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TO THE ORBITAL DYNAMICS WITH VARIABLE ECCENTRICITY
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Abstract. The purpose of this work is the development of studies of non-stationary
gravitating systems. We consider eccentricity as a function of time because of its
numerous interesting consequences for the evolution of young planetary systems.
Eccentricity can be an indicator of long-term orbital stability for various planetary and
other gravitating systems of the Universe. In particular, recent studies of the dynamic
mass of some exoplanets have shown that there is a strong covariation between the
eccentricities of the planets and the total mass of the system: higher eccentricities of the
planets imply significantly greater total mass with long-term orbital stability. This means
that eccentricity is one of the key parameters in the dynamic formation and evolution of
non-stationary gravitating systems. The task of the work is to study the influence of orbits
with variable eccentricity on the dynamics of non-stationary gravitating systems, which
will allow a better understanding of the evolution of various gravitating systems of the
Universe. We use the inverse problem method, which provides an essential analytical
tool for studying various problems in the field of dynamically gravitating systems. In
particular, this method has proven itself in the solution of celestial mechanics problems
related to the restoration of potentials and force fields along a given family of orbits.
This approach of the reverse method gives a much deeper analytical vision for studying
various dynamic systems and understanding their general structure. We consider a
generalized non-stationary problem with an additional friction force. As a result, we
obtained two types for a non-stationary spatially symmetric potential, generating motion
along a given mono-parametric family of plane orbits evolving in time with variable
eccentricity.

Keywords: celestial mechanics, non-stationary gravitating system, inverse problem,
family of orbits, variable eccentricity
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AHHOTanusl. ByJ >KYMBICTBIH MakKcaTbhl — CTAllMOHAPIIBIK €MEC TPaBHTAIMSUIBIK
KyHenepai 3epTTeyl JaMbITy. Bi3 9KCIEHTPUCHUTETTI YaKbITTHIH (DYHKIHUSCHI PETiHAC
KapacThIpaMbI3, OMTKEHI OHBIH JKac IUIAHETANIBIK JKYHEJIep/iH SBOJIIOLNHUSACH! YIIiH
KONTEreH KbI3BIKTHI JKaKTapbl 0ap. DKCIEeHTpUCHTET FamaMHBIH opTYpili IJIaHETAIBIK,
*oHe 0acKa rpaBUTAIMSUTBIK )KYHesepl yIliH y3aK Mep3iM/Ii OpOUTANIBIK TYPAKTHUIBIKTBIH
KepceTKimi 0ona anxagsl. Atam aiiTKaHaa, KeiOip dK30MIaHeTanapAblH JHHAMHUKAIBIK,
MaccacblHa IKYPTi3UIleH COHFBI 3epTTeyJiep IUIaHeTalapAblH JKCIEHTPHCUTETI
MeH JKYHEHIH KaJIbl Maccachl apachlHla KYIITI KoBapuaius 0ap eKeHiH KOpCeTTi:
TUTaHEeTaJIap/IbIH JKOFapbl SKCLUEHTPUCUTETI Kbl MACCaHBIH €JoYip YJIKeH OONybIH
ounmipeni. By SKCIHEHTPUCHUTET CTAIMOHAPJIBIK €MeC T'PaBUTALMSIIBIK JKYHeIepIiH
JIMHAMHKAJIBIK KAJIBIITACybl MEH ABOJIOLMSACHIHBIH HEri3ri MmapaMeTpliepiHiH Oipi.
JKyMBICTBIH MIHAETI ©3repMei IKCIIGHTPUCHUTETI 0ap opOUTanapIblH KO3FaIMaiThIH
IpaBUTALMSIIBIK JKYHeIep/IiH JUHAMHUKachIHA acepiH 3epTrey, byn FanamueiH oprypmi
IPaBUTALMSIIBIK JKYHEJIEPiHIH 3BOJIIOLUACHIH KAKChl TYCIHYre MYMKiHAIK Oepemi. bi3
JMHAMHUKAIIBIK TPaBUTAIMSIIBIK XKYHelep calachHIarbl OPTYPIIl MIcelenepi 3epTrey
YIIIH MaHbI3/Ibl AHAIUTHUKAIBIK KYpaJJbl KaMTaMachl3 €TETIH Kepi ecenTep oIiCiH
KOJIlaHaMbI3. ATan alTKaHza, OYJI 9/IiC acliaH MEXaHUKACBIHbIH OepiireH opouraiap
TOOBI OOWMBIHAFBI TIOTCHIIUAIIAD MEH KYII OPICTePiH KaJIbIHA KENTipyre OaiIaHbICThI
ecernTepiH mrenrye o3iH gonenaeni. Kepi omictig Oy Tocimi opTypii AWMHAMHKAIIBIK
XKYHenepi 3epTTeyre KoHe oJIapAbIH KaJlbl KYPbUIBIMBIH TYCIHYT'€ aHAFYPIIBIM TEPEH
aHaNMTUKAIBIK Ke3kapac Oepeni. bi3 KoceiMIa yiikenmic Kymi Oap jKanlblIaHFaH
CTallMOHAPJIBIK €MeC MJCelieHI KapacThlpambl3. HoTwkeciHIe CTaluoHapibIK eMec
KEHICTIKTIK CUMMETPHSUIIBIK MOTSHIIMAJIBIH €Ki TYPIH aJlJbIK, ojap Oenrimi O0ip MOHO-
napameTpiiik ordachkl OOMBIMEH aybICHalIbl AKCHEHTPUCUTETIICH YaKbIT OOWBIHIIA
JAMUTBIH JKa3bIKTHIK OpOUTATAPBIHBIH KO3FaIbICHIH TYIBIP/bI.
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AnHoTauus. llenpro pgaHHOW pabOTHI SABIAETCS pPa3BUTHE HCCICIOBAHHUU
HECTAllMOHAPHBIX TPABUTUPYIOLIUX CHCTeM. MBI paccMaTpuBaeM HKCLEHTPUCUTET
KakK (b}/HKHI/IIO BpPEMCHU H3-3a €0 MHOTI'OYMCJICHHBIX MHTCPECHBIX HOCJIGI[CTBI/Iﬁ JJIsL
9BOITIONIMY MOJIO/IBIX IIAHETHBIX CUCTEM. DKCIIEHTPUCHUTET MOXKET OBITH MOKa3aTelleM
JIOJITOCPOYHON OpOMTAIBHONH CTAOMJILHOCTH JUISI PA3IMYHBIX TUTAHETHBIX W JIPYTHX
rpaBUTUpYIOIIUX cucTeM BcenenHol. B uyacTHOocTH, HeJaBHUE HCCIIEIOBAHUS
JTUHAMHYECKOW MacChl HEKOTOPBIX JK30IUIAHET IMOKAa3alH, YTO CYIIECTBYET CHIIbHAS
KOBapHanus MKy SKCISHTPUCUTETAMH IUIAaHET W OOINeH Maccoil CUCTeMbl: Ooliee
BBICOKHE OKCIICHTPUCHUTETHl TUIAHET I10/Ipa3yMEBAIOT CYHIECTBEHHO OOJBIIYIO
00IIyI0 Maccy C JONTOCPOYHOW OpOUTANBHOW CTAaOMIBHOCTHIO. DTO O3HAYAET, YTO
SKCIICHTPUCUTET SBJSETCS OJHUM U3 KIIOYEBBIX MapaMeTpoOB B JUHAMUYECKOM
(hOopMHPOBaHNH M SBOJIOIMH HECTAIMOHAPHBIX TPaBUTHPYIOLIMX cHCTeM. B pabote
CTaBUTCA 3ajladya WM3Y4YUTh BIHSIHHE OPOUT C TEpEeMEHHBIM OJKCIIEHTPHCHUTETOM Ha
JUHAMUKY HECTAlMOHAPHBIX TPaBUTUPYIOIMIUX CHUCTEM, UYTO MO3BOJIMT JIy4IlEe MOHITh
SBOJIIOIMIO PA3JIMYHBIX TPaBUTHPYIOIIMX cucTeM BceeneHHoll. Mbl Hcnonb3yem
MeTOJT 0OpaTHOHM 3aja4d, KOTOPBIA IPEIOCTABISET CYIIECTBEHHBIN aHATUTHYECKUN
WHCTPYMEHT JIJISl M3YUYCHHsI PA3IMYHbBIX 33]1a4 B 00JIACTH JTUHAMHKH TPaBUTUPYIOIIIX
cucreM. B yacTHOCTH, 3TOT METOJ] 3apeKOMEHIOBAJ ce0sl B peIlIeHUH 3a7ad HeOeCHOM
MEXaHWUKH, CBS3aHHBIX C BOCCTAHOBIIEHHEM IIOTEHIIMAJIOB W CHJIOBBIX TOJIEH 110
3aJJaHHOMY CEeMEHCTBY OpOHMT. DTOT MOAX0J OOpaTHOTO METoJa JaeT ropaszno Oojee
I‘JIYGOKOC AHAJIMTUYCCKOEC BUJACHHUC [JId M3YUCHHA Pa3JIMYHbIX AUHAMUYCCKUX
CUCTEM W TIOHHUMAaHWsA UX OOMIel CTPYKTYphl. MBI paccmaTprBaeM OOOOIIEHHYIO
HECTAIlMOHAPHYIO 3a/1a4y ¢ JOOAaBOYHOW CHIION TpeHus. B pe3ynbTaTe ObUTH OTYUYSHBI
JABa BUIa HECTalMOHApPHOTO MMPOCTPaHCTBEHHO-CUMMETPUIHOI'O IIOTCHIIMAaJIa,
KOTOpBIE TOPOXKJIAIOT JIBM)KEHHE IO 33aJJaHHOMY OIHOIMApaMeTPUYECKOMY CEeMEHCTBY
SBOITIOIMOHHUPYOIIUX BO BPEMEHH TUIOCKUX OPOHT C MEPEMEHHBIM 3KCIICHTPUCHTETOM.

KuaroueBble cioBa: HeOecHas MeXaHHKa, HECTAl[MOHApHAs TPaBUTHUPYIONIAS
cucrema, oOpaTHas 3aj1a4a, CEMEHCTBO OpOUT, IEPEeMEHHBII SKCIICHTPUCHUTET.
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Introduction

It is a fundamental fact that the orbital elements are very useful in a variety of tasks
in the field of celestial mechanics.

Albeit they are coming also to be a significant tool in astrophysical studies of
the orbital dynamics of young planetary systems or in study of isolated evolution or
dynamical formation of the growing population of compact binary mergers detected
with gravitational waves (Romero-Shaw, et al, 2020; Romero-Shaw, et al, 2022). Plus,
the eccentricity is one of the intrinsic parameters of merging black holes (Armitage, et
al, 2005) and short-period comets (Gkotsinas, et al, 2023; Kim, et al, 2023).

Indeed, the orbital dynamics of young planetary systems determines the long-term
architecture and evolution of those systems. Nonzero orbital eccentricity is arguably
the most robust signature of their dynamical formation (Romero-Shaw, et al, 2022).
Eccentricity as a function of time was, for example, considered for study of one of
the closest young planetary systems (currently known as AU Microscopii) with a suite
of dynamical simulations that explored the eccentricity evolution of the two known
planets over a period of 10° yr showing that the period of the eccentricity variations
is about 520 yr and such eccentricity oscillations have the potential to reduce the
stability potential of other planets within the system, including terrestrial planets within
the habitable zone (HZ) (Kane, et al, 2023). Another one example of young planetary
system is the Exoplanet Host Star HR 8799 hosting four directly imaged giant planets
at wide separations (~16—78 au) (Sepulveda, et al, 2022), which are undergoing orbital
motion and have been continuously monitored with adaptive optics imaging since their
discovery over a decade ago. In earlier studies was found that the extrasolar planets
with semi-major axes greater than about 0.15AU (astronomical units) tend to have much
higher eccentricities than are found in our solar system (Korzennik, et al, 2000). Study
of dynamical mass of this exoplanet showed there is strong covariance between planet
eccentricities and total system mass: higher planet eccentricities imply a substantially
larger total mass with long-term orbital stability. The orbital eccentricities of exoplanets
directly trace their formation and dynamical histories (Bowler, et al, 2020; Franson, et
al, 2022; Kane, et al, 2023; Nasgasawa, et al, 2002; Korzennik, et al, 2000).

Most extrasolar planets are observed to have eccentricities much larger than those
in the solar system (Sepulveda, et al, 2022), The eccentricity of the orbit, among the
highest known for extra solar planets, continues the trend that extra solar planets with
semi-major axes greater than about 0.15AU tend to have much higher eccentricities
than are found in our solar system (Korzennik, et al, 2000).

The relatively high eccentricity of HD17156b poses an interesting question regarding
the dynamical origin of the orbit (Kane, et al, 2023). This demonstrates the viability of
the planet—planet scattering scenario as the source of its eccentricity.

We study the effect of the variable eccentricity in the non-stationary gravitating
system with additional forces of friction nature. We showed from the inverse problem
point of view how the dynamical evolution of such system depends on variable
eccentricity. We received an interesting solution of the generalized model problem of
the celestial mechanics, which under any initial conditions determines a motion along
set of evolving quasi conic orbits with variable eccentricity.
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It can be anticipated, that our solution will provide one of the analytical tools to
explain the dynamical effects of the variable eccentricity of exoplanets and other astro-
physical objects.

Materials and methods

In this paper we build an analytical approach to the dynamical evolution of a variety
of gravitating systems with the help of the inverse problem method and coherent partial
differential equation solution method.

We assume the orbital eccentricity as a function of time in order to better understand
the time-dependent dynamical effects of the variable eccentricities on the dynamical
structure of the force field of the non-stationary gravitating system with additional forc-
es of friction nature.

With this aim we consider a generalized non-stationary potential with additional
friction force, described by equations in the form

i=Uc+ax , y=U,+ay, (1)

where U = U(x,y,t) is a non-stationary potential, a = a(t) is a magnitude
generally depending on time and characterizing the action of additional forces of friction
nature.

Let us take a monoparametric family of evolving in time planar orbits

f(x,y,t) = u = const, (2)

Assuming the motion of a material point of a unit mass on given family of orbits (2),
according to equations (1), consider the problem of reconstruction of the non-stationary
potential U= U(x,y,t) generating the given mono-parametric family f(x,y,t) = u
of evolving in time planar orbits.

The system (1) possesses the integral of the form

m(xy —yx) = C(t). A3)
where the following notation is used:

t
m = exp {— ) b adt} (4)

where 7 - is some initial epoch.
In polar coordinates » and @, assuming that the potential U =U(r, ¢,t) is

spherically symmetrical, (U¢ = 0) we have the following equation (Omarova, et al,
2003)

2
c
fiUr + S (v f G+ Y6 fop = 206 f fr + 127 + 21f3) =

2c 2t f2fee _ 2 ®)
— e (Ffoe = F ofi) + T oSy = ¥l + vluef) + T = 2y
tfe—afe =0
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We obtained the above partial differential equation in polar coordinates can be
resolved with respect to non-stationary space symmetrical ‘potential’ function generating
motion on given mono-parametric family of evolving in time planar orbits with variable
eccentricity. The results is given as below.

Research results and discussion

A planetary parameter of exoplanets that can be presently measured is the orbital
eccentricity. This parameter is most often extracted from the Keplerian orbital solution
to RV observations of a bright host star. The primary purpose of the study described
in this work could then be seen as placing constraints on the variable flux from the
measurable parameter of eccentricity as a proxy for the presently unknown obliquity of
the exoplanet.

We propose to take the function f(7,&,t) to be the set of evolving quasi conic
orbits

fQr,¢,t) = ry(l + e(t)cos(¢p — a))) =p (6)

where p, ® are the constants, denoting a dimension and orientation of the orbit on
the invariable plane, e = e(?) denotes the evolving eccentricity, meaning a variation
of the orbit shape over time, y =y (¢) - is yet some rather arbitrary function of time.

By substituting (6) into (5), we obtain the following partial differential equation:

U. + c?%y _ 2y2é? 2Cye
" oprz pZe

r3 + Er? 4+ Ar — R =0, (7

where for brevity, we introduced the below notations 1

_ 2ye é
E=L(T+ -0 ®)
) 2 ous s . .2
A=r_ v vt Zya e ae  2¢7 )

R = \Jy?(e? — 1)r? — 2pyr — p? (10)

The solution of Eq. (7) up to an arbitrary explicit function of time has the following
form:

C%y y?é? r3 r?
1. If e>1 Ulr,t) = — 4 _F_— _ A—
8 = opzer” 3 A7t
Cye PR — pzez 2 3 2 _ 11
=, <Rr t e T e any( (e2=1)3R+y(e’ - Dr+ p)> (11)
3 2
2. Ife<l U(rt)——+yzez r*—EC_al 4
2p“e 3 2
Cye PR p2e? . V(ez—l)rﬂﬂ)
(R e P i-eZ(er_p) TS e (12)
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We received two solutions of the partial differential equation (5) for the given family
of evolving orbits (6) with variable eccentricity.

Conclusions

The recent studies show, that the orbital eccentricities of directly imaged exoplanets
and brown dwarf companions provide clues about their formation and dynamical
histories (Bowler, at al, 2020; Franson, et al, 2023; Franson, et al, 2023; Sepulveda, et
al, 2022), reporting the evidence that the “eccentricity dichotomy” observed at small
separations extends to planets on wide orbits: the mean eccentricity for the multi-
planet system HR 8799 is lower than for systems with single planets. Low mass ratio
companions preferentially have low eccentricities (Sepulveda, et al, 2022),

Exoplanet discovered over recent years have shown that terrestrial planets are
exceptionally common. Exoplanetary studies are rapidly requiring the need for
characterization techniques for terrestrial planets as their discovery rate continues to
increase and many of these planets are in compact systems that result in complex orbital
dynamics (Kane, et al, 2017)..

Our study concluded, that the analytically derived solution of Eq. (7) depends on
magnitude of the function and splits down to two results. In the first result (e > 1) we
have a non-stationary potential (11), generating the set of evolving quasi conic orbits
of hyperbolic type. This solution can be very useful for study of comet dynamics. In
the second result (e < 1) we have a non-stationary potential (12), giving rise to the set
of evolving quasi conic orbits of elliptic form. And this second result we suppose can
be used for study of the orbital dynamics of young planetary systems and brown dwarf
companions.

In both cases, a non-stationary potential determines central force

B Clyo o 2y%e* oo 5 e Cre(R+1) 5

F= o Tt T Er {7 i—t‘r+—pzer (13)

The system of Eq. (1) one can rewrite in the following form

3 c%y 5 5 o

r:—p?r+ar+ﬁr (14)

where in addition to formulas (8) - (10) we used another one notation
2y2e? Cyé(R+1)

B =Bt = p7e? TZ—EI‘—A’+W (15)

Thus, with help of Eq. (5) in the generalized non-stationary problem with additional
friction force, described by Eq. (1), in this paper we derived a new generalized model
problem (14), which under any initial conditions determines a motion along set of
evolving quasi conic orbits (6) with variable eccentricity.
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