energy is lost in the regulating device, which limits their use in order to save energy, as well as increase
the weight, dimensions and cost. The proposed device is based on the use as a regulating body of a low-power
transformer operating in the autotransformer mode with a transformation ratio close to 1. By switching the high-
voltage winding of the transformer under load without breaking the circuit, 3 operating modes of the device are
obtained. Control devices are used: to reduce electricity consumption by up to 20% in residential and public
buildings, shops, outdoor lighting networks; to ensure the normal operation of numerically controlled machines,
technological lines, etc. It has no analogs in terms of simplicity of the scheme, payback (about two years), and
reliability of operation. It will reduce the unnecessary energy consumption allowed worldwide by at least 10% and
network losses by up to 40%.

Thus, an increase in the rated voltage reduces power and electricity losses, reduces operating costs, reduces the
cross-section of wires and metal structures, increases the maximum network capacity, contributes to the further
development of the network, but increases capital investments in network construction. The increase in electricity
and power consumption leads to high operating costs as well as low bandwidth. In this regard, when designing it, it is
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important to choose the correct rated voltage. The nominal voltage for economic purposes depends on a number of
factors: load capacity, distance from power sources, their relative position, the chosen configuration of the power
grid, methods of voltage regulation. The selection of the cross-section of wires and cables for the permissible heating
conditions is a very important task for the reliable operation of electrical networks. Calculation results of modeling
industrial electrical networks and energy saving.

Key words: voltage stabilizer, electrical networks, three-phase and single-phase power supply, voltage
regulation, energy saving, sinusoidal network currents, power factor, ESD-energy-saving device.
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DARK MATTER PROPERTIES IN GALAXY US750

Abstract. We investigate the properties of dark matter (DM) distribution in spiral galaxy U5750, employing the
well known and widely used phenomenological density profiles such as pseudo-isothermal, Burkert, Navarro-Frenk-
White, Einasto, Moore and exponential sphere. For simplicity we assume that DM distribution is spherically
symmetric without accounting for the complex internal structure of the galaxy. We fit the rotation curve
observational data of galaxy U5750 for each profile. We infer the model free parameters and estimate the total DM
mass, and compare them with those reported in the literature. To discriminate the best fit profile among the
considered ones, we make use of the Bayesian Information Criterion (BIC). On the basis of the performed statistical
analysis, we provide physical interpretations for choosing certain profiles. In addition, by assuming that DM
possesses non-zero pressure, we solve the Newtonian hydrostatic equilibrium equation and construct the pressure
profiles as a functionof the radial coordinate for each above mentioned profile. Combining the density profiles with
the pressure profiles we obtain equations of state for the DM in the considered galaxy. Further, we calculate the
speed of soundin the DM medium and show that it behaves not unequivocally for the adopted profiles, though it
decreaseswith an increasing DM density. Finally, we calculate the refracting index and discuss about astrophysical
implications of the obtained results.

Keywords: dark matter, rotation curves, equation of state, the speed of sound, the refractive index.

I. Introduction

At the beginning of the last century astronomers discovered that some stars and galaxies behave
differently thant heory predicted. The rotation of more distant parts of galaxies did not obey the laws of
celestial mechanics. This marked the beginning of a new era to search for DM. The modern epoch of the
dark (latent) mass concept began at the end of the last century in connection with the need to explain the
kinematics of gas in massive galaxies, i.e. extended rotation curves (RCs) of the gaseous component that
did not decrease with increasing distance even outside the stellar disk of galaxies [1,2]. The need to
introduce additional mass also arose when simulating themass distribution in elliptical and dwarf
spheroidal galaxies, where disks were missing.

The problem of DM is one of the fundamental and yet unsolved problems in modern astrophysics and
cosmology. Unlike ordinary visible/baryonic matter, DM does not participate in electromagnetic
interactions, but manifests itself only through gravity (and possibly via weak interaction as well) and
therefore is inaccessible to direct observations. It is believed that at present accounts for about 26.8 % of
the total mass of all forms of matter in the Universe [3]. The true nature of DM still needs to be
understood. It is assumed that DM consists of some experimentally undiscovered particles [4, 5]. They
cannot be baryons, since in that case the cosmic microwave background and the large-scale structure of
the Universe would be radically different. Nevertheless, up to date, a huge amount of information has been
obtained, which allows one to judge about the distribution of DM and its role in the Universe. The number
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of scientific works related to the problem of DM is steadily growing from year to year, which reflects a
noticeable interest in this intriguing and at the same time fascinating topic [6—8].

In this paper we investigate the observational properties of DM in the spiral galaxy U5750, exploiting
various phenomenological density profiles. By analysing the RC data points we infer all the model
parameters. We suppose that the DM equation of state (EoS) in a particular galaxy, by default, must not
depend upon the density profiles. Hence we intend to check whether this assumption is valid or not.
Therefore we involve the Newtonian gravity for simplicity and solve the hydrostatic equilibrium equation
to get the pressure profiles. By expressing the pressure in terms of the density for each individual model
one derives the EoS of DM in the spiral galaxy U5750. Thus, the main objective of this work is to test
whether the DM EoS depends on the adopted density profile or not. In addition we calculate the speed of
sound and refractive index in the DM medium [9] as these features of DM can be crucial in structure
formations and gravitational lensing effects.

The paper is organized as follows. In section I, we review the main density profiles which are used to
study DM distribution in galaxies. In section III we describe methods involved in the paper to perform
best fit analyses and derive EoS of DM. In section IV the major results of the paper are shown, namely,
the observational data of U5750 RC is analysed. The derivation of the EoS of DM in spiral galaxy U5750,
the speed of sound and the refractive index are presented and discussed. In section V our conclusion is
summarized.

I1. Dark matter profiles

The distribution of DM in the halos of galaxies is not uniform, concentrating at their centers and
dropping off to the periphery. The corresponding distribution function of DM or its profile is usually
found by the methods of numerical modeling of the dynamics of stars in galaxies. In this work we have
selected the most famous and commonly applied DM density profiles such as pseudo-isothermal (ISO),
Moore, Burkert, Navarro-Frenk-White (NFW), Einasto and exponential sphere. All, these profiles possess
two model parameters: the DM density at galactic centers or characteristic density p, and the scale radius

1y, apart from the Einasto profile, which has another extra free parameter. In Ref. [10] the model

parameters of the above listed profiles were estimated for some galaxies. Inferring the numerical values of
these parameters is a standard task that can be solved by studying the dynamics of galaxies. Here for our
analyses we involve the following models:

- ISO profile [11]:

_ P
P(O=10 (1)

where & =r/r, is the dimensionless radial coordinate/distance.

- Exponential sphere [12]:

Py (§)=poe 2
- Burkert profile [13]:
Po
P (&) = ——F —— > 3)
3 (1+¢& )(1 + r,’fz)
- NFW profile [14], which is proposed based on cosmological models of halo formation:
P (6 =L, )
(1+¢)
- Moore profile [15]:
pMoo(f):pog_lAlé (l+§)71'84’ (5)
- Einasto profile [16]:
Pun(€) = pyexp| 2n(1-") |, (6)

where « is the Einasto free parameter.




ISSN 1991-346X Series physico-mathematical. 6. 2020

The dependence of p/p, on r/r, for different DM halo profiles is illustrated in Fig.1 (left panel). At
large distances the density always goes down.

III. Methods

In the RCs of galaxies the rotation (linear) speed v of stars and gas depends on the distance » from
the center to the halo. The RC allows to determine the galaxy’s mass profile as a function of the radial
distance. By equating the centrifugal and gravitational forces acting on a star moving in a circular orbit at
a distance » from the center of the galaxy one finds the circular velocity

u(r):JGMT(r). )

The RCs do not drop off according to Newton’s laws but stay flat near the edge of the galaxies. The
DM mass M (r) in Eq. (7) can be computed by integrating the mass balance formula (see Eq. (10) below)

-
M(r) = J.47zr2p(r)dr, (8)
0
100
TR — Isothermal
100 —  Exp. Sphere 80
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Figure 1 - Color online. Left panel: different phenomenological DM density profiles. We choose « =1.5 for the Einasto profile.
Right panel: RCs of galaxy U5750 and fits obtained by using the DM profiles considered in this work

where p(r) is the DM density profile taken from Egs. (1) — (6).

In order to search for the best fit parameters of each DM profile, we use the x> function which is
defined as follows

v,i

12:;[07'_02100”’0”’):' , (9)

where v, and o, are the N data points from RC of galaxy U5750 and their corresponding errors,

respectively (see Fig. 1, right panel). The RCs for each DM profiles are described by the U( po,ro,r) ,

given by Eq. (7). We apply the Levenberg-Marquardt method ( This algorithm is an iterative technique
that locates the minimum of a function that is expressed as the sum of squares of nonlinear functions. It
consists in a combination of the Gauss—Newton algorithm and the method of the steepest descent gradient)
[17, 18] to minimize Eq. (9).

To derive an EoS of DM in the considered galaxy we perform computations in the Newtonian gravity
(NG) for simplicity and clarity. So we will proceed with the Newtonian hydrostatic equilibrium equations:

dM(r)
dr

=47rr2p(r), (10)
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dP(r) . GM(r)
dl" - p(l") 1”2 ’ (11)
dq)(r) _ GM(r) (12)
dr r?

where M (r) is the mass profile enclosed inside a sphere of radius 7, P(r) is the pressure profile, G is

the gravitational constant, ® (r) is the internal gravitational potential of the DM distribution.

IV. Results and discussion
In this section we present our main results providing technical details and discussions.

A. Best fit models

By exploiting each DM profile we infer the model free parameters from the fit and construct
theoretical RCs which become flat at large distances. The best fit parameters are listed in table I and
shown in figure 1 (right panel). The »° values are also shown in the last column of table I. For the NFW
profile the parameters are unconstrained and are not listed in Table I. This is in line with the results in
Refs. [19, 20], where the large uncertainties in the NFW parameters have been found. This is mainly
caused by the linear rise of the inner rotation curve. The same is true for the Moore profile, whose fit was
not good.

To compare the 4 profiles of table I, which have different number of parameters and are not nested
into each other, we employ the Bayesian Information Criterion (BIC) (The BIC is a selection criterion

among a finite set of models, conceived to solve the overfitting issue when increasing the number of
parameters in the fitting function) [21]. From the y* definition, the BIC is defined as

BIC=y*+klnN, (13)

where & is the number of model parameters. For example, in the case of the Einasto profile k£ =3, while
for all the other profiles £ =2 . A profile with a minimum BIC value is favored, according to Ref. [22]. As
one can see from Table I for galaxy U5750 the Einasto profile has the minimum BIC, while the ISO
profile has the maximum value.

Table I - Best fit model parameters for galaxy U5750.
For comparison, the mass of the dark matter in this galaxy is 2.9 x 10'° M | according to Ref. [23]

Profiles | p +6 [10°M, [pc’] | nto,[hwe] | Mto, [M ], M | Mro, (M T, m | BC | 7
Burkert 11.73 £ 0.65 7.16 +0.38 (3.54+0.42) x 10" (6.88 + 1.61) x 10° 54 0.70
1SO 10.71 £ 1.00 423 +0.38 (3.85 £ 0.69) x 10" (2.19+0.87) x 10° 61 1.37
Einasto® 2.14+0.10 9.37 +0.20 (3.11£0.23) x 10" (1.24+0.13) x 10" 37 0.13
Exp. sphere 12.50 £ 0.50 5.11+0.19 (3.34+0.32) x 10™ (3.36 £ 0.55) x 10° 49 0.47

“The DM total mass is calculated using the last RC data point in the halo for
The DM total mass is calculated using the scale radius r,
‘For the Einasto profile free parameter o, = 0.73 + 0.05

In figure 1 (right panel) the gray thick points show the observational data points of galaxy U5750 with
the attached error bars. The DM profiles are shown with solid curves: ISO (black), exponential sphere
(red), Einasto (brown) and Burkert (blue), NFW (green), Moore (purple).

B. Equation of state

In order to obtain the formulas of the pressure in NG, the density profiles Egs. (1) - (6) are plugged in
Egs. (10) - (11) and then are integrated to fulfill boundary conditions i.e. at infinity the pressure must be
zero. However, due to the complexity for the Einasto, Moore, NFW and Burkert profiles all computations

—— §4 ——
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are carried out numerically, while for the ISO and exponential sphere profiles the sought expressions can
be derived analytically. As a result, the pressure formulas of the DM halo for the ISO and exponential

sphere profiles in Egs. (1) and (2) are give by, respectively

P(&)=2Grr; p; {%2 - éarctan(f) - arctan((;’)2 } , (14)
P(£)=2Grr; py [ AT[-1.£]-8T[-1,2£] - 4T[0,2£] - ¢ |, (15)

where the gamma function is defined asI'(a,z) = Ie"‘t”"ldt, with a =0,-1

z

Combining Egs. (14) and (15) together with Egs. (1) and (2), we obtain the EoS for the ISO and
exponential sphere, respectively

P(p)=2Grr o} {4{—1,11{&]} - 8F[—1,21n [&ﬂ —4r[o,1n[&ﬂ —p—z} , (16)
p p Pl p

2
Grry p, 8 NP~ VAP0~
P(p) = 0P| 2 \/; arctan NP —4arctan NA P , (17)
2 Lo~ P \/; \/;
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3.0x10
00125k .o O
T Bl
o0007sp T " . 2.0x10726
é ..... Isothermal ] i 2
<Loooso 0 - Exp. sphere Y R ~26
= Burkert RN \31 L5x107° Exp. sphere
= I s Einasto “I“‘I‘\:‘ e . Isothermal
,,,,, Einasto
0.0025 S 1.0x10726} ----- Burkert X
500 1000 5000 10* 500 1000 5000 10*

T (pc) T (l)C)

Figure 2 - Color online. Logarithmic density profiles (left panel)
and logarithmic pressure profiles (right panel) of DM in the halo for the profiles listed in table I

In figure 2 we plotted p(r) (left panel) and P(r) (right panel) for galaxy U5750, using Eqgs. (1) —
(6) and (14) — (15). As one can see, the pressure profiles follow the same trend as the density profile. In
figure 3 we plot the equation of state (left panel), obtained from Egs. (16) and (17) for ISO and
exponential sphere profiles and from numerical integrations for the Burkert and Einasto profiles.

It should be noted that for the ISO, exponential sphere and Burkert profiles p, is the central density.
However for the Einasto, NFW and Moore profiles p, is the characteristic density, i.e. the density near
the galactic center can be chosen arbitrarily larger than p, in these models. Thus, as one can see from
figure 3, the behaviour of the EoS is different for each profile. These results are similar to the ones obtain
in Ref. [24].
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Figure 3 - Color online. The equation of state of DM (left panel)
and speed of sound (right panel) in DM for the profiles listed in table I
C. Speed of sound
Perturbations due to DM, in adiabatic regime, can be accounted by means of the speed of sound
opP
cl=—, (18)
op

which can be deduced analytically from Egs. (16) and (17) for the ISO and exponential sphere profiles,

respectively,
4Gnr; 2(,00 - p) - pln(poj - (2 + pln(pon
) P P

¢t = : (19)
98
P
4Gy p, {(po -p)=p(p —p)arctaHL WH
¢ = — r A 0)
Po— P

In figure 3 (right panel) we plot the speed of sound, according to Egs. (19) and (20) for the ISO and
exponential sphere profiles, respectively and from numerical integration for the Burkert and Einasto
profiles. For large densities the speed of sound goes down. This behaviour is utterly opposite of compact
objects, where the speed of sound goes up with increasing density. However, in cosmology if the speed of
sound is less than in its surroundings then this fact allows to form structures as galaxies, i.e. galaxies are

formed inside dark matter halos.

D. Refractive index
It is also interesting to study the refractive index » induced by the DM halo of galaxy U5750. In the

weak field regime it is given by

dr, (21)

(r) I GM (r)
C2r2

In figure 4 we plot the refractive index n as a function of the radial coordinate in the DM distribution

for the above considered profiles in galaxy U5750. As expected, the value of the index is very small in the

halo region. In the core region it grows slowly and becomes constant, slightly larger than in vacuum. So,
the gravitational lensing is quite weak. However, with our current techniques it is possible to measure the

lensing effects with high precision [25].
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Figure 4 - Color online. The refractive index for DM in galaxy U5750 for the profiles listed in table I

V. Conclusion

We analysed the RC of the spiral galaxy U5750 and inferred the free parameters of the considered
profiles with the help of the least square method. We used the well-known DM density profiles in the
literature and, in addition, we considered as an instructive example the exponential sphere profile for
comparison. Unlike other profiels, the exponential sphere profile is usually applied to study the inner parts
of galaxies [12], and here we used it to the halo. Although this model has one of the lowest BIC and good
estimation of the DM total mass, its use in the description of the halo is not physically motivated.

We considered also the NFW and Moore profiles for completeness, though the density profile
diverges as » — 0 causing the cuspy halo problem. Moreover, from the fit the parameters of these two
models were not well constrained in accordance with Refs. [19, 20]. Indeed, we conclude that the two
profiles are not appropriate to study DM EoS.

It turned out that only three profiles, i.e. ISO, Burkert and Einasto profiles, are suitable for the
analysis of the DM equation of state as » — 0, where the density tends to be finite avoiding cusps. Out of
the three profiles, Einasto profile has the miminum BIC number and ISO profile the maximum one. The
same is true for y° values, though the Burkert and ISO profiles values are closer to unity. The difference

in BIC between Einasto (with three free parameters) and ISO (with two free parameters) profiles is
ABIC =24 ; the difference in BIC between Einasto and Burkert (with two free parameters) profiles is
ABIC =17 . These results exhibit a very strong evidence against the ISO and Burkert models. So, we can
conclude that Einasto profile is the most suited profile to study the DM equation of state of the galaxy
Us5750.

Although the behavior of p(r)and P(r) profiles is similar, the equation of state P(p) is not

unique, we expected that it would be model independent. However, our supposition was not confirmed.
This only means that DM problem remains not fully solved and understood. Therefore, one should
propose new ideas, theoretical models and probably some experiments to better comprehend the nature of
DM.

In addition we estimated the speed of sound and showed that it is different among the considered
profiles. Nevertheless, the speed of sound had a tendency to decreases with increasing density for all
profiles. This is a unique feature for DM which plays a key role in the large-scale structure formation.

Furthermore, we calculated the refractive index in the dark matter distribution. It was constant near
the galactic core and was decreasing in the halo region. Its value was slightly larger in the galaxy filled
with DM than in vacuum. This characteristic can be used to measure and explore gravitational lensing
effects.

It would be interesting to study dark matter properties in other galaxies including their complex
structures such as a core, bulge, disk and halo. This will be the issue of future studies.
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US750 TAJIAKTUKACBIHJAFbI KAPAHYbI MATEPUSIHBIH KACHUETTEPI

Annoranus. Kapanrer matepus (KM) maceneci - Ka3ipri acTpouM3MKaHbIH, KOCMOJIOTUSTHBIH JKOHE 3JIEMEHTap
OenmekTep (HU3MKACBIHBIH Ipredii kKoOHE i MICHIUIMEreH MocenenepiniH 0ipi. KM-HbIH OapHOHIBIK MaTepusIaH
albIPMAaIIBUIBIFBI, OJ1 JIEKTPOMAarHUTTIK ©3apa acepiecyre KaTbICIai/bl, TeK TPaBUTALMSIIBIK dCepiIecysiep apKblIbl
Oaifkamaabl (MYMKiH, OJICi3 9cepiiecy apKbUIBI 1a), COHIOBIKTAH OHBI TiKeled OakpuIaylap apKbUIBI TipKey >KOHE
3epTTey MYMKIHIri OCHI KyHTre Aeiin Oonmaii atelp. Kazipri ke3ge KM OneMHIH jKalIbl SHEPreTHKAIBIK YIeCIHIH
26.8% KypaWThIH MaTEpUSHBIH EpeKIIe TYpi. ACTPOHOMUSUIBIK OaKpUIayap KapaHFbl MaTepHs HETI3iHEH rajJakTuka
icmeTTi ipi MacmTaOThl Faphbill OOBEKTUICPIHIH JKOHE OJapAbIH KIIACTEPJICPiHIH aiHaJaChIHAA IIOFBIPIIaHATHIHBIH
Kepceteni. By perTe KapaHFbI MaTepus rarakTuka MaccacslHbIH 90% - Ha JeiiiH KypaiThIH rajqoaaH Typajibl.

Byn sxymeicta U5750 mmbelpmibIkTel TamakTukackiHOa KM tapamysr 3eprreneni. US750 ramakTHKaHBIH
cUMaTTamalapblH 3epITey YIIiH H30TepMUsuIbIK, Bbypkept, HaBappo-®pank-VYaiit, DiiHacTo xoHe Myp CHSKTHI
Oenriyi koHe KeHIHEeH KOJIAaHBUIATHIH THIFBI3BIK MPOQHIIbIEp] KapacThIpbliabsl. COHBIMEH KaTap, CAIbICTBIPY YIIiH
SKCTIIOHEHIMANB! chepaHblH NpoQMli 3epTTeNal. OJeTTe O raJaKTUKAIApAbIH iIKi OeJiKTepiH 3epTrey YIUiH
KOJIIaHbUIaABI, Oipak Makaiaga MbICal peTiHae KenTipinai. ['amakThka AWHAMHKACBIHIAFBI KapaHFbl MaTEePUSHBI
ecerke anry HpIOTOHIBIK XKYBIKTay asChIH/A Aa COTTI JKy3ere achipbliaasl. US750 rasakTHKacs! YIIiH H30TEPMHUSIBIK
npoduis en yiken BIC xoue e ynken y~ kepcerti. HOY sxone Myp mpodunbaepi r — 0 Gomran Kesze, OpTaibIk
THIFBI3IBIK IIeKci3mikre ymMTeuTansl. CoHabIKTan Oyt exi mpoduns KM Kyl TeHIeyiH 3epTreyre kapaMaiiibl, Oipax
YIKEH KaIUBIKTBIKTA OJIap JKas3blK alHaly KUCBIKTapblH Oepeni. Au, BypkeprT, DHHACTO >KOHE H30TEPMHUSIIBIK
npodunpaepi r — 0 kesinge KM kyil TeHumeyin Ttangayra ete Konaiibl. JKorapbima alThuiFaH OapiibIK
npoduibaepaiH itmaae DitHacto npoduii yimia BIC-TiH MOHI MUHUMAJIIBI, a1 H30TEPMIBLIBIK podwis yirid BIC —
TiH MaKCHMAaJIIbI OOJI/IBL.

CoHbIMEH Kartap, THIPOCTaTUKAIBIK Tele-TeHIIK TeHIEYl oHe op NpoMiIb YIIiH paauaiibl KOOpJHHATAHbIH
(yHKUMSICHI peTiHAe KbICHIM MPOQHIIbAepl TYPFbI3bULIbL. KapacThIpbuIblll OTBIpFaH rajaktukaaarbl KM ymriH kyi
TEHJIEY] JIBIHABI )KOHE JIBIOBIC JKBUIIAM/BIFEI €CENTENIH/l. DHHACTO, N30TEPMAJIbIK, BypKepT skoHE SKIOHEHIH A IbI
cdepa mpoduiIbaepiHIEe THIFBI3ABIKTEIH apTYbIMEH IBIOBIC >KbUIIAMIBIFEl a3asATHIHIBIFEI kKepceTinai. Erep oprana
JBIOBIC JKBUIIAM/IBIFBL a3asThIH 00Jica, OHZA 0J1 OJEMHIH ipi MacIITa0Thl KYPBUIBIMIAPHIHBIH KAJIBIITACYBIHA BIKIAN
ereriHi kocMmojoruigad Oenrim. Conpaii-ak, KM-HBIH ynecTipyiHzeri ceiHy Kepcertkimii ecemnrteminmi. CriHYy
KOPCETKIIIl TalaKTHKaHBIH OPTAChIHA JKAKbIHOAFaH CAbIH TYpaKThl OOJATHIHEL, ajl rajo aiiMarblHIA a3asThIH/IBIFbI
kepcerinmi. OHBIH caHIBIK MOHI Bakyymra Kaparanga KM Oap ramaktmkaga kem Oonnmel. Byn cumarramasbt
rpaBUTAlMSIIBIK JHH3aNay 3 QeKTiCiH 3epTTey YIIiH KoJiaHyFa 00Ja bl

Tyiiin ce3mep: KapaHFbl MaTepHsl, alHATY KUCBIKTAPbLKYil TeHIEY1, ABIOBIC KbUIIAM/IBIFbI, CHIHY KOPCETKIIIII.
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CBOMCTBA TEMHOM MATEPUH B TAJIAKTHUKE U5750

AnHoTtanus. IIpobrema Temuoit matepun (TM) siBisercs ogHON M3 QyHAaMEHTAIBHBIX U IOKAa HEPEIIEHHBIX
mpobJieM COBPEMEHHON acTpo(M3UKU, KOCMOJIOTHH M (PU3MKH 3JICMEHTAPHBIX YacTHIl. B OTiIHuYuEe OT OOBIYHOIO
BUAUMOTro / GaproHHOTO BeliecTBa, TM He y4acTByeT B 3JIEKTPOMAarHUTHBIX B3aUMOJEHCTBUSIX, HO NIPOSBIISIET ce0s
TOJILKO Yepe3 IpaBHTALMIO (M, BO3MOXHO, TAaKXe uepe3 ciaboe B3aUMOJEHCTBHE) M MOITOMY HENOCTYIHA JUIs
npsMbIX HaOmroneHnit. Cunraercsi, 4To B Hacrosimee BpeMst TM cocraBisier okoio 26,8% ot oOmielt Macchl Bcex
¢opm marepuu Bo BceseHHOI. AcTpoHOMHYECKHE HAOJIOAEHHS MOKa3bIBalOT, 4T0 TM B OCHOBHOM KOHLIEHTPH-
pyeTcst BOKPYT KpyITHOMACIITaOHBIX KOCMUYECKHX OOBEKTOB THIIA TAIAKTHK U MX KJIACTEPOB.

B manHoii pabote umccumemyercs pacmupeneneHue TM B crupanpHO# Tamaktuke US5750. s mccnemoBaHus
XapaKTEPUCTHK JaHHOW T'aJaKTUKH PAaCCMOTPEHBI U3BECTHBIE W IIMPOKO MCHONIb3yeMbIe MPO(HIN INIOTHOCTH, TaKHE
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Kak m3oTepmuueckuii, bypkepra, HaBappo-®penka-Yaiita (HOY), DitHacto 1 Mypa. Kpome Toro, mis cpaBHEHUs
paccMoTpeH MpodWilh SKCIOHEHIHANbHOH cdeprl. OOBMHO OH MpHUMEHSETCS A M3yYeHHs BHYTPEHHHX dacTei
TajlakTHK, HO 37IeCh ObUT IPUBEJICH B KadecTBe NpuMepa. HaxoxaeHne YicieHHoro 3HaYeHUs! MapaMeTpoB npoduis
rajgo TEMHOM MaTepHu MpEeACTaBiIsAeT COOOH ONpeAeNeHHyI0 MpobiieMy, KOTOPYIO, Ha Hall B3IV, MOXKHO PELINTh
MyTEM HCCIECIOBAaHMs IUHAMHUKM TrajnakTuk. IIpm 3ToM yder TeMHOW MaTepunm B IMHAMHUKE TaJaKTHUK yJadyHO
peanusyercsi B pamkax HbroroHoBckoro npubikenus. st ranakruku U5750 nzorepmuueckuid npoduiib mokasai

camblii 6osbiioi Bayesian Information Criterion (BIC) n camsrit 6osbioit ;(2 .Ipodpumm HOY u Mypa pacxonsarcs

npu r — 0, Be3bIBast pobsiemy kacna (the halo problem). [lns uccnenoBanust ypaBHenusi coctosiHust TM atu n1Ba
npoduiIs HEe TMOIXOMIAT, XOTS Ha OOJNBIIMX PACCTOSHUAX OHM JAIOT IUIOCKHE KPUBBIE BpalleHus. A mnpodumm
BypkepTa, OHHACTO U U30TEPMHUUYECKUI JTyUllle BCEro NOAXOMAAT JJIs aHAIU3a ypaBHEHUs cocTosiHud TM npur — 0,
TaK KaK IUIOTHOCTb CTAHOBHUTCS KOHEYHOW. M3 Bcex BbIIE IEpedMClIeHHBIX npoduieit DiHAacTO HMeer
MuHIMaIbHEIH BIC, a m3oTepmuaeckuii npod s MakcumanbHbI BIC.

ITomumo 3TOTO, OBIIO PENIEHO ypaBHEHHE TMIPOCTATHYECKOTO PAaBHOBECHS M MOCTPOEHBI MPOGIIIH JaBICHUS
Kak (QYHKIWA pamualbHOW KOOPIUHATHI Ul Kaxkaoro mpoduis. O0bequHSs NpOoQHIN IIIOTHOCTH € TPOQIUIIMHI
JIaBJIEHMS, TIOJyUEHO ypaBHEeHUe cocTosiHus TM B paccmaTpuBaeMol rajaktuke. Paccunrana ckopocts 3Byka B TM
W TI0Ka3aHa, YTO CKOPOCTh 3ByKa BeAeT ce0sl He oJHo3Ha4yHO. [l npoduei DiiHacTo, BypkepTta, H30TepMU4eCKOro
U OSKCIOHEHIHMAIBHONW c(epbl CKOPOCTh 3ByKa YMEHBINAETCS C YBEIMYCHHWEM IUIOTHOCTH. OTO YHHKAaIbHAs
ocobenHocTh TM, KOTOpast UTpaeT KIOYEBYIO poiib B (POPMUPOBAHUH CTPYKTYpHI. 13 KOCMOJIOTHH M3BECTHO, YTO
€CIIM CKOPOCTb 3BYKa B Cpelle YMEHBLIAETCs, TO OHa CIIOCOOCTBYET OOpa30BaHUIO KPYNMHOMACIITAOHBIX CTPYKTYP
Bcenennoii. Kpome Toro, paccuutan mokasarenb HMPeJIOMIEHHUS B paclpeneneHun TemMHod marepuu. [lokazaTens
MIPEIOMIICHUS! OBIII IOCTOSIHHBIM BOJIM3H raJIAKTHYECKOTO A1pa U yMeHbIaics B obiactu rano. Ero 3Hauenue Obuio
HECKOJIBKO OOJIbIIIE B raJlakTHKE, 3ar0JHeHHOH TM, ueM B BakyyMe. DTy XapaKTepUCTUKY MOXKHO HCIIOJIb30BATh IS
M3MEPEHNUS U U3Y4IeHUs 3PEKTOB IPaBUTANOHHOTO JIMH3UPOBAHUSL.

Ki1roueBble c10Ba: TeMHasi MaTepusi, KpUBBIEC BPAILICHUS, YPABHEHHE COCTOSHUSA, CKOPOCTh 3BYKa, ITOKA3aTellb
TIPEIOMIICHUS
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MASS DISTRIBUTION OF DARK MATTER HALO
AND SCALE EVOLUTION OF EARLY TYPE GALAXIES

Abstract. In this paper we use two suites of ultra-high resolution N-body simulations Phoenix and Aquarius
Projects to study the assembly history of sub-halos and its dependence on host halo mass. We found that more
massive haloes have more progenitors, which is in contrast with former works because they counted dynamical
progenitors repeatedly. Less massive halos have larger fraction of dynamical progenitors than more massive ones.
The typical accretion time depends strongly on host halo mass. Progenitors of galactic halos are accreted at higher
redshift than that of cluster halos. Once these progenitors orbit their primary systems, they rapidly lose their original
mass but not their identifiers. Most of the progenitors are able to survive to present day. At given redshift, the
survival fraction of accreted sub-halos is independent of host halo mass, while sub-halos in high mass halos lost
more mass.

In the second part, we use a semi-analytical galaxy formation model compiled on a Millennium Simulation to
study the size evolution of massive early-type galaxies from redshift z = 2 to present days. We find that the model we
used is able to well reproduce the amplitude and slope of size-mass relation, as well as its evolution. The amplitude
of this relation reflects the typical compactness of dark matter halos at the time when most stars are formed. This link
between size and star formation epoch is propagated in through galaxy combinations. Minor combinations are
increasingly important with increasing present day stellar mass for galaxies more massive than 10'*Mg. At lower
masses, major combinations are more important. In situ star formation contributes more to the size growth than it
does to stellar mass growth. Similar to former works, we find that minor combinations dominate the subsequent
growth both in stellar mass and in size for early formed early-type galaxies.

Key words: dark matter halo, semi-analytical galaxy formation model.

1. Introduction. The un-evolution sub-dark matter halo mass function (USMF) describes the mass
distribution of all precursor dark matter halos involved in the construction of the dark halo and its
substructures throughout the dark halo formation. The mass distribution of dark matter halos. Some of
these dark bodies that fell into the main dark halo disappeared, and some survived as a sub-dark matter
halo. Their mass distribution plus the influence of evolution is the current sub-dark matter halo mass
distribution. In order to understand the dependence of the sub-dark matter halo mass function on the
quality of the main dark halo, we need to know more about it from the USMF. First, whether the USMF of
the galaxy cluster darkness and the galaxy dark halo is the same; second, whether the current sub-dark is
dependent on the quality of the main dark halo is caused the evolution is different at the beginning. In
paper [1] were studied the distribution of the current dark halo in 2009. They found that the USMF does
not depend on the quality of the main dark halo. This result is a bit strange, because the energy spectrum
of the standard cosmological model is not scale-independent, so it is difficult to understand why the main
dark halo of different scales actually have the same USMF.

We use the dim sum of the tree to track all the predecessors. First we need to build the main branches
of the dark matter halo and the trees. Our method is to start with the main dark halo of the redshift z = 0,
find the predecessor of the highest quality of its last time point, and then find the predecessor of the
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highest quality at this moment. Repeat this step until the darkness of the predecessor is too low cannot be
resolved (there are 32 particles in the numerical simulation we used), and the precursors of the largest
mass at each moment constitute the main branch of the combined tree. Then, if a dark halo eventually
enters the radius of the main branch (R,), it is defined as the darkness of the predecessor. The darkness of
the predecessor is very important when accretion is a sub-dark halo, and many previous work gives a
variety of definitions. For example: in the paper [2] used the moment when the dark halo entered the FOF
group of the main branch; in the paper [3] used this dark matter halo to reach the moment of its greatest
quality in history. In this work, we define the maximum wraparound velocity (V,,.,) of a sub-dark matter
halo, and it is also an independent dark halo, defined as its accretion time. Correspondingly, its mass is
now defined as the accretion mass. We use this definition because of Gao et al. [4] found that the mass of
a satellite galaxy closely related to the peak of the maximum surrounding velocity of the sub-dark matter
halo.

The combined tree of dark matter halos is generally very complicated, we need to consider two
special cases, I will explain it in detail next. 1) Ejected halo: a dark halo has been briefly appeared within
the radius of the main branch, but it is eventually popped out when the redshift z = 0, and it is disappeared
in the outside of the virial radius of the main dark halo. Previous work found that the dark halo that was
ejected within the virial radius of 1~3 times around the main dark halo, and the probability of being
popped was related to their own quality, which is the main cause of the deviation of the aggregation.
Because the main dark halo is less affected by the current sub-dark halo distribution, we did not include
this part of the dark halo in the predecessor dark halo sample. 2) Through the dynamical progenitor: that
is, the former branch through multiple times of the main branch in dark matter halo. After the dark halos
of these predecessors entered the radius of the main branch, one or several redshifts appeared outside of
the radius of main branch, but eventually it is disappeared within the main branch or within the main dark
halo’s virial radius when the redshift z = 0.

The definition of the dark halo used in our predecessor is completely different from the early
observations [5]. They use the combined tree of the FOF group to find the dark halo of the predecessor,
and the dark halo which we are looking for the main combination into the R, of the main dark halo.
Because there are some dark halos in the FOF group are only connected by a thin particle "bridge" and do
not belong to the same system, our method can remove these false "sub-dark halos". In addition, the way
we track the darkness of our predecessors is completely different. When tracking the predecessor’s dark
halo, they only considered the dark halo of the main branch into the main combination, ignoring the dark
halo of the predecessors, which first combined into other dark halos and followed other dark halos into the
main branches. This method can give us less statistics of a large number of the dark halo’s predecessors.
In the work of Li and Mo [6] counted all the dark halo’s predecessors, including dark matter halos which
first entered other dark halos. But these dark matter halos, which first enter other dark halos, may have
been broken up before entering the main dark halo, so they ultimately did not contribute to the sub-
structure of the main dark halo, and their quality has been incorporated into their host dark halo at the
time. When the host darkness enters the main branch, it is counted as the quality of their host dark halo, so
they repeat the statistics of the quality of these dark halos. In our work, there is no statistics of dark halo
which are disappears in the darkness of other predecessors. The two important differences between Li
Yun's work and our work are that they count as a predecessor of dark halo every time they meet.

2. Mass distribution of dark matter halo. In figure 1, we compare the ratio of Phoenix dark halo
and Aquarius dark halo through the predecessor dark halo to all front of main dark halos. The figure
shows the median values of 7 Phoenix dark halos and 6 Aquarius dark halos. Through the darkness of the
predecessor dark halo, the R, that repeatedly enters the main branch is repeated, and the predecessor dark
halo that eventually disappears in the main dark halo. The results for Phoenix are indicated by solid red
lines and the results of Aquarius are indicated by solid black lines. The horizontal axis is the quality of the
dark halo of the predecessor normalized by the quality of the main dark halo. Note that at this time we are
counting the predecessor dark halo which passed through the front, not the number of crossong times of
the predecessor dark halo. It can be seen from the figure that when the quality of the current dark halo is
greater than 1/1000 of their main dark halo quality, whether it is Phoenix dark halo or Aquarius dark halo,
the proportion of predecessor dark halo through the front is small. But the proportion of dark halo lower
than this quality is very large. Phoenix's galaxy group has about 35%, and Aquarius's galaxy group has
about 50% of its predecessor dark halo has crossed the main branches for many times.
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In figure 2, we present the USMF for the integration of the Phoenix numerical simulation and the
Aquarius numerical simulation. The red solid and black solid lines represent the median of the USMF for
each of the seven Phoenix galaxy cluster halos and the six Aquarius galaxy dark halos, respectively. The
quality of the main dark halo limits the quality of its sub-dark halo, and the dark halo of the galaxy cluster
is even greater than the mass of the galaxy dark halo. In order to remove the dominant main dark halo
dependence to the quality, we use the quality of the predecessor dark halo normalized by the main dark
halo mass M,,, / Mj.,. The figure 2 gives the mass function of the integral, which makes the difference
between the different samples more obvious. As can be seen from the figure 2, the USMF is obviously
dependent on the quality of the main dark halo, and the Phoenix main dark halo of the galaxy cluster level
contains an average of 30% substructures more than the Aquarius main dark halo of the galaxy cluster
level.
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Below, we study the survival rate and survival mass ratio of the two redshifts z = 2 and z = 4, which
are accreted by the precursors. The triangle line in figure 3 represents the survival rate, and the number of
survivors compared to the number of surviving dark halo, which was accreted by the redshift. The square
line indicates the survival quality ratio, and the mass of the dark halo which is surviving to the present,
compared to the mass when they were just accreted. Red and black indicate the result of Phoenix dark halo
and Aquarius dark halo, respectively. It can be seen that whether it is in Phoenix dark halo or in Aquarius
dark halo, at the redshift z = 2 , the accreted predecessor of the dark halo, which mass is larger than the
(log(My106/Maoo, - = 0) > 107°), about 90% have survived to the present.
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In figure 4, we show the relationship between the survival rate and the survival mass ratio of all the
precursors, which accreted at all times in the history of the whole accretion, and the quality of the
predecessors. Red and black line give the median values of Phoenix Dark Halo and Aquarius Dark Halo,
respectively. The error bars represent the full range of diffusion for each of the sewen Phoenix dark halos
and six Aquarius dark halos. Triangles and squares represent survival and survival mass ratios,
respectively. It can be seen from the figure 4 the survival rate of the dark halo of the predecessor is more
dependent on its quality, and the massive predecessor dark halo is more easier to be destroyed, because the
greater the mass of the dark halo, the stronger the dynamic friction. The dynamic friction and the tidal
stripping force work together to make the massive dark halo predecessor’s survival rate lower.
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Figure 5 - The median value of the existing sub-dark matter halo Figure 6 - Scale-quality relationship of early-type
in the Phoenix dark and Aquarius dark halo galaxies at different redshifts

In figure 5, we show the median value of the survival mass ratio of Phoenix dark halo and Aquarius
neutron dark halo and their relationship » / g in the main dark halo. To compare the dependence of this
relationship on the sub-dark halo mass function, we divided the sub-dark halo samples into two parts
according to the mass: 10°< M,/ M, < 10° and 10° < M,,;, / M,. The error bars represent the full
dispersion of Phoenix Dark Halo and Aquarius Dark Halo. It can be seen that the survival mass ratio of the
sub-dark matter halo has a strong correlation with their distance from the center, and this correlation does
not depend on the mass of the sub-dark halo.

In figure 6 gives the median distribution of the scale-quality relationships for the three samples
(samples represented by red, green, and black solid lines). It can be seen that the slope of the scale-quality
relationship is almost independent of the redshift, and the amplitude has increased by about 1.2 times from
the redshift z ~ 1.6 to the present. The square in the upper graph in figure 6 represents the scale-mass
distribution of the galaxies of each sample in the redshift z = 0. Unlike the dashed lines, they only contain
the early galaxies of the satellite galaxies when the redshift is z = 0. About 27% of the MidZ galaxies,
about 21% of the HighZ galaxies are satellite galaxies in nowadays. The higher the dark matter of the
same mass, the higher the redshift and the denser, the evolution of the dimension follows to this formula
Ry (2) H(z)_Z/3 .

3. Formation of early galaxies. In figure 7, we examine the contribution of different physical
processes to the mass of early-type galaxies. We follow the main branches of the combined trees of each
galaxy, and record the in-situ star formation, the galaxy main combination, the minor combination,
starburst, and this contribution of these four physical processes to the mass growth during the growth of
the galaxy. Divided by the total stellar mass, and all sample galaxies take the median by mass interval.
The solid line indicates the result of the LowZ galaxies, and the dashed line indicates the results of the

— 94 ——
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MidZ galaxies. In the process of in-situ star formation, we distinguish between stars formed by starbursts
caused by galaxies (indicated by black) and stars formed statically on galaxies (indicated by green). We
distinguish the main combination (indicated by blue) or minor combination (indicated by red) according to
the mass ratio of the two galaxies.

In figure 8, we present the scale-growth process of four galaxies with redshift z = 0 in the model. We
record the changes in the mass and radius of the galaxies caused by different physical mechanisms at each
moment, and link the changes on the scale-quality map with lines of different colors. The change in
quality is monotonous, but the scale is usually increasing or decreasing. At low quality (high redshift
time), the scale and quality of our sample galaxies grow mainly through the formation of static stars (black
lines) on the galaxies, and the quality formed during this period is only comparable to the final mass of the
galaxies. Very small, but the most scaled growth is very effective. After the redshift z = 2 (vertical dotted
line), the evolution of the galaxies is dominated by the combination. Consistent with the statistical
average, the main combination (blue) dominates the growth of relatively small-mass galaxies, and the
minor combination dominates the growth of large-mass galaxies.
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As shown in figure 9, there are several very important features in the sample which we are tracking.
For example: there is no significant difference in the scale of growth between main and minor
combination in terms of growth unit mass. Part of the reason is because we used in the calculation of the
galaxies' scale changes, contains the mass ratio. Before the combination, the radius of the two galaxies
were: 5.9 kpc and 1.7 kpe, and the corresponding masses were: 12.2x10'° M and 8.8x10'° M. After the
combination, the projected radius of the newly formed galaxies is 5.1 kpc.

Figure 10 shows the average scale and mass change from the (HighZ (red solid line) and MidZ (blue
solid line)) high redshift early galaxies to the low redshifts. We will compare the evolution of the galaxies
after the minor combination process, which will cause the shape of the galaxies to change. We only
consider the scale and quality of the nucleus to remove the influence of the disk of the galaxies. We found
that although the MidZ galaxies are not early galaxies when the redshift z = 2, their scale and quality are
pursuing HighZ's early galaxies. As can be seen in figure 16, the HighZ early-type galaxies are redshifted
from z = 2 to redshifted z = 0. The quality has increased by 2 times and the scale has increased by
1.9 times. The MidZ galaxies’ mass increased by 1.7 times from the redshift z = 1 to the redshift z = 0,
and the scale increased by 1.5 times.
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4. Conclusion. We use the latest half-system galaxies formation model to study the scale evolution of
large-scale early galaxies. We found that the half-mass radius of the early-type galaxies with redshift z =0
in the simulation is 1.8 times larger than the radius of the early-type galaxies with the redshift z = 2
selected by the same method. This discovery is consistent with many recent observations.

When we choose galaxies in the same way in different redshifts, we are not choosing the same
galaxies. In low redshifts, new galaxies are constantly becoming early galaxies. The number of early
galaxies has increased by 100 times from redshift z = 1 to z = 2. Therefore, most of the current early-type
galaxies are not early-type galaxies in high redshifts, and the mass range of early-type galaxies are also
changed. Therefore, there are two main reasons for the changes in the scale of early-type galaxies.

Convergence, stellar accretion, and in situ star formation preserved this dependence on formation
time, to a greater or lesser extent, in the evolution of early-type galaxies during low redshift periods.
Compared with star formation, the combination dominates the quality and scale evolution of early low-
shifted galaxies, and the minor combination is most important for the evolution of early-type galaxies with
My > 3 x 10" M. The starburst caused by the combination only contributed 5% in quality growth,
indicating that starbursts occurred less. Previous studies have shown that the red-shifted z = 1 after the
combination is a lack of gas, consistent with our conclusions. In-situ star formation contributes more to
scale growth than to mass growth. But for large-scale galaxies, in-situ star formation contributes less to the
scale or mass than to the combination process. We found that early-type galaxies formed by high redshifts
mainly grew by sub-combination in the subsequent evolution. Their nuclear mass and nuclear sphere
radius increased by 2 and 1.9 times from redshift z = 1 to redshift z = 0, respectively. When we studied
the growth of individual galaxies, we found that a single galaxies combination or star formation may also
shrink the scale of the galaxies.

The model we used did not incorporate the physical process of gas interaction energy dissipation
when combined, which resulted in our results being too large for observations with high redshift gas [10].

Most early-type galaxies formed by high redshifts have evolved to today's central galaxies (of course,
most of the current central galaxies are not early-type galaxies at high redshifts). Then it is very interesting
to study the high redshift early galaxies in the low redshift state, or the low redshift galaxies in the high
redshift mass form distribution. These studies are relatively easy to implement in a half-cutting system.
We have conducted some research and look forward to publishing follow-up articles. In addition, the
observations emphasize the “binomiality” of galaxies evolution (Huang et al., 2013). The observations
show that high-redshift galaxies and low-redshift galaxies are consistent with the mass density profile
within 1 kpc from the center. The density profile within the internal 1 kpc is also independent of galaxy
mass. That is to say, the early-type galaxies with high redshifts only change externally during the
subsequent evolution. This question is also very interesting, but after some tests we made it, we regretted
that we could not study this issue using the current model.
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1. Kaiipatkbibt', J. C. KeBeno®

18J1—<13apa6p1 ateiaaarel Kaz¥V, Anmatel, Kazakcran;
’Mexkcrka YITTHIK ABTOHOMHUSLIBIK yausepcureti (UNAM)

KAPAHI'BI MATEPUSA T'AJIOCBIHBIH MACCAJIBIK TAPAJIYbBI
7KOHE EPTE THUIITEI'lI TAJIAKTUKAJIAPABIH TY3LJTY 9BOJIIOIUSICHI

AnHoranus. JXymbicta cyO-rajonapiblH JKHHAKTATY TapUXbIH JKOHE OHBIH Tal0 MaccachlHa TOYEJJIUIITiH
3eprrey yuwin Phoenix men Aquarius Projects-TiH KOFapbl yJIbTpa aXbIpaTbIMIBUIBIFBIHBIH N-I€HENK MOJIeNbACYiH
KOJIJTaHAMBI3. MaccallblK TaTOHBIH HETi3iH KaJayIIbIHbI aHBIKTAIbIK, OYPBIHFBI )KYMBICTAPMEH CaJBICTRIPFAHIIA, OIap
JMUHAMUKAJIBIK HETI31H KajaraH rajojapJsl OipHENIe peT ecenTercH. A3 MacCHBTI TajoFa KaparaHIa Maccachl a3
rajonapra JUHAMHKAIBIK YHKETICTIH YIKeH ocepi Oap. OmETTeri >KMHAKTAy YaKBITHI Taj0 MaccachlHa TOYeJi.
[MaakTHUKAIBIK KapaHFbl MATEPHsl TajoJapblH HETI3iH Kypaylibl KbI3bUI BIFBICY KE3iH/E KIACTEPIIK rallakTHKAaIbIK
rayioyanapra KaparaHnua »Xorapel Oonmanbl. byn Gacray e3nepiHiH anFamIkel JKyidenepiHiH aifHamachblHOa OOJFaHHAH
KeHiH, HAeHTH()UKATOPJIAPBIH eMeC, 0acTalKbl MacCachlH TE3 YKOFaITaabl. ATaJbIK raJojapAblH KOIIIUIr OyriHre
JeiiiH eMip cypin kennai. bepinreH KpI3pUT BIFBICY Ke3iHAE aKKpEUWsUIaHFaH CyO-TaJocTapAblH TIpLIUIIK eTy yIeci
HETi31H KaJaFaH rajlo MacCachblHa TOYEI i eMec, ajl YJIKEH rajoyiapIarsl cyOraaoaap Ker MacCcachlH )KOFaITaIbl.

Exinmri 6emimae 013 z = 2 KbI3bUT BIFBICYBIHAH OacTar OYTriHre AeHiHTT MACCHBTIK €pTEe THITI rajaKTHKAIAP/IbIH
KOJIEMJTIK IBOJIIOLMSICHIH 3epTTey YIIiH MBIHXbUIIBIK Moenbaeyi OolbIHIIA KYpacThIPbIIFaH rajlaKTUKaHbIH Maiiia
OOJYBIHBIH JKapThUIA aHAIUTUKAIBIK MOJENIH KOJJaHaMbI3. bi3 KOJJaHFaH MOJENh aMIUIMTYJAackl MEH Keioey
MOJIIIePiH, COHJA-aK OHBIH ABOJIOIMACHIH JKaKChl IIBIFAPYFa KaOUICeTTI €KeHIH aHBIKTaiMBI3. ByJl KaThIHACTHIH
aMILUTUTYIAChl KOINTEreH >KYIIbI3Iap Maiiia OOoNFaHIaFbl KapaHFbl MAaTEpUs TaJOCHIHBIH THUNTIK BIKIIAMIBLUTBIFBIH
KepceTeni. by emmemM MeH XYIIIBI3AapAbIH Maiina 601y A0yipi apackIHIAaF OaljIaHbIC TalaKTUKAHBIH TipKeciMaepi
apKBUTBI Tapanaapl. [ amakTUKamap VIIH Ka3ipri >KYJIABI3 MacCachIHBIH ©cCyiHe OalIaHBICTBHI KIIITipiM KOMOWHA-
UsuIap 10”‘4M@—neH YJIKeH MaHbI3Fa He. TOMeHTi Macca/ia HeTi3ri KoMOWHAIsIap MaHbRIBL. JKYIIIbI3 emeMiHiH
YIFaloblHA KapaFaHIa KYJIIbI3 MacCachbIHBIH KoOetoiHe KoOipeK BIKNal eTeli. bypbIHFBI dKYMBICTapFa YKcac, Killi-
ripiM KOMOMHAIMsIIAp JKYJIABI3ABIK Macca OOWBIHIIA Ja, epTe Maima OONFaH epTe THUITErl rajJaKTHKalIapaa Keem
OoiibIHIa 1a 6ackIM O0NaIbL.

Tyiiin ce3mep: KapaHFbl MaTepHst I'ajlo, raJaKTUKAHbIH JKapThUIall aHATMTUKAIIBIK TY31Tyi.

1. Kaiipatkbibt', J. C. KeBeno®

'Kasaxckuii HALMOHABHBIN YHUBEpCHTET HM. Anb-Dapali,
*HanuoHasbHbII aBTOHOMHBIH yHIBepcuTeT Mekcukn (UNAM)

MACCOBOE PACHPEJIEJIEHUE I'AJIO TEMHOM MATEPUH
N MACHITABHASA 9BOJIONUA T'AJIAKTUK PAHHUX TUIIOB

AnHoTanusi. B cratbe MBI Hcrnone3yeM JBa HaOOpa MoJenupoBaHHs N-Tela CBEPXBBICOKOTO pa3pelleHus
Phoenix u Aquarius Projects 1yist U3y4eHHst ICTOPUH COOPKHU CyO-Tallo U €€ 3aBUCHMOCTH OT MacChl OCHOBHOT'O TaJio.
MBpl 00Hapy KT, 4TO 00JIee MaCCHBHBIE T'al0 UMEIOT OOJIbLIE MPEALIECTBEHHUKOB, YTO KOHTPACTUPYET C MIPEAbLIy-
IMKAMH paboTaMu, MOTOMY YTO OHHM HEOJHOKPATHO CUUTAIN JWHAMHYECKHE IPEIIIECTBEHHUKN. MeHee MacCHBHBIE
rajo MMEIOT OOJNIBIIYIO [OJII0 JUHAMHYECKMX HpPEALIECTBEHHHKOB, 4eM Oojiee MacCHBHBIC. THWITMYHOE BpeMs
AKKpPELWH CHIBHO 3aBHCHT OT MacChl OCHOBHOTO Tao. [IpeniecTBeHHUKY TaIaKTHYECKUX a0 aKKPELUPYIOTCs Ha
OoJiee BEICOKOM KPacHOM CMELICHHH, YeM y TaJI0 CKOIUIeHHH. Kak TONbKO 3TH NMpeANIeCTBEHHHKH BPAIIAIOTCS BOK-
PYT CBOUX MEPBUYHBIX CHCTEM, OHU OBICTPO TEPSIOT CBOIO MEPBOHAYAIBHYIO Maccy, HO HE CBOM MICHTH(HKATOPHL.
bonpmMHCTBO NpeamIecTBEHHUKOB JOKUBAIOT 4O HAIIMX AHEeH. IIpu JaHHOM KpacHOM CMEIIEHHH 01 BEDKUBAHUSA
cy0-raso He 3aBHCHT OT MacChl OCHOBHOTO Tajo, B TO BpeMs Kak cy0-Trano,) B OCHOBHOM rajio ¢ OOJBIION Maccoit
TEPSIOT OOJIBINE MACCHI.

Bo BTOpPOI1 YacTH MBI UCITIOJIB3YEM MOJTYaHATUTHYECKYIO MOJIENIb 00Pa30BaHuUs raJIaKTHK, CKOMITMIMPOBAHHYIO C
nomouipto Millennium Simulation, ajist u3yueHHs: IBONIOLUMHM Pa3MEPOB MAacCCHBHBIX TaJIAKTUK PaHHHUX TUIIOB OT
KpacHOTo CMeIIeHus z = 2 10 HaluX AHeil. Mbl 00Hapy KWiM, YTO MCIOJIb30BaHHAs HAMH MOJIEINIb CIIOCOOHA XOpOLIO
BOCITPOM3BECTH AMIUTUTYly W HAKJIOH 3aBUCHMOCTH pa3Mep-Macca, a TakXKe €€ IBOJIIOLHI0. AMIUIUTY 1A 3TOTO COOT-
HOUIEHUSI OTPAXaeT THIMYHYI0 KOMIIAKTHOCTh rajlo TEMHOW MaTepuH B TO BpeMsl, Korjga oopa3yercs OOJIBIIHHCTBO
3Be3]. OTa CBA3b MEX/Y Pa3MEpOM M 3I0XOH 3B€371000pa30BaHus PaCHpOCTpaHsETCs yepe3 KOMOMHAIMN T'aaKTHK.
BropocTHnieHHbIe KOMOMHALIMK CTAHOBSITCS BCe 00Jiee BAXKHBIMU C YBEJIIMUCHHEM COBPEMEHHOM 3BE3IHOI MacChl IS
TAIAaKTHK ¢ MacCUBOM OoJiee 10“‘4M@. ITpu Gonee HU3KUX Maccax 0ojee BaKHBI OCHOBHBIE KOMOWHAITH. 3BE3J10-
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oOpa3oBaHUe OOJBIIE CIIOCOOCTBYET YBEIMYCHUIO Pa3MEPOB, U€M POCTY 3BE3QHOIM Macchl. [10100HO mpempaymum
paboTam, Mbl OOHApy)XHMBaeM, 4YTO HE3HAUUTEIbHbIE KOMOMHALWK JOMHHUPYIOT B IIOCIEAYIOLIEM pPOCTEe Kak
3BE3HOM MacChl, TaK M pa3Mepa Ui paHo CHOPMUPOBABLIMXCS aJaKTHK PAHHUX THIIOB.

KiroueBble cj10Ba: rajgo TeMHOH MaTepyu, NOJIyaHATUTHIECKOE 00pa30BaHMe rajlaKkTHK.
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YBaxkaemble aBTOpPbI Hay4HbIX KypHasios HAH PK!

[Ipesumuymom HAH PK npussTto pemieHue, B LENSX MOBBIIIEHUS MEXKIYHAPOIHOTO
peiThHra akaJeMHUYeCKUX H3JaHHHi, OOBEAMHUTH Cleaylomue 3 jKypHana, HaumHas ¢ Ne 5
(cenTs0pb-0kTAOpE), 2020 T., ¢ BBICOKOpEeHTHHTOBRIMU XypHamamu HAH PK, Bxomsmmmu
B MEXXIyHapoaHble 6a3bl Scopus, WoS u ap.:

1. «M3Bectusi HAH PK. Cepusi 6Mo10ru4eckux U MeIUIIMHCKUX HAYK» OOBbEIUHUTH C
x)ypHanoM «/loxmanet HAH PK»;

2. «M3Bectusst HAH PK. Cepus arpapubix Hayk» — «Jloknaast HAH PKy;

3. «M3Bectust HAH PK. Cepusi 001ecTBeHHBIX M TYMAHUTAPHBIX HAYK» — C )KypHAJIOM
«Bectauk HAH PK».

Cratbu, KoTOperle myOnukoBamuch B okypHamax «M3Bectus HAH PK. Cepus
Oounonornuecknx U MeauuuHckux Hayk» u «M3Bectust HAH PK. Cepus arpapubix Hayk», BIIpeab
OynyT nmybnukoBatbesi B xypHane «/lokiaaasl HAH PK», a crarbu, nyOnukyemble B KypHaje
«M3Bectust HAH PK. Cepust 001mecTBeHHBIX U TyMaHUTapHBIX HaykK», — B KypHalle «BecTHUK
HAH PK».

[Ipu momaue crareil MpocUM yKa3blBaTh Ha3BaHUE KypHaJla U OTpacib HAyKH, COIJIACHO
MPEACTABICHHOTO MepeyHs (CM. HUKE) B IAaHHOM XKypHaJe:

I. Hayunsni xypHan «BectHuk HAH PK» mocesmen wuccnenoBaHusM (yHIAMEHTAIEHOW HAyKH
(TyMaHUTapHBIE U €CTECTBEHHEIE):

Pe,[[aKI_[I/IOHHaH KOJUIET U IPUHUMACT CTAaThU 110 CICAYIOIIUM OTPAC/IAM HAyKHU:

1. 'ymanuTapHsle (3KOHOMHKA, IOPUCTIPYACHINS, HCTOPHS U apXEOJIOTHs, HOIUTONOTHSI ¥ COLMOJIOTHS,
dunocodus, Gpunonorus, NeAaroruka U ICUX0JIOTHs, TUTePaTypOBEIeHHE, HCKYCCTBOBEICHHE)

2. EcrectBeHHbIe (acTpOHOMHUS, (H3MKa, XMMUSsI, OHOJIOTHs, Teorpadus 1 TeXHHYeckue Haykn). [Ipumepst
TEXHHYECKHX HayK: KOCMOHABTHKA, KOpalOiecTpoeHHe, MalIMHOCTPOEHHE, CHCTEMOTEXHHKA, JJIEKTPOTEXHHKA,
3JIEKTPOCBA3b, PAJHO3IEKTPOHHKA, EpHAsl FJHEPTeTHKA U T.J.

Anpec cainta «BectHuk HAH PK» — http://www.bulletin-science.kz/index.php/en/arhive

II. Hayunsii xypuan «Joxmaaet HAH PK» mnocesmieH wuccienoBaHusM B OOJAaCTH  TOTYYCHUS
HAaHOMATEPHAJIOB, OMOTEXHOJIOTUU M SKOJIOTHH.

Pe}IaKLII/IOHHaﬂ KOJIJICT U MPUHUMACT CTATbH IO CJICAYIOINUM OTPAC/IsIM HAYKU:

1. [Tomy4yeHre HAHOMATEPHAIOB B OOJIACTH SCTECTBCHHBIX HAYK, MEJUIIMHBI U CEIBCKOTO XO35HCTBA.
2. broTexHONOTHs B 3eMIIC/ICIIHU, PACTCHUEBOJICTBE U 300TCXHHUKE.

3. O6mas 0noJIorus 1 OMOTEXHOJIOTUS B MEAULIVHE.

4. DKOJIOTHS.

Anpec canta «doknagbl HAH PK» — http://reports-science.kz/index.php/en/archive

Kpome Toro, B »xypnamax «M3sectuss HAH PK. Cepus ¢usnko-maremMaTnueckas»,
«M3Bectust HAH PK. Cepus xumuu u texunonoruit» u «M3sectuss HAH PK. Cepust reonoruu u
TEXHUYECKHUX HayK» TaKKe YKa3aHbl OTPACIM HAyKH, IO KOTOPBIM OyAyT NPUHUMAThCS HAay4YHbIE
CTaTbU JUIsl SKCIIEPTU3bI U JaJIbHEHIIETO Oy OIMKOBaHUS:

III. Hayunsit xxypHan «A3Bectust HAH PK. Cepus pusuko-matemaTnyeckas NOCBSIIEH HCCIEIOBAHUSIM
B 00JIacTH MaTeMaTHKH, GU3NKK U MH(POPMAIIMOHHON TEXHOJIOTHH.

PeﬂaKHI/IOHHaﬂ KOJUJICT U IIPUHUMACT CTATbU IO CJICAYIOINM OTPACISIM HAYKU:

1. Maremartuka.
2. Undpopmaruxka.
3. MHTENNIeKTyanbHBIA aHATN3 JaHHBIX U PacliO3HaBaHUE 00pa30B.

4. MareMaTH4eCcKoe MOJIEITMPOBAHNE COITUATBHBIX 1 YKOHOMUYECKUX MTPOIIECCOB.
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5. MexaHuka.

6. MexaHnKa MallliH 1 POOOTOB.

7. Teopus ynpaBieHHsS U KOCMUYECKHE HCCIIET0BAHUSL.
8. dusmka.

9. SnepHas pusuka.

10. Teopetnueckas puzmka.

11. ActpoHOMHUS.

12. NoHocdepa.

Appec cainta «UN3Bectna HAH PK. Cepus ¢mnsmko-matemaTuyeckasa» —

http://physics-mathematics.kz/index.php/en/archive

IV. Hayunsrit xxypHan «3Bectuss HAH PK. Cepusi XuMHM M TeXHOJOTHID» TIOCBAIICH MCCICIOBAHUAM B
00J1acTH XMUMHH U TEXHOJIOTHI HOBBIX MAaTEPHAJIOB.

PC,HaKL[I/IOHHaH KOJUIETHUA IPUHUMACT CTAThH 110 CICAYIOIUM OTPACISAIM HAyKHU:

O 01N DN KW~

. Oprannueckas XUMUsl.

. Heopranuueckast xumus.

. BeicokoMoOneKynapHbIe COeTMHEHNS.

. @usnueckas XuMus (KaTaiu3, SJIeKTPOXUMUS).

. TexHOJIOTHSI HOBBIX MaTepHrajioB.

. TexHomorus OpraHN4ecKmx BEUIECTB.

. TexHonorust HEOPraHMYECKNX BEILECTB.

. TexHonmoruss XuMH4IeCKUX yIOOPEHUH.

. TexHOTOTHSI MOMTMMEPHBIX U CTPOUTEIBHBIX MAaTEPHATIOB U CHIIUKATHI.

10. TexHOIOTHS MHUIIEBHIX TPOTYKTOB.
11. ®apmaneBTHUECKask XUMUSL.

Agpec caita «UN3Bectna HAH PK. Cepusi XumMnu 1 TexHonormumy —

http://chemistry-technology.kz/index.php/en/arhiv

V. Hayunsii xypHan «U3Bectus HAH PK. Cepusi reojorum M TeXHHYECKHMX HAYK» TOCBSIICH
HCCIICIOBAHUSIM B OOJIACTH I'€OJIOTUH M TEXHUYECKUX HAYK:

PeﬂaKHI/IOHHaﬂ KOJUJICT U IPUHUMACT CTATbU IO CJICAYIOINUM OTPACISIM HAYKU:

O 03O\ L KA Wi~

. 'eonorus.

. PernonanbHas reonorus.

. [lerponorus.

. l'eomorus vedty u raza.

. I'eonorus u reHe3uc pyAHbIX MECTOPOXKIEHUI.

. 'maporeosiorus.

. T'opHoe neno u reomexaHuka.

. @yHamMeHTanbHbIe TPOOJIEMbl 000TalIEHHST MUHEPAIBHOTO CBHIPbSI.
. UmxenepHast reosorusi.

10. Teousuka u celicMOIOTHS.
11. I'eorpadus.

Appec caitta «M3Bectna HAH PK. Cepus reonormm n TexHM4eCKnX Hayk» —
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