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RESPONSE OF THE ISOTROPIC HERNQUIST SPHERE TO FLATTENING
OF ITS SPATIAL STRUCTURE

Abstract. Elliptical galaxies are interesting objects to study, as the mechanisms of their formation,
evolution and stability are still unclear. In addition to the methods of observational astronomy, computer
simulation methods have been actively developed and used in recent decades, in particular, to study galaxies
as isolated collisionless systems. In this case, an important task is to find the equilibrium distribution
function to determine the initial conditions of the system. One of the known distribution functions used to
construct elliptical galaxies and dark matter halos is the Hernquist distribution function. This article examines
the stability of a system constructed according to this distribution function with respect to perturbations
introduced into the structure of particle distribution; the method used for generating the initial conditions
is described; the density profiles for spherical and non-spherical systems are considered; a macroparameter
D that characterizes the deviation of the perturbed system from certain state is introduced. The result of
this work is the conclusion that, on the whole, after the introduction of disturbances, the system stabilizes,
and the degree of the system’s tendency to acquire the initial shape depends on the nature of the introduced
disturbances and their magnitude. Density wave is observed, passing over time from the center of the system
to the periphery. We can conclude that the isotropic Hernquist distribution is irreversible with respect to the
introduced perturbations of its structure.

Key words: elliptical galaxies, Hernquist distribution, stability, perturbations, N-body simulation.
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XEPHKBHUCT U30TPOITHI COEPACBIHBIH KEHICTIKTIK K¥PbILJIBIM/IbI
KAHIIBUIYTA PEAKIIUACHI

AHHOTaNMs1. DIUTMITHKAJIBIK FaJIaKTHKaJIapFa 3epTTey XKYPri3y eTe KbI3bIK, O TKEH1 0JapIbIH KaJbIITAaCy,
IBOJIIOLMS JKOHE TYPAKTBUIBIK MEXaHW3MJepi ol KyHre JAeHiH TyciHikci3. bakpiiay acTpOHOMHSCHIHBIH
omicTepiHeH 0acka, KOMITBIOTEPJIIK MOJEIbBJCY OJICTePl COHFbI OHXKBULIBIKTApJa OCJCEH/II JIaMBIIL,
KoJJIaHbLIbI Kesieni. COHbIH Oipi rajlakTHKaIap/ibl OKIIAYJIaHFaH COKTHIFBICCHI3 JKYUEJep PETIHIE 3ePTTeY.
Byn xarpaiina skydieHiH OacTamkpl KarJailapblH aHBIKTAy YIIiH Terne-TeHIIK Oeny (yHKUUSICHIH Taly
MaHbI3/Ibl MIiHJET OOJNBIN caHalaAbl. DJUTMITUKAIBIK TajJaKTUKANIap MEH KapaHFbl MaTepHsl TaJIOCHIH KYPY
YUIH KOJIaHBUIATBIH OeNrim Tapary (QyHKUMSIapbIHBIH Oipi — XEepHKBUCTIH Tapaily (QyHKIMsCHL. by
Makaiaga ocel Oeny (YHKIMSCBIHA COMKeC KYpBUIFaH >KYWHEHIH OeJIIEKTepAiH Tapaily KYpbUIBIMBIHA
CHTi317eTiH Oy3bUIylapra KaThICTBl TYPaKTBUIBIFBI 3epTTele/i; OacTalkbl >Kargaliapabl Kypy omici
cHUmarTajasl; cepalbik xKoHe cepaliblk emec Kyiemep YIiH THIFbI3IBIK NTpo(uiIbaepi KapacThipbliaasl; d
MakpornapaMeTpi eHri31IreH xyienin Oenrini Oip KyiIeH aybITKybl cunarTananbl. JKyMBICTBIH HOTHKECIHIE
aBTOpJIAp: «TyTacTail anraHaa, Oy3bpUIylap EHrI3UIreHHEH KeHiH JKyHe TypakTaHaJbl XOHE >KYyHEeHiH
OacTankpl (POpMaHbl amyFa JIereH YMTBUIBIC I9PEXkKeci SHI131UIreH Oy3bUTynap/IblH CUIaThIHA JKOHE OJapIblH
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MarHHUTY/lIachlHa OAIIaHBICTRD) JAETEH KOPBITHIHIIBIFA KeJe/i. YaKbIT oTe KYHEHIH OpTachlHaH mepudepusra
©TETIiH THIFBI3/IBIK TOJIKBIHBI OaliKanaapl. XepHKBHUCTIH U30TPOIITHI TAPAITY Bl OHBIH KYPBUTBIMBIHBIH €HT131JITeH
OY3BUIBICTapBhIHA KATHICTHI KAUTHIMCBI3 JIET KOPBITHIH/IBI XKacayFa 00 Ibl.

Tyiiin ce3mep: >UMNTHKANBIK TallaKTHKaNap, XEePHKBUCTEPIIH Tapaiybl, TYPaKTBUIBIK, aybITKYyJap,
N-ZIeHeHI MOJIeITBIeY.

I.B. KyBaroBa'*, /I.B. FOpun', M.A. Makykos', U.T. Omapos'
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OTKJIMK U30TPOINHOM C®EPBI XEPHKBUCTA HA CILTIOIIIMBAHUE
EI'O TIPOCTPAHCTBEHHOM CTPYKTYPBI

AHHOTanusl. DJUIMNTUYCCKUE TaJaKTUKH SIBJISIIOTCS MHTEPECHBIMU OOBEKTaMHU AJIST M3YUYEHUS, TaK Kak
MEXaHM3Mbl X (HPOPMHUPOBAHUS, SBOJIOLUHA M YCTOHUMBOCTH IO CHUX IOP OCTAIOTCS HESCHBIMH. [lomMmmo
METOJI0B HAOIIOAATEIbHON aCTPOHOMHH B MOCIIETHUE JECSTUIETHS] aKTUBHO Pa3BUBAIOTCS M CIIONB3YIOTCS
METOJIbl KOMITBIOTEPHOTO MOJEIMPOBAHUs, B YACTHOCTH, Ul M3YUCHHUS TaJlaKTMK Kak H30JIMPOBAaHHBIX
0ECCTOJIKHOBUTENBHBIX cucTeM. [Ipu 3TOM Ba)kHOM 3a1aueii sSBiIsIETCSl HAXOXKACHUE PaBHOBECHOW (DyHKUINH
pacrpeneneHust sl ONpelesieHHs HavajbHbIX YCJIOBMHA cucteMbl. OIHOW M3 HW3BECTHBIX (QYHKIMH
pacrpeneneHus, NCIO0JIb3yEMBIX ISl TOCTPOCHHS JUTUITHYECKUX I'aJIaKTHK M TaJI0 TEMHOM MaTepuH, sIBISICTCS
¢byHKIMs pactpeneneHus XepHKBUcTa. B qaHHOM cTaThe uccienyeTcst ycTOHYMBOCTb CUCTEMBI, TIOCTPOSHHON
COIVIACHO JaHHOW (DyHKUMH pacupeneneHus], M0 OTHOIICHHIO K BBOJUMBIM BO3MYLICHHUSIM B CTPYKTYPY
pacrpeneneHus YacTHIL; OMMCHIBACTCS METOJl TeHepalluy HauajbHbBIX YCIOBHUI; paccMaTpuBaloTCs Npoduin
IUIOTHOCTHU 151 C(hepUUecKuX U Hec(hepruecKrx cUCTeM; BBOAUTCS MakponapaMeTp D, xapakrepu3syrommii
OTKJIOHEHHE BO3MYLICHHON CHCTEMBbI OT ONIPEEIICHHOIO COCTOsIHUA. Pe3ynbraTroM gaHHON paboThI SBISETCS
BBIBOJI O TOM, YTO B LIEJIOM IIOCJIC BBEJCHHUS BO3MYLICHUI CCTEMa CTa0OMIIM3UPYETCsl, a CTEIICHb CTPEMJIICHUS
CUCTEMBbl K NPUOOPETCHHIO HayaJlbHOW ()OPMBI 3aBHCHUT OT XapakTepa BBOAMMBIX BO3MYLICHHH M HX
MarHutyapl. HaOmiomaeTcss BoJHA IUIOTHOCTH, MPOXOISINAsl C TEYCHHEM BPEMEHH OT LEHTpa CHUCTEMBbI K
nepudepur. MOXHO 3aKIIOYUTh, YTO U30TPOIHOE pacupeaeieHne XepHKBUCTa HEOOPATUMO IO OTHOIIECHHUIO
K BBOJMMBIM BO3MYILEHHSIM €T0 CTPYKTYPBHI.

KiroueBble cJjI0OBa: DBIUIMOTHYECKHE TajaKTUKW, paclpeieiieHne XEpHKBHCTA, YCTOWYMBOCTD,
BO3MYILEHHsI, MOZIEIpOBaHue N-Tell.

Introduction. Elliptical galaxies are a common type of observed galaxies in the Universe. They are found
mainly in clusters of galaxies, and their masses and luminosities vary greatly: from dwarf galaxies with a
mass of 10°M, to massive galaxies, which include about 10"°M and have a supermassive black hole in the
center. Elliptical galaxies have a spherical or ellipsoidal shape, the preservation of which, as a rule, is not
played by rotational motion, as in spiral galaxies, but by the velocity dispersion of stars.

Observations of elliptical galaxies using large ground-based and space telescopes (GMOS, VLT, Hubble,
Chandra, Spitzer etc.) make it possible to obtain detailed kinematic characteristics with a spatial resolution of
their central parts up to 1 pc (parsec is about 3.3 light years) for the velocities and velocity dispersion of stars
[1]. At the same time, the existing problems associated with their observation indicate that the mechanisms of
their formation and evolution still require more careful study [2].

Elliptical galaxies are considered as collisionless systems, which means that the interaction of stars with
each other, i.e., their exchange of energy and angular momentum, can be neglected, with the exception of
the central regions, where the stellar density is much higher. Such a high value implies the possibility of the
existence of anisotropy of velocities, which is the main mechanism leading to the non-sphericity of galaxies
of this type. These galaxies, with their characteristic flattening, can have a shape close to an oblate, elongated,
or triaxial ellipsoid, not exceeding certain critical values of oblateness. The shape and dynamic stability of
elliptical galaxies is an urgent problem in astrophysics.

In 1975 Bertola and Capaccioli [3] determined the rotation curve of the galaxy NGC 4697 from observations,
it was found that the oblateness of this galaxy cannot be explained by its rotation within the framework of the
classical theory of liquid equilibrium figures. The theory of collisionless ellipsoidal equilibrium figures was

95



ISSN 2224-5227 1.2022

well developed in the last century to study their shape and stability [4, 5]. However, the differential equations
of motion in the general case are complex in this theory and are not analytically integrable. In addition,
the difficulty of an analytical study of stability lies in the fact that the distribution function of stars must be
known [6], and for elliptical galaxies it is extremely difficult to construct it in the general case. Therefore,
to overcome these difficulties and develop the theory of the evolution of elliptical galaxies, today the main
approach in this area is to turn to numerical methods and computer modeling.

Recently, observational data on elliptical galaxies and numerical simulations have made it possible to
build more and more accurate dynamic models of elliptical galaxies. It is analytically impossible to construct
equilibrium distribution functions for elliptical galaxies, except for special cases. One of such special cases
will be considered in this work.

This article is devoted to the study of the dynamic stability of elliptical galaxy models to external
perturbations affecting the internal structure of the system.

Materials and methods. 1. Generation of initial conditions according to the Hernquist distribution
function. To construct the equilibrium distribution, we used the analytical model for spherical galaxies
obtained by Lars Hernquist [7]. The density distribution of the Hernquist sphere is given by

Mia 1

p(r) 2nr (r+a)3’ W)

where is the total mass of galaxy, is a scale length.

To generate coordinates corresponding to distribution (1), it is necessary to “sample” this function. The
most commonly used methods are “inverse transform sampling” and “rejection sampling”. The latter, due to
the fact that the highest concentration of particles of a given distribution is located in the center, is not suitable
for efficient generation of coordinates. Therefore, the “inverse transform sampling” method was used, based
on the use of an inverse cumulative distribution function. The cumulative distribution function for expression
(1) is the mass distribution function depending on the distance to the center:

M) = M, —— 2
(I') = tm. ( )

Its inverse function is
_ aM@ + /MM 5

T M- MO

Next, projections of position vectors on the coordinate axes are generated using the formulas for converting
spherical coordinates to Cartesian ones.
To generate velocities, we used the full distribution function given by [7]

B — M, 1
8\/§(navg)3 1- q2)5/2

where
_ a E. _ (GMt>
1= Tom - BT \a )

Here is the gravitational constant, is a specific energy.

We used the “rejection sampling” method using the maximum value of the function (4) as the envelope
function. In order for the system to be gravitationally bound, we selected velocities whose values are less than
the escape velocity for each particle.

2. Introducing perturbations into the Hernquist distribution function. We introduced perturbations into
the structure of the density distribution of the Hernquist model corresponding to the tidal effect from another
galaxy or galactic cluster. The algorithm of this perturbation is as follows. First, a direction is chosen in the
form of a unit vector n along which the perturbation will act. This direction is characterized by one parameter
- the polar angle, i.e. the angle between the axis of symmetry of the galaxy and the gradient of the potential.
Since we are considering only axially symmetric systems, the azimuthal angle does not matter. Then the

X (3 arcsin(q) + g1 — q2(1 — 2q?)(8q* — 892 — 3)) ) (4)
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parameter h is introduced, which characterizes the force of the tidal influence (modulus of the potential
gradient). This parameter will determine the degree of deformation. As a result, the perturbation is introduced
by the shift of all particles of the galaxy along the positive direction n, if the angle between the radius vector
of the particle and the vector n is obtuse, and in the opposite direction, if this angle is acute (particles whose
radius vector is perpendicular to n do not shift). Formally, this is expressed as

r=r+——-, )
r

where and are the positions of a particle in a disturbed and equilibrium systems respectively, is a
modulus of the vector . Thus, the algorithm for generating the initial conditions is reduced to a certain degree
of flattening of the Hernquist sphere along the Z-axis. Therefore, this flattening is done by multiplying the
z-coordinates of particles by the flattening coefficient f.

3. Density profile and velocity dispersion analysis method. After generating the initial conditions, we
prepared an initial snapshot for the integrator Gadget2 [8], which is a binary file with a specific structure.
Next, we ran the integrator up to 6 Gyr. Gadget?2 is freely available N-body simulation code using parallel
computing technologies. The code is based on the calculation of gravitational forces using a hierarchical tree
algorithm for self-gravitating collisionless N-body systems.

3.1. Spherical model. If the system preserves spherical symmetry, then it is sufficient to investigate only
the radial dependence. In this case, to construct radial dependences for density or velocity dispersion, it is
necessary to take, as the reference point not the center of mass of the system, but the point of maximum
density; the difference between them is that all stars, including very distant and solitary ones, influence the
position of the center of mass.

For this, the “shrinking sphere” method is used [9]. It is based on finding the center of mass in spheres that
shrink logarithmically at each iteration step. The iteration continues until the limit mass in such a sphere is
reached. The coordinates for the true center of mass for the whole system are calculated from the remaining
number of particles in the last sphere. The use of a logarithmic scale is associated with a large concentration
of particles in the central regions of the distribution.

In the case of spherical symmetry, the system parameters are measured in concentric layers (density and
velocity dispersion). For example, the density of particles at a given radius is the number of particles in a layer
at that radius divided by the volume of the layer. Since the concentration of particles decreases with distance
from the center, it is impractical to use layers of the same thickness. For uniform statistics, the thickness of
the layers also increases logarithmically from the center.

It should be noted that for the unperturbed Hernquist sphere, the density and velocity dispersion profiles
for the generated particles should correspond to the profiles obtained through analytical expressions (1) and

— GM (12r(r+a)® (r+a r r ry2 r\3
vi= ln( )— [25+52—+42(—) +12(—)] .6
r+a a a a

12a at r

In addition, they should not change over time (within the limits of the “digital noise”), which is the
verification of the correctness of the generation of the initial conditions, the operation of the integrator code
and numerical analysis tools.

3.2. Non-spherical model. In the case of introducing a perturbation in the form of flattening along any axis,
spherical symmetry is violated, which means that we can no longer use the method for calculating system
parameters based on spherical concentric layers, as described in Section 3.1. Then the parameters should
be measured independently along the Z-axis and perpendicular to it. For this, for example, points with a
logarithmic step are selected along the Z axis, an imaginary sphere with a radius equal to half the distance to
the previous point is taken around them, the number of stars falling into this sphere is counted and divided by
its volume (in the case of calculating the local density). At the same time, since the symmetry about the XY
plane is preserved, the same procedure can be done in two directions (positive and negative Z), and then the
values averaged along these two directions - this will give better statistics.

Another method for assessing the macro state of the system is the introduction of a parameter (deviation
parameter D) characterizing the deviation of the state of the system from a given initial perturbed or unperturbed
state. This parameter is a cumulative number obtained by summing the absolute difference between the initial
and subsequent distributions in the space sampled using the tree algorithm. The first step is to divide the three-
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dimensional space into a certain number of subvolumes and check what mass is contained in them. If this
mass exceeds a certain limiting predetermined mass, then each subvolume, in turn, is divided in a similar way
before the onset of the specified condition, and so on. At the end of sampling, this “grid” is saved and then
remains unchanged. The discretization of the volume is visually presented in Figure 1 for different degrees
of flattening of the system. The mass limit used corresponds to 2000 particles in the remaining subvolumes.
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Figure 1. Discretization of volume according to the condition that mass in each cell must be less than the
one specified. Flattening coefficient B is equal to 0.9, 0.5 and 0.2 (from left to right)

After this procedure, the absolute difference of particles is calculated for the subsequent stage of evolution
in each cell of the “grid”. These values are summed up and normalized to the total mass of the system:

N
1
D= EZ|m?—mf|, (7)

where is the total mass of the system, N is the number of the final subvolumes, and are masses in the
i-subvolume at the initial and compared times, respectively.

Thus, we can get one number D characterizing the deviation of the system from the original at different
moments of evolution. It should be noted, that this parameter D strongly depends on chosen mass limit, i.e.,
on the size of the final subvolumes. If the mass limit is too small, then even a stable unperturbed system
generated by the Hernquist distribution will show strong deviations from its initial state during evolution.

Results and discussion. To study the stability of the Hernquist distribution, we introduce perturbations
into the structure of the density distribution with different flattening coefficients B (from 0.1 to 0.9).

As we can see from the Figure 2, the system comes to an equilibrium state after some changes in the
structure. In fact, it returns from the elliptical shape to an almost spherical one, then again takes on some
ellipticity and does not change anymore. Thus, the system comes to an equilibrium state after a certain
oscillatory phase. The color map characterizes the density of particles in bins.
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Figure 2. Evolution of the Hernquist flattened sphere (flattening coefficient  is equal to 0.9, 0.5 and 0.2
from top to bottom, respectively)

Figure 3 shows constructed density profiles by different axes at start and end times for different flattening
coefficient . The bottom plots under every figure show the relative difference compared to the analytical
solution. It can be seen from them that, up to a certain point, the density profiles tend to approach the analytical
distribution. In addition, especially on graphs with a strong flattening coefficient 3, a density wave is visible
running from the center to the periphery of the system.
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Figure 3. Density profiles of the flattened Hernquist sphere along three axes for the initial (top) and final
(bottom) moments of evolution with different flattening coefficient 3
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We estimated the deviation of the system from its initial condition and from unperturbed Hernquist
distribution using the deviation parameter D described above in section Methods.

The resulting parameters D for different flattening coefficient B is shown in Figures 4 and 5. Figure
4 presents evolution of the deviation parameter D calculated relative to the initial state of each system and
corresponding flattening dependence of the parameter at the time of 6 Gyr — the moment the system almost
reaches equilibrium. To establish an equilibrium state, systems with different flattening need different times:
the most flattened one comes to this state the longest. Second plot on Figure 4 suggests some elasticity of the
system depending on its initial flattening.
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Figure 4. Evolution of parameters D of the system deviation in relation to its initial state (left) and
dependence of the parameter on the flattening of the system (right)
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Figure 5 shows similar data but with the deviation parameter D calculated relative to the unperturbed
Hernquist distribution. We can see that even a small perturbation introduced into the system does not allow
it to return to its initial state. It follows from this that the Hernquist distribution is irreversible with respect to
such perturbations.
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Figure 5. Evolution of parameters D of the system deviation in relation to the unperturbed Hernquist
distribution (left) and dependence of the parameter on the flattening of the system (right)

As we can see, the isotropic Hernquist distribution is not stable with respect to flattening perturbations
whichever their magnitude is. With that we note that certain degree of stiffness in the sense that the perturbation
magnitude and the resulting deformation are related in a non-linear fasion.

Conclusion. We have considered variations of the Hernquist distribution with introduced perturbances
and analyzed their stability. We saw that depending on the degree of perturbations, the system passes through
an oscillatory phase. After this, the system comes to some stable state, but does not return to its original state,
not to mention the isotropic Hernquist distribution. From this we can conclude that the Hernquist distribution
is irreversible with respect to perturbations of its structure. It should be noted that the parameter used to assess
the macro state of the system does not fix the oscillating phase of the system.

For further more detailed analysis, it is necessary to consider the orbits of individual stars at different
distances from the center of the system in order to determine the degree of their change in connection with
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the introduced perturbations; to carry out their nonlinear analysis in order to understand the processes of
parametric resonance and destruction of periodic orbits, as well as their stochasticity. In addition, to construct
equilibrium elliptic systems, it is planned to use the GallC code [10], which uses the current distribution of
velocities to set the velocity structure at each subsequent iteration, and, in particular, deformed Hernquist
sphere, generated with its help, will be almost perfectly equilibrium.
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