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ТАКИБАЕВ Нұрғали Жабағаұлы, физика-математика ғылымдарының докторы, профессор, ҚР ҰҒА академигі, 

әл-Фараби  атындағы Қазақ ұлттық университеті (Алматы, Қазақстан),  Н = 5
ХАРИН Станислав Николаевич, физика-математика ғылымдарының докторы, профессор, ҚР ҰҒА академигі, 

Қазақстан-Британ техникалық университеті (Алматы, Қазақстан), Н = 10
ДАВЛЕТОВ Асқар Ербуланович, физика-математика ғылымдарының докторы, профессор, ҚР ҰҒА академигі, 

әл-Фараби  атындағы Қазақ ұлттық университеті (Алматы, Қазақстан), Н = 12



ДОКЛАДЫ                                                                      2024  4
НАЦИОНАЛЬНОЙ АКАДЕМИИ НАУК РЕСПУБЛИКИ КАЗАХСТАН

Доклады Национальной академии наук Республики Казахстан» 
ISSN 2518-1483 (Online),  ISSN 2224-5227 (Print)
Собственник: Республиканское общественное объединение «Национальная академия наук Республики 
Казахстан» (г. Алматы). Свидетельство о постановке на учет периодического печатного издания в Комитете информа-
ции Министерства информации и общественного развития Республики Казахстан № KZ93VPY00025418, выданное 
29.07.2020 г. 
Тематическая направленность: биотехнология в области растениеводства, экологии, медицины и физические 
науки. 
Периодичность: 4 раз в год.  Тираж: 300 экземпляров
Адрес редакции: 050010, г. Алматы, ул. Шевченко, 28; ком. 219; тел. 272-13-19
http://reports-science.kz/index.php/en/archive

© РОО «Национальная академия наук Республики Казахстан», 2024

Г Л А В Н Ы Й   Р Е Д А К Т О Р: 
БЕНБЕРИН Валерий Васильевич,  доктор медицинских наук,  профессор, академик НАН РК, директор 

Медицинского центра Управления делами Президента Республики Казахстан (Алматы, Казахстан),  H = 11

Р Е Д А К Ц И О Н Н А Я   К О Л Л Е Г И Я:
РАМАЗАНОВ Тлеккабул Сабитович,  (заместитель главного редактора), доктор физико-математических наук, 

профессор, академик НАН РК (Алматы, Казахстан), Н = 26
РАМАНКУЛОВ Ерлан Мирхайдарвич, (заместитель главного редактора), профессор, член-корреспондент НАН 
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  АБИЕВ Руфат,  доктор технических наук (биохимия), профессор, заведующий кафедрой «Оптимизация 
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ЛОКШИН  Вячеслав Нотанович, доктор медицинских наук, профессор, академик НАН РК, директор 
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СЕМЕНОВ Владимир Григорьевич,  доктор биологических наук, профессор, заслуженный деятель науки 
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ЩЕПЕТКИН Игорь Александрович,  доктор медицинских наук, профессор Университета штата Монтана 
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КАЛАНДРА  Пьетро,  доктор философии (Ph.D, физика), профессор Института по изучению нанострукту
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Аbstract. The purpose of this work is the development of studies of non-stationary 
gravitating systems. We consider eccentricity as a function of time because of its 
numerous interesting consequences for the evolution of young planetary systems. 
Eccentricity can be an indicator of long-term orbital stability for various planetary and 
other gravitating systems of the Universe. In particular, recent studies of the dynamic 
mass of some exoplanets have shown that there is a strong covariation between the 
eccentricities of the planets and the total mass of the system: higher eccentricities of the 
planets imply significantly greater total mass with long-term orbital stability. This means 
that eccentricity is one of the key parameters in the dynamic formation and evolution of 
non-stationary gravitating systems. The task of the work is to study the influence of orbits 
with variable eccentricity on the dynamics of non-stationary gravitating systems, which 
will allow a better understanding of the evolution of various gravitating systems of the 
Universe. We use the inverse problem method, which provides an essential analytical 
tool for studying various problems in the field of dynamically gravitating systems. In 
particular, this method has proven itself in the solution of celestial mechanics problems 
related to the restoration of potentials and force fields along a given family of orbits. 
This approach of the reverse method gives a much deeper analytical vision for studying 
various dynamic systems and understanding their general structure. We consider a 
generalized non-stationary problem with an additional friction force. As a result, we 
obtained two types for a non-stationary spatially symmetric potential, generating motion 
along a given mono-parametric family of plane orbits evolving in time with variable 
eccentricity. 

Кeywords: celestial mechanics, non-stationary gravitating system, inverse problem, 
family of orbits, variable eccentricity
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Аннотация. Бұл жұмыстың мақсаты  стационарлық емес гравитациялық 
жүйелерді зерттеуді дамыту. Біз эксцентриситетті уақыттың функциясы ретінде 
қарастырамыз, өйткені оның жас планеталық жүйелердің эволюциясы үшін 
көптеген қызықты жақтары бар. Эксцентриситет Ғаламның әртүрлі планеталық 
және басқа гравитациялық жүйелері үшін ұзақ мерзімді орбиталық тұрақтылықтың 
көрсеткіші бола алады. Атап айтқанда, кейбір экзопланеталардың динамикалық 
массасына жүргізілген соңғы зерттеулер планеталардың эксцентриситеті 
мен жүйенің жалпы массасы арасында күшті ковариация бар екенін көрсетті: 
планеталардың жоғары эксцентриситеті жалпы массаның едәуір үлкен болуын 
білдіреді. Бұл эксцентриситет стационарлық емес гравитациялық жүйелердің 
динамикалық қалыптасуы мен эволюциясының негізгі параметрлерінің бірі. 
Жұмыстың міндеті  өзгермелі эксцентриситеті бар орбиталардың қозғалмайтын 
гравитациялық жүйелердің динамикасына әсерін зерттеу, Бұл Ғаламның әртүрлі 
гравитациялық жүйелерінің эволюциясын жақсы түсінуге мүмкіндік береді. Біз 
динамикалық гравитациялық жүйелер саласындағы әртүрлі мәселелерді зерттеу 
үшін маңызды аналитикалық құралды қамтамасыз ететін кері есептер әдісін 
қолданамыз. Атап айтқанда, бұл әдіс аспан механикасының берілген орбиталар 
тобы бойындағы потенциалдар мен күш өрістерін қалпына келтіруге байланысты 
есептерін шешуде өзін дәлелдеді. Кері әдістің бұл тәсілі әртүрлі динамикалық 
жүйелерді зерттеуге және олардың жалпы құрылымын түсінуге анағұрлым терең 
аналитикалық көзқарас береді. Біз қосымша үйкеліс күші бар жалпыланған 
стационарлық емес мәселені қарастырамыз. Нәтижесінде  стационарлық емес 
кеңістіктік симметриялық потенциалдың екі түрін алдық, олар белгілі бір моно-
параметрлік отбасы бойымен ауыспалы эксцентриситетпен уақыт бойынша 
дамитын жазықтық орбиталарының қозғалысын тудырды. 
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Аннотация. Целью данной работы является развитие исследований  
нестационарных гравитирующих систем. Мы рассматриваем эксцентриситет 
как функцию времени из-за его многочисленных интересных последствий для 
эволюции молодых планетных систем. Эксцентриситет может быть показателем 
долгосрочной орбитальной стабильности для различных планетных и других 
гравитирующих систем Вселенной. В частности, недавние исследования 
динамической массы некоторых экзопланет показали, что существует сильная 
ковариация между эксцентриситетами планет и общей массой системы: более 
высокие эксцентриситеты планет подразумевают существенно большую 
общую массу с долгосрочной орбитальной стабильностью. Это означает, что 
эксцентриситет является одним из ключевых параметров в динамическом 
формировании и эволюции нестационарных гравитирующих систем.  В работе 
ставится задача изучить влияние орбит с переменным эксцентриситетом  на 
динамику нестационарных гравитирующих систем, что позволит лучше понять 
эволюцию различных гравитирующих систем Вселенной. Мы используем 
метод обратной задачи, который предоставляет существенный аналитический 
инструмент для изучения различных задач в области динамики гравитирующих 
систем. В частности, этот метод  зарекомендовал себя в решении задач небесной 
механики, связанных с восстановлением потенциалов и силовых полей по 
заданному семейству орбит. Этот подход обратного метода дает гораздо более 
глубокое аналитическое видение для изучения различных динамических 
систем и понимания их общей структуры.  Мы рассматриваем обобщенную 
нестационарную задачу с добавочной силой трения. В результате были получены 
два вида нестационарного пространственно-симметричного потенциала, 
которые порождают движение по заданному однопараметрическому семейству 
эволюционирующих во времени плоских орбит с переменным эксцентриситетом.

Ключевые слова: небесная механика, нестационарная гравитирующая 
система, обратная задача, семейство орбит, переменный эксцентриситет.



64

ISSN 2224-5227                                                                                                   4. 2024

Introduction
It is a fundamental fact that the orbital elements are very useful in a variety of tasks 

in the field of celestial mechanics.      
 Albeit they are coming also to be a significant tool in astrophysical studies of 

the orbital dynamics of young planetary systems or in study of isolated evolution or 
dynamical formation of the growing population of compact binary mergers detected 
with gravitational waves (Romero-Shaw, et al, 2020; Romero-Shaw, et al, 2022). Plus, 
the eccentricity is one of the intrinsic parameters of merging black holes (Armitage, et 
al, 2005) and short-period comets (Gkotsinas, et al, 2023; Kim, et al, 2023).     

Indeed, the orbital dynamics of young planetary systems determines the long-term 
architecture and evolution of those systems.  Nonzero orbital eccentricity is arguably 
the most robust signature of their dynamical formation (Romero-Shaw, et al, 2022). 
Eccentricity as a function of time was, for example,  considered for study of one of 
the closest young planetary systems (currently known as AU Microscopii) with a suite 
of dynamical simulations that explored the eccentricity evolution of the two known 
planets over a period of 103 yr  showing that the period of the eccentricity variations 
is  about 520 yr and such eccentricity oscillations have the potential to reduce the 
stability potential of other planets within the system, including terrestrial planets within 
the habitable zone (HZ) (Kane, et al, 2023). Another one example of young planetary 
system is the Exoplanet Host Star HR 8799 hosting four directly imaged giant planets 
at wide separations (~16–78 au) (Sepulveda, et al, 2022), which are undergoing orbital 
motion and have been continuously monitored with adaptive optics imaging since their 
discovery over a decade ago.  In earlier studies was found that the extrasolar planets 
with semi-major axes greater than about 0.15AU (astronomical units) tend to have much 
higher eccentricities than are found in our solar system (Korzennik, et al, 2000). Study 
of dynamical mass of this exoplanet showed there is strong covariance between planet 
eccentricities and total system mass: higher planet eccentricities imply a substantially 
larger total mass with long-term orbital stability. The orbital eccentricities of exoplanets 
directly trace their formation and dynamical histories (Bowler, et al, 2020; Franson, et 
al, 2022; Kane, et al, 2023; Nasgasawa, et al, 2002; Korzennik, et al, 2000). 

Most extrasolar planets are observed to have eccentricities much larger than those 
in the solar system (Sepulveda, et al, 2022), The eccentricity of the orbit, among the 
highest known for extra solar planets, continues the trend that extra solar planets with 
semi-major axes greater than about 0.15AU tend to have much higher eccentricities 
than are found in our solar system (Korzennik, et al, 2000).

The relatively high eccentricity of HD17156b poses an interesting question regarding 
the dynamical origin of the orbit (Kane, et al, 2023). This demonstrates the viability of 
the planet–planet scattering scenario as the source of its eccentricity.

We study the effect of the variable eccentricity in the non-stationary gravitating 
system with additional forces of friction nature. We showed from the inverse problem 
point of view how the dynamical evolution of such system depends on variable 
eccentricity.  We received an interesting solution of the generalized model problem of 
the celestial mechanics, which under any initial conditions determines a motion along 
set of evolving quasi conic orbits with variable eccentricity. 
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It can be anticipated, that our solution will provide one of the analytical tools to 
explain the dynamical effects of the variable eccentricity of exoplanets and other astro-
physical objects. 

Materials and methods
In this paper we build an analytical approach to the dynamical evolution of a variety 

of gravitating systems with the help of the inverse problem method and coherent partial 
differential equation solution method. 

We assume the orbital eccentricity as a function of time in order to better understand 
the time-dependent dynamical effects of the variable eccentricities on the dynamical 
structure of the force field of the non-stationary gravitating system with additional forc-
es of friction nature.

With this aim we consider a generalized non-stationary potential with additional 
friction force, described by equations in the form 

In this paper we build an analytical approach to the dynamical evolution of a variety of 
gravitating systems with the help of the inverse problem method and coherent partial differential 
equation solution method. 

We assume the orbital eccentricity as a function of time in order to better understand the time-
dependent dynamical effects of the variable eccentricities on the dynamical structure of the force field 
of the non-stationary gravitating system with additional forces of friction nature.

With this aim we consider a generalized non-stationary potential with additional friction force, 
described by equations in the form 

𝑥̈𝑥𝑥𝑥 = 𝑈𝑈𝑈𝑈𝑥𝑥𝑥𝑥 + 𝛼𝛼𝛼𝛼𝑥̇𝑥𝑥𝑥 , 𝑦̈𝑦𝑦𝑦 = 𝑈𝑈𝑈𝑈𝑦𝑦𝑦𝑦 + 𝛼𝛼𝛼𝛼𝑦̇𝑦𝑦𝑦 (1)

where  𝑈𝑈𝑈𝑈 = 𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) is a non-stationary potential, 𝛼𝛼𝛼𝛼 = 𝛼𝛼𝛼𝛼(𝑡𝑡𝑡𝑡) is a magnitude generally depending 
on time and characterizing the action of additional forces of friction nature.  

Let us take a monoparametric family of evolving in time planar orbits

𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) = 𝑢𝑢𝑢𝑢 = const,
(2)

Assuming the motion of a material point of a unit mass on given family of orbits (2), according 
to equations (1), consider the problem of reconstruction of the non-stationary potential   𝑈𝑈𝑈𝑈 =
𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)generating the given mono-parametric family 𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) = 𝑢𝑢𝑢𝑢 of evolving in time planar orbits. 

The system (1) possesses the integral of the form

𝑚𝑚𝑚𝑚(𝑥𝑥𝑥𝑥𝑦̇𝑦𝑦𝑦 − 𝑦𝑦𝑦𝑦𝑥̇𝑥𝑥𝑥) ≡ 𝐶𝐶𝐶𝐶(𝑡𝑡𝑡𝑡) .
(3)

where the following notation is used:
𝑚𝑚𝑚𝑚 = exp �−∫ 𝛼𝛼𝛼𝛼dt𝑡𝑡𝑡𝑡

𝑡𝑡𝑡𝑡0
�

(4) 
where 𝑡𝑡𝑡𝑡0 - is some initial epoch.
In polar coordinates  𝑟𝑟𝑟𝑟 and 𝜙𝜙𝜙𝜙,  assuming  that the potential   𝑈𝑈𝑈𝑈 = 𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) is spherically 

symmetrical,  �𝑈𝑈𝑈𝑈𝜙𝜙𝜙𝜙 = 0�we have the following equation (Omarova, et al, 2003) 

𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶
2

𝑟𝑟𝑟𝑟5𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟2
�rfrr𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙2 + rf𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓ϕϕ − 2rf𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝜙𝜙𝜙𝜙 + 𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟3 + 2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙2� −

− 2𝐶𝐶𝐶𝐶
𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟

�𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙𝑡𝑡𝑡𝑡 − 𝑓𝑓𝑓𝑓 𝜙𝜙𝜙𝜙𝑓𝑓𝑓𝑓rt� + 2Cf𝑡𝑡𝑡𝑡
𝑟𝑟𝑟𝑟3𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟2

�𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙 − rf𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝜙𝜙𝜙𝜙 + rfrr𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙� + 𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡2𝑓𝑓𝑓𝑓rr
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We obtained the above partial differential equation in polar coordinates can be resolved with respect 
to non-stationary space symmetrical ‘potential’ function generating motion on given mono-
parametric family of evolving in time planar orbits with variable eccentricity.  The results is given as 
below. 

Research results and discussion
A planetary parameter of exoplanets that can be presently measured is the orbital eccentricity. 

This parameter is most often extracted from the Keplerian orbital solution to RV observations of a 
bright host star. The primary purpose of the study described in this work could then be seen as placing 
constraints on the variable flux from the measurable parameter of eccentricity as a proxy for the 
presently unknown obliquity of the exoplanet.
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where 

In this paper we build an analytical approach to the dynamical evolution of a variety of 
gravitating systems with the help of the inverse problem method and coherent partial differential 
equation solution method. 

We assume the orbital eccentricity as a function of time in order to better understand the time-
dependent dynamical effects of the variable eccentricities on the dynamical structure of the force field 
of the non-stationary gravitating system with additional forces of friction nature.

With this aim we consider a generalized non-stationary potential with additional friction force, 
described by equations in the form 
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where  𝑈𝑈𝑈𝑈 = 𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) is a non-stationary potential, 𝛼𝛼𝛼𝛼 = 𝛼𝛼𝛼𝛼(𝑡𝑡𝑡𝑡) is a magnitude generally depending 
on time and characterizing the action of additional forces of friction nature.  

Let us take a monoparametric family of evolving in time planar orbits
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𝑚𝑚𝑚𝑚(𝑥𝑥𝑥𝑥𝑦̇𝑦𝑦𝑦 − 𝑦𝑦𝑦𝑦𝑥̇𝑥𝑥𝑥) ≡ 𝐶𝐶𝐶𝐶(𝑡𝑡𝑡𝑡) .
(3)

where the following notation is used:
𝑚𝑚𝑚𝑚 = exp �−∫ 𝛼𝛼𝛼𝛼dt𝑡𝑡𝑡𝑡
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+𝑓𝑓𝑓𝑓tt − 𝛼𝛼𝛼𝛼𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡 = 0

.           (5)

We obtained the above partial differential equation in polar coordinates can be resolved with respect 
to non-stationary space symmetrical ‘potential’ function generating motion on given mono-
parametric family of evolving in time planar orbits with variable eccentricity.  The results is given as 
below. 

Research results and discussion
A planetary parameter of exoplanets that can be presently measured is the orbital eccentricity. 

This parameter is most often extracted from the Keplerian orbital solution to RV observations of a 
bright host star. The primary purpose of the study described in this work could then be seen as placing 
constraints on the variable flux from the measurable parameter of eccentricity as a proxy for the 
presently unknown obliquity of the exoplanet.

We propose to take the function 𝑓𝑓𝑓𝑓(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) to be the set of evolving quasi conic orbits 

𝑓𝑓𝑓𝑓(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) = 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟�1 + 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡)cos(𝜙𝜙𝜙𝜙 − 𝜔𝜔𝜔𝜔)� = 𝑝𝑝𝑝𝑝                                                                (6)

,                                                         		  (2)

Assuming the motion of a material point of a unit mass on given family of orbits (2), 
according to equations (1), consider the problem of reconstruction of the non-stationary 
potential U = 

In this paper we build an analytical approach to the dynamical evolution of a variety of 
gravitating systems with the help of the inverse problem method and coherent partial differential 
equation solution method. 

We assume the orbital eccentricity as a function of time in order to better understand the time-
dependent dynamical effects of the variable eccentricities on the dynamical structure of the force field 
of the non-stationary gravitating system with additional forces of friction nature.

With this aim we consider a generalized non-stationary potential with additional friction force, 
described by equations in the form 

𝑥̈𝑥𝑥𝑥 = 𝑈𝑈𝑈𝑈𝑥𝑥𝑥𝑥 + 𝛼𝛼𝛼𝛼𝑥̇𝑥𝑥𝑥 , 𝑦̈𝑦𝑦𝑦 = 𝑈𝑈𝑈𝑈𝑦𝑦𝑦𝑦 + 𝛼𝛼𝛼𝛼𝑦̇𝑦𝑦𝑦 (1)

where  𝑈𝑈𝑈𝑈 = 𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) is a non-stationary potential, 𝛼𝛼𝛼𝛼 = 𝛼𝛼𝛼𝛼(𝑡𝑡𝑡𝑡) is a magnitude generally depending 
on time and characterizing the action of additional forces of friction nature.  

Let us take a monoparametric family of evolving in time planar orbits

𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) = 𝑢𝑢𝑢𝑢 = const,
(2)

Assuming the motion of a material point of a unit mass on given family of orbits (2), according 
to equations (1), consider the problem of reconstruction of the non-stationary potential   𝑈𝑈𝑈𝑈 =
𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)generating the given mono-parametric family 𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) = 𝑢𝑢𝑢𝑢 of evolving in time planar orbits. 

The system (1) possesses the integral of the form

𝑚𝑚𝑚𝑚(𝑥𝑥𝑥𝑥𝑦̇𝑦𝑦𝑦 − 𝑦𝑦𝑦𝑦𝑥̇𝑥𝑥𝑥) ≡ 𝐶𝐶𝐶𝐶(𝑡𝑡𝑡𝑡) .
(3)

where the following notation is used:
𝑚𝑚𝑚𝑚 = exp �−∫ 𝛼𝛼𝛼𝛼dt𝑡𝑡𝑡𝑡

𝑡𝑡𝑡𝑡0
�

(4) 
where 𝑡𝑡𝑡𝑡0 - is some initial epoch.
In polar coordinates  𝑟𝑟𝑟𝑟 and 𝜙𝜙𝜙𝜙,  assuming  that the potential   𝑈𝑈𝑈𝑈 = 𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) is spherically 

symmetrical,  �𝑈𝑈𝑈𝑈𝜙𝜙𝜙𝜙 = 0�we have the following equation (Omarova, et al, 2003) 
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+𝑓𝑓𝑓𝑓tt − 𝛼𝛼𝛼𝛼𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡 = 0

.           (5)

We obtained the above partial differential equation in polar coordinates can be resolved with respect 
to non-stationary space symmetrical ‘potential’ function generating motion on given mono-
parametric family of evolving in time planar orbits with variable eccentricity.  The results is given as 
below. 

Research results and discussion
A planetary parameter of exoplanets that can be presently measured is the orbital eccentricity. 

This parameter is most often extracted from the Keplerian orbital solution to RV observations of a 
bright host star. The primary purpose of the study described in this work could then be seen as placing 
constraints on the variable flux from the measurable parameter of eccentricity as a proxy for the 
presently unknown obliquity of the exoplanet.

We propose to take the function 𝑓𝑓𝑓𝑓(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) to be the set of evolving quasi conic orbits 
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   generating the given mono-parametric family  

In this paper we build an analytical approach to the dynamical evolution of a variety of 
gravitating systems with the help of the inverse problem method and coherent partial differential 
equation solution method. 

We assume the orbital eccentricity as a function of time in order to better understand the time-
dependent dynamical effects of the variable eccentricities on the dynamical structure of the force field 
of the non-stationary gravitating system with additional forces of friction nature.

With this aim we consider a generalized non-stationary potential with additional friction force, 
described by equations in the form 

𝑥̈𝑥𝑥𝑥 = 𝑈𝑈𝑈𝑈𝑥𝑥𝑥𝑥 + 𝛼𝛼𝛼𝛼𝑥̇𝑥𝑥𝑥 , 𝑦̈𝑦𝑦𝑦 = 𝑈𝑈𝑈𝑈𝑦𝑦𝑦𝑦 + 𝛼𝛼𝛼𝛼𝑦̇𝑦𝑦𝑦 (1)

where  𝑈𝑈𝑈𝑈 = 𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) is a non-stationary potential, 𝛼𝛼𝛼𝛼 = 𝛼𝛼𝛼𝛼(𝑡𝑡𝑡𝑡) is a magnitude generally depending 
on time and characterizing the action of additional forces of friction nature.  

Let us take a monoparametric family of evolving in time planar orbits

𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) = 𝑢𝑢𝑢𝑢 = const,
(2)

Assuming the motion of a material point of a unit mass on given family of orbits (2), according 
to equations (1), consider the problem of reconstruction of the non-stationary potential   𝑈𝑈𝑈𝑈 =
𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)generating the given mono-parametric family 𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) = 𝑢𝑢𝑢𝑢 of evolving in time planar orbits. 

The system (1) possesses the integral of the form

𝑚𝑚𝑚𝑚(𝑥𝑥𝑥𝑥𝑦̇𝑦𝑦𝑦 − 𝑦𝑦𝑦𝑦𝑥̇𝑥𝑥𝑥) ≡ 𝐶𝐶𝐶𝐶(𝑡𝑡𝑡𝑡) .
(3)

where the following notation is used:
𝑚𝑚𝑚𝑚 = exp �−∫ 𝛼𝛼𝛼𝛼dt𝑡𝑡𝑡𝑡

𝑡𝑡𝑡𝑡0
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(4) 
where 𝑡𝑡𝑡𝑡0 - is some initial epoch.
In polar coordinates  𝑟𝑟𝑟𝑟 and 𝜙𝜙𝜙𝜙,  assuming  that the potential   𝑈𝑈𝑈𝑈 = 𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) is spherically 

symmetrical,  �𝑈𝑈𝑈𝑈𝜙𝜙𝜙𝜙 = 0�we have the following equation (Omarova, et al, 2003) 

𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶
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+𝑓𝑓𝑓𝑓tt − 𝛼𝛼𝛼𝛼𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡 = 0

.           (5)

We obtained the above partial differential equation in polar coordinates can be resolved with respect 
to non-stationary space symmetrical ‘potential’ function generating motion on given mono-
parametric family of evolving in time planar orbits with variable eccentricity.  The results is given as 
below. 

Research results and discussion
A planetary parameter of exoplanets that can be presently measured is the orbital eccentricity. 

This parameter is most often extracted from the Keplerian orbital solution to RV observations of a 
bright host star. The primary purpose of the study described in this work could then be seen as placing 
constraints on the variable flux from the measurable parameter of eccentricity as a proxy for the 
presently unknown obliquity of the exoplanet.

We propose to take the function 𝑓𝑓𝑓𝑓(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) to be the set of evolving quasi conic orbits 
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of evolving in time planar orbits. 

The system (1) possesses the integral of the form
                                     

In this paper we build an analytical approach to the dynamical evolution of a variety of 
gravitating systems with the help of the inverse problem method and coherent partial differential 
equation solution method. 

We assume the orbital eccentricity as a function of time in order to better understand the time-
dependent dynamical effects of the variable eccentricities on the dynamical structure of the force field 
of the non-stationary gravitating system with additional forces of friction nature.

With this aim we consider a generalized non-stationary potential with additional friction force, 
described by equations in the form 

𝑥̈𝑥𝑥𝑥 = 𝑈𝑈𝑈𝑈𝑥𝑥𝑥𝑥 + 𝛼𝛼𝛼𝛼𝑥̇𝑥𝑥𝑥 , 𝑦̈𝑦𝑦𝑦 = 𝑈𝑈𝑈𝑈𝑦𝑦𝑦𝑦 + 𝛼𝛼𝛼𝛼𝑦̇𝑦𝑦𝑦 (1)

where  𝑈𝑈𝑈𝑈 = 𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) is a non-stationary potential, 𝛼𝛼𝛼𝛼 = 𝛼𝛼𝛼𝛼(𝑡𝑡𝑡𝑡) is a magnitude generally depending 
on time and characterizing the action of additional forces of friction nature.  

Let us take a monoparametric family of evolving in time planar orbits

𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) = 𝑢𝑢𝑢𝑢 = const,
(2)

Assuming the motion of a material point of a unit mass on given family of orbits (2), according 
to equations (1), consider the problem of reconstruction of the non-stationary potential   𝑈𝑈𝑈𝑈 =
𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)generating the given mono-parametric family 𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) = 𝑢𝑢𝑢𝑢 of evolving in time planar orbits. 

The system (1) possesses the integral of the form

𝑚𝑚𝑚𝑚(𝑥𝑥𝑥𝑥𝑦̇𝑦𝑦𝑦 − 𝑦𝑦𝑦𝑦𝑥̇𝑥𝑥𝑥) ≡ 𝐶𝐶𝐶𝐶(𝑡𝑡𝑡𝑡) .
(3)

where the following notation is used:
𝑚𝑚𝑚𝑚 = exp �−∫ 𝛼𝛼𝛼𝛼dt𝑡𝑡𝑡𝑡

𝑡𝑡𝑡𝑡0
�

(4) 
where 𝑡𝑡𝑡𝑡0 - is some initial epoch.
In polar coordinates  𝑟𝑟𝑟𝑟 and 𝜙𝜙𝜙𝜙,  assuming  that the potential   𝑈𝑈𝑈𝑈 = 𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) is spherically 

symmetrical,  �𝑈𝑈𝑈𝑈𝜙𝜙𝜙𝜙 = 0�we have the following equation (Omarova, et al, 2003) 

𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶
2

𝑟𝑟𝑟𝑟5𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟2
�rfrr𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙2 + rf𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓ϕϕ − 2rf𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝜙𝜙𝜙𝜙 + 𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟3 + 2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙2� −

− 2𝐶𝐶𝐶𝐶
𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟

�𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙𝑡𝑡𝑡𝑡 − 𝑓𝑓𝑓𝑓 𝜙𝜙𝜙𝜙𝑓𝑓𝑓𝑓rt� + 2Cf𝑡𝑡𝑡𝑡
𝑟𝑟𝑟𝑟3𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟2

�𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙 − rf𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝜙𝜙𝜙𝜙 + rfrr𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙� + 𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡2𝑓𝑓𝑓𝑓rr
𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟2

− 2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓rt
𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡

+

+𝑓𝑓𝑓𝑓tt − 𝛼𝛼𝛼𝛼𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡 = 0

.           (5)

We obtained the above partial differential equation in polar coordinates can be resolved with respect 
to non-stationary space symmetrical ‘potential’ function generating motion on given mono-
parametric family of evolving in time planar orbits with variable eccentricity.  The results is given as 
below. 

Research results and discussion
A planetary parameter of exoplanets that can be presently measured is the orbital eccentricity. 

This parameter is most often extracted from the Keplerian orbital solution to RV observations of a 
bright host star. The primary purpose of the study described in this work could then be seen as placing 
constraints on the variable flux from the measurable parameter of eccentricity as a proxy for the 
presently unknown obliquity of the exoplanet.

We propose to take the function 𝑓𝑓𝑓𝑓(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) to be the set of evolving quasi conic orbits 

𝑓𝑓𝑓𝑓(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) = 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟�1 + 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡)cos(𝜙𝜙𝜙𝜙 − 𝜔𝜔𝜔𝜔)� = 𝑝𝑝𝑝𝑝                                                                (6)

.                                  				    (3)
where the following notation is used:

In this paper we build an analytical approach to the dynamical evolution of a variety of 
gravitating systems with the help of the inverse problem method and coherent partial differential 
equation solution method. 

We assume the orbital eccentricity as a function of time in order to better understand the time-
dependent dynamical effects of the variable eccentricities on the dynamical structure of the force field 
of the non-stationary gravitating system with additional forces of friction nature.

With this aim we consider a generalized non-stationary potential with additional friction force, 
described by equations in the form 

𝑥̈𝑥𝑥𝑥 = 𝑈𝑈𝑈𝑈𝑥𝑥𝑥𝑥 + 𝛼𝛼𝛼𝛼𝑥̇𝑥𝑥𝑥 , 𝑦̈𝑦𝑦𝑦 = 𝑈𝑈𝑈𝑈𝑦𝑦𝑦𝑦 + 𝛼𝛼𝛼𝛼𝑦̇𝑦𝑦𝑦 (1)

where  𝑈𝑈𝑈𝑈 = 𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) is a non-stationary potential, 𝛼𝛼𝛼𝛼 = 𝛼𝛼𝛼𝛼(𝑡𝑡𝑡𝑡) is a magnitude generally depending 
on time and characterizing the action of additional forces of friction nature.  

Let us take a monoparametric family of evolving in time planar orbits

𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) = 𝑢𝑢𝑢𝑢 = const,
(2)

Assuming the motion of a material point of a unit mass on given family of orbits (2), according 
to equations (1), consider the problem of reconstruction of the non-stationary potential   𝑈𝑈𝑈𝑈 =
𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)generating the given mono-parametric family 𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) = 𝑢𝑢𝑢𝑢 of evolving in time planar orbits. 

The system (1) possesses the integral of the form

𝑚𝑚𝑚𝑚(𝑥𝑥𝑥𝑥𝑦̇𝑦𝑦𝑦 − 𝑦𝑦𝑦𝑦𝑥̇𝑥𝑥𝑥) ≡ 𝐶𝐶𝐶𝐶(𝑡𝑡𝑡𝑡) .
(3)

where the following notation is used:
𝑚𝑚𝑚𝑚 = exp �−∫ 𝛼𝛼𝛼𝛼dt𝑡𝑡𝑡𝑡

𝑡𝑡𝑡𝑡0
�

(4) 
where 𝑡𝑡𝑡𝑡0 - is some initial epoch.
In polar coordinates  𝑟𝑟𝑟𝑟 and 𝜙𝜙𝜙𝜙,  assuming  that the potential   𝑈𝑈𝑈𝑈 = 𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) is spherically 

symmetrical,  �𝑈𝑈𝑈𝑈𝜙𝜙𝜙𝜙 = 0�we have the following equation (Omarova, et al, 2003) 

𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶
2

𝑟𝑟𝑟𝑟5𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟2
�rfrr𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙2 + rf𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓ϕϕ − 2rf𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝜙𝜙𝜙𝜙 + 𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟3 + 2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙2� −

− 2𝐶𝐶𝐶𝐶
𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟

�𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙𝑡𝑡𝑡𝑡 − 𝑓𝑓𝑓𝑓 𝜙𝜙𝜙𝜙𝑓𝑓𝑓𝑓rt� + 2Cf𝑡𝑡𝑡𝑡
𝑟𝑟𝑟𝑟3𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟2

�𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙 − rf𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝜙𝜙𝜙𝜙 + rfrr𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙� + 𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡2𝑓𝑓𝑓𝑓rr
𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟2

− 2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓rt
𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡

+

+𝑓𝑓𝑓𝑓tt − 𝛼𝛼𝛼𝛼𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡 = 0

.           (5)

We obtained the above partial differential equation in polar coordinates can be resolved with respect 
to non-stationary space symmetrical ‘potential’ function generating motion on given mono-
parametric family of evolving in time planar orbits with variable eccentricity.  The results is given as 
below. 

Research results and discussion
A planetary parameter of exoplanets that can be presently measured is the orbital eccentricity. 

This parameter is most often extracted from the Keplerian orbital solution to RV observations of a 
bright host star. The primary purpose of the study described in this work could then be seen as placing 
constraints on the variable flux from the measurable parameter of eccentricity as a proxy for the 
presently unknown obliquity of the exoplanet.

We propose to take the function 𝑓𝑓𝑓𝑓(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) to be the set of evolving quasi conic orbits 

𝑓𝑓𝑓𝑓(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) = 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟�1 + 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡)cos(𝜙𝜙𝜙𝜙 − 𝜔𝜔𝜔𝜔)� = 𝑝𝑝𝑝𝑝                                                                (6)

						      (4) 

where  t0- is some initial epoch.
In polar coordinates r and φ,  assuming  that the potential  

In this paper we build an analytical approach to the dynamical evolution of a variety of 
gravitating systems with the help of the inverse problem method and coherent partial differential 
equation solution method. 

We assume the orbital eccentricity as a function of time in order to better understand the time-
dependent dynamical effects of the variable eccentricities on the dynamical structure of the force field 
of the non-stationary gravitating system with additional forces of friction nature.

With this aim we consider a generalized non-stationary potential with additional friction force, 
described by equations in the form 

𝑥̈𝑥𝑥𝑥 = 𝑈𝑈𝑈𝑈𝑥𝑥𝑥𝑥 + 𝛼𝛼𝛼𝛼𝑥̇𝑥𝑥𝑥 , 𝑦̈𝑦𝑦𝑦 = 𝑈𝑈𝑈𝑈𝑦𝑦𝑦𝑦 + 𝛼𝛼𝛼𝛼𝑦̇𝑦𝑦𝑦 (1)

where  𝑈𝑈𝑈𝑈 = 𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) is a non-stationary potential, 𝛼𝛼𝛼𝛼 = 𝛼𝛼𝛼𝛼(𝑡𝑡𝑡𝑡) is a magnitude generally depending 
on time and characterizing the action of additional forces of friction nature.  

Let us take a monoparametric family of evolving in time planar orbits

𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) = 𝑢𝑢𝑢𝑢 = const,
(2)

Assuming the motion of a material point of a unit mass on given family of orbits (2), according 
to equations (1), consider the problem of reconstruction of the non-stationary potential   𝑈𝑈𝑈𝑈 =
𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)generating the given mono-parametric family 𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) = 𝑢𝑢𝑢𝑢 of evolving in time planar orbits. 

The system (1) possesses the integral of the form

𝑚𝑚𝑚𝑚(𝑥𝑥𝑥𝑥𝑦̇𝑦𝑦𝑦 − 𝑦𝑦𝑦𝑦𝑥̇𝑥𝑥𝑥) ≡ 𝐶𝐶𝐶𝐶(𝑡𝑡𝑡𝑡) .
(3)

where the following notation is used:
𝑚𝑚𝑚𝑚 = exp �−∫ 𝛼𝛼𝛼𝛼dt𝑡𝑡𝑡𝑡

𝑡𝑡𝑡𝑡0
�

(4) 
where 𝑡𝑡𝑡𝑡0 - is some initial epoch.
In polar coordinates  𝑟𝑟𝑟𝑟 and 𝜙𝜙𝜙𝜙,  assuming  that the potential   𝑈𝑈𝑈𝑈 = 𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) is spherically 

symmetrical,  �𝑈𝑈𝑈𝑈𝜙𝜙𝜙𝜙 = 0�we have the following equation (Omarova, et al, 2003) 

𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶
2

𝑟𝑟𝑟𝑟5𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟2
�rfrr𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙2 + rf𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓ϕϕ − 2rf𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝜙𝜙𝜙𝜙 + 𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟3 + 2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙2� −

− 2𝐶𝐶𝐶𝐶
𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟

�𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙𝑡𝑡𝑡𝑡 − 𝑓𝑓𝑓𝑓 𝜙𝜙𝜙𝜙𝑓𝑓𝑓𝑓rt� + 2Cf𝑡𝑡𝑡𝑡
𝑟𝑟𝑟𝑟3𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟2

�𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙 − rf𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝜙𝜙𝜙𝜙 + rfrr𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙� + 𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡2𝑓𝑓𝑓𝑓rr
𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟2

− 2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓rt
𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡

+

+𝑓𝑓𝑓𝑓tt − 𝛼𝛼𝛼𝛼𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡 = 0

.           (5)

We obtained the above partial differential equation in polar coordinates can be resolved with respect 
to non-stationary space symmetrical ‘potential’ function generating motion on given mono-
parametric family of evolving in time planar orbits with variable eccentricity.  The results is given as 
below. 

Research results and discussion
A planetary parameter of exoplanets that can be presently measured is the orbital eccentricity. 

This parameter is most often extracted from the Keplerian orbital solution to RV observations of a 
bright host star. The primary purpose of the study described in this work could then be seen as placing 
constraints on the variable flux from the measurable parameter of eccentricity as a proxy for the 
presently unknown obliquity of the exoplanet.

We propose to take the function 𝑓𝑓𝑓𝑓(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) to be the set of evolving quasi conic orbits 

𝑓𝑓𝑓𝑓(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) = 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟�1 + 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡)cos(𝜙𝜙𝜙𝜙 − 𝜔𝜔𝜔𝜔)� = 𝑝𝑝𝑝𝑝                                                                (6)

  is 
spherically symmetrical,  

In this paper we build an analytical approach to the dynamical evolution of a variety of 
gravitating systems with the help of the inverse problem method and coherent partial differential 
equation solution method. 

We assume the orbital eccentricity as a function of time in order to better understand the time-
dependent dynamical effects of the variable eccentricities on the dynamical structure of the force field 
of the non-stationary gravitating system with additional forces of friction nature.

With this aim we consider a generalized non-stationary potential with additional friction force, 
described by equations in the form 

𝑥̈𝑥𝑥𝑥 = 𝑈𝑈𝑈𝑈𝑥𝑥𝑥𝑥 + 𝛼𝛼𝛼𝛼𝑥̇𝑥𝑥𝑥 , 𝑦̈𝑦𝑦𝑦 = 𝑈𝑈𝑈𝑈𝑦𝑦𝑦𝑦 + 𝛼𝛼𝛼𝛼𝑦̇𝑦𝑦𝑦 (1)

where  𝑈𝑈𝑈𝑈 = 𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) is a non-stationary potential, 𝛼𝛼𝛼𝛼 = 𝛼𝛼𝛼𝛼(𝑡𝑡𝑡𝑡) is a magnitude generally depending 
on time and characterizing the action of additional forces of friction nature.  

Let us take a monoparametric family of evolving in time planar orbits

𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) = 𝑢𝑢𝑢𝑢 = const,
(2)

Assuming the motion of a material point of a unit mass on given family of orbits (2), according 
to equations (1), consider the problem of reconstruction of the non-stationary potential   𝑈𝑈𝑈𝑈 =
𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)generating the given mono-parametric family 𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) = 𝑢𝑢𝑢𝑢 of evolving in time planar orbits. 

The system (1) possesses the integral of the form

𝑚𝑚𝑚𝑚(𝑥𝑥𝑥𝑥𝑦̇𝑦𝑦𝑦 − 𝑦𝑦𝑦𝑦𝑥̇𝑥𝑥𝑥) ≡ 𝐶𝐶𝐶𝐶(𝑡𝑡𝑡𝑡) .
(3)

where the following notation is used:
𝑚𝑚𝑚𝑚 = exp �−∫ 𝛼𝛼𝛼𝛼dt𝑡𝑡𝑡𝑡

𝑡𝑡𝑡𝑡0
�

(4) 
where 𝑡𝑡𝑡𝑡0 - is some initial epoch.
In polar coordinates  𝑟𝑟𝑟𝑟 and 𝜙𝜙𝜙𝜙,  assuming  that the potential   𝑈𝑈𝑈𝑈 = 𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) is spherically 

symmetrical,  �𝑈𝑈𝑈𝑈𝜙𝜙𝜙𝜙 = 0�we have the following equation (Omarova, et al, 2003) 

𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶
2

𝑟𝑟𝑟𝑟5𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟2
�rfrr𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙2 + rf𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓ϕϕ − 2rf𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝜙𝜙𝜙𝜙 + 𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟3 + 2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙2� −

− 2𝐶𝐶𝐶𝐶
𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟

�𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙𝑡𝑡𝑡𝑡 − 𝑓𝑓𝑓𝑓 𝜙𝜙𝜙𝜙𝑓𝑓𝑓𝑓rt� + 2Cf𝑡𝑡𝑡𝑡
𝑟𝑟𝑟𝑟3𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟2

�𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙 − rf𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝜙𝜙𝜙𝜙 + rfrr𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙� + 𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡2𝑓𝑓𝑓𝑓rr
𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟2

− 2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓rt
𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡

+

+𝑓𝑓𝑓𝑓tt − 𝛼𝛼𝛼𝛼𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡 = 0

.           (5)

We obtained the above partial differential equation in polar coordinates can be resolved with respect 
to non-stationary space symmetrical ‘potential’ function generating motion on given mono-
parametric family of evolving in time planar orbits with variable eccentricity.  The results is given as 
below. 

Research results and discussion
A planetary parameter of exoplanets that can be presently measured is the orbital eccentricity. 

This parameter is most often extracted from the Keplerian orbital solution to RV observations of a 
bright host star. The primary purpose of the study described in this work could then be seen as placing 
constraints on the variable flux from the measurable parameter of eccentricity as a proxy for the 
presently unknown obliquity of the exoplanet.

We propose to take the function 𝑓𝑓𝑓𝑓(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) to be the set of evolving quasi conic orbits 

𝑓𝑓𝑓𝑓(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) = 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟�1 + 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡)cos(𝜙𝜙𝜙𝜙 − 𝜔𝜔𝜔𝜔)� = 𝑝𝑝𝑝𝑝                                                                (6)

 we have the following equation (Omarova, et al, 
2003) 

In this paper we build an analytical approach to the dynamical evolution of a variety of 
gravitating systems with the help of the inverse problem method and coherent partial differential 
equation solution method. 

We assume the orbital eccentricity as a function of time in order to better understand the time-
dependent dynamical effects of the variable eccentricities on the dynamical structure of the force field 
of the non-stationary gravitating system with additional forces of friction nature.

With this aim we consider a generalized non-stationary potential with additional friction force, 
described by equations in the form 

𝑥̈𝑥𝑥𝑥 = 𝑈𝑈𝑈𝑈𝑥𝑥𝑥𝑥 + 𝛼𝛼𝛼𝛼𝑥̇𝑥𝑥𝑥 , 𝑦̈𝑦𝑦𝑦 = 𝑈𝑈𝑈𝑈𝑦𝑦𝑦𝑦 + 𝛼𝛼𝛼𝛼𝑦̇𝑦𝑦𝑦 (1)

where  𝑈𝑈𝑈𝑈 = 𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) is a non-stationary potential, 𝛼𝛼𝛼𝛼 = 𝛼𝛼𝛼𝛼(𝑡𝑡𝑡𝑡) is a magnitude generally depending 
on time and characterizing the action of additional forces of friction nature.  

Let us take a monoparametric family of evolving in time planar orbits

𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) = 𝑢𝑢𝑢𝑢 = const,
(2)

Assuming the motion of a material point of a unit mass on given family of orbits (2), according 
to equations (1), consider the problem of reconstruction of the non-stationary potential   𝑈𝑈𝑈𝑈 =
𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)generating the given mono-parametric family 𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) = 𝑢𝑢𝑢𝑢 of evolving in time planar orbits. 

The system (1) possesses the integral of the form

𝑚𝑚𝑚𝑚(𝑥𝑥𝑥𝑥𝑦̇𝑦𝑦𝑦 − 𝑦𝑦𝑦𝑦𝑥̇𝑥𝑥𝑥) ≡ 𝐶𝐶𝐶𝐶(𝑡𝑡𝑡𝑡) .
(3)

where the following notation is used:
𝑚𝑚𝑚𝑚 = exp �−∫ 𝛼𝛼𝛼𝛼dt𝑡𝑡𝑡𝑡

𝑡𝑡𝑡𝑡0
�

(4) 
where 𝑡𝑡𝑡𝑡0 - is some initial epoch.
In polar coordinates  𝑟𝑟𝑟𝑟 and 𝜙𝜙𝜙𝜙,  assuming  that the potential   𝑈𝑈𝑈𝑈 = 𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) is spherically 

symmetrical,  �𝑈𝑈𝑈𝑈𝜙𝜙𝜙𝜙 = 0�we have the following equation (Omarova, et al, 2003) 

𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶
2

𝑟𝑟𝑟𝑟5𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟2
�rfrr𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙2 + rf𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓ϕϕ − 2rf𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝜙𝜙𝜙𝜙 + 𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟3 + 2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙2� −

− 2𝐶𝐶𝐶𝐶
𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟

�𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙𝑡𝑡𝑡𝑡 − 𝑓𝑓𝑓𝑓 𝜙𝜙𝜙𝜙𝑓𝑓𝑓𝑓rt� + 2Cf𝑡𝑡𝑡𝑡
𝑟𝑟𝑟𝑟3𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟2

�𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙 − rf𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝜙𝜙𝜙𝜙 + rfrr𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙� + 𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡2𝑓𝑓𝑓𝑓rr
𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟2

− 2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓rt
𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡

+

+𝑓𝑓𝑓𝑓tt − 𝛼𝛼𝛼𝛼𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡 = 0

.           (5)

We obtained the above partial differential equation in polar coordinates can be resolved with respect 
to non-stationary space symmetrical ‘potential’ function generating motion on given mono-
parametric family of evolving in time planar orbits with variable eccentricity.  The results is given as 
below. 

Research results and discussion
A planetary parameter of exoplanets that can be presently measured is the orbital eccentricity. 

This parameter is most often extracted from the Keplerian orbital solution to RV observations of a 
bright host star. The primary purpose of the study described in this work could then be seen as placing 
constraints on the variable flux from the measurable parameter of eccentricity as a proxy for the 
presently unknown obliquity of the exoplanet.

We propose to take the function 𝑓𝑓𝑓𝑓(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) to be the set of evolving quasi conic orbits 
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We obtained the above partial differential equation in polar coordinates can be 
resolved with respect to non-stationary space symmetrical ‘potential’ function generating 
motion on given mono-parametric family of evolving in time planar orbits with variable 
eccentricity.  The results is given as below. 

Research results and discussion
A planetary parameter of exoplanets that can be presently measured is the orbital 

eccentricity. This parameter is most often extracted from the Keplerian orbital solution 
to RV observations of a bright host star. The primary purpose of the study described 
in this work could then be seen as placing constraints on the variable flux from the 
measurable parameter of eccentricity as a proxy for the presently unknown obliquity of 
the exoplanet.

We propose to take the function  

In this paper we build an analytical approach to the dynamical evolution of a variety of 
gravitating systems with the help of the inverse problem method and coherent partial differential 
equation solution method. 

We assume the orbital eccentricity as a function of time in order to better understand the time-
dependent dynamical effects of the variable eccentricities on the dynamical structure of the force field 
of the non-stationary gravitating system with additional forces of friction nature.

With this aim we consider a generalized non-stationary potential with additional friction force, 
described by equations in the form 

𝑥̈𝑥𝑥𝑥 = 𝑈𝑈𝑈𝑈𝑥𝑥𝑥𝑥 + 𝛼𝛼𝛼𝛼𝑥̇𝑥𝑥𝑥 , 𝑦̈𝑦𝑦𝑦 = 𝑈𝑈𝑈𝑈𝑦𝑦𝑦𝑦 + 𝛼𝛼𝛼𝛼𝑦̇𝑦𝑦𝑦 (1)

where  𝑈𝑈𝑈𝑈 = 𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) is a non-stationary potential, 𝛼𝛼𝛼𝛼 = 𝛼𝛼𝛼𝛼(𝑡𝑡𝑡𝑡) is a magnitude generally depending 
on time and characterizing the action of additional forces of friction nature.  

Let us take a monoparametric family of evolving in time planar orbits

𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) = 𝑢𝑢𝑢𝑢 = const,
(2)

Assuming the motion of a material point of a unit mass on given family of orbits (2), according 
to equations (1), consider the problem of reconstruction of the non-stationary potential   𝑈𝑈𝑈𝑈 =
𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)generating the given mono-parametric family 𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) = 𝑢𝑢𝑢𝑢 of evolving in time planar orbits. 

The system (1) possesses the integral of the form

𝑚𝑚𝑚𝑚(𝑥𝑥𝑥𝑥𝑦̇𝑦𝑦𝑦 − 𝑦𝑦𝑦𝑦𝑥̇𝑥𝑥𝑥) ≡ 𝐶𝐶𝐶𝐶(𝑡𝑡𝑡𝑡) .
(3)

where the following notation is used:
𝑚𝑚𝑚𝑚 = exp �−∫ 𝛼𝛼𝛼𝛼dt𝑡𝑡𝑡𝑡

𝑡𝑡𝑡𝑡0
�

(4) 
where 𝑡𝑡𝑡𝑡0 - is some initial epoch.
In polar coordinates  𝑟𝑟𝑟𝑟 and 𝜙𝜙𝜙𝜙,  assuming  that the potential   𝑈𝑈𝑈𝑈 = 𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) is spherically 

symmetrical,  �𝑈𝑈𝑈𝑈𝜙𝜙𝜙𝜙 = 0�we have the following equation (Omarova, et al, 2003) 

𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶
2

𝑟𝑟𝑟𝑟5𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟2
�rfrr𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙2 + rf𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓ϕϕ − 2rf𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝜙𝜙𝜙𝜙 + 𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟3 + 2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙2� −

− 2𝐶𝐶𝐶𝐶
𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟

�𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙𝑡𝑡𝑡𝑡 − 𝑓𝑓𝑓𝑓 𝜙𝜙𝜙𝜙𝑓𝑓𝑓𝑓rt� + 2Cf𝑡𝑡𝑡𝑡
𝑟𝑟𝑟𝑟3𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟2

�𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙 − rf𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝜙𝜙𝜙𝜙 + rfrr𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙� + 𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡2𝑓𝑓𝑓𝑓rr
𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟2

− 2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓rt
𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡

+

+𝑓𝑓𝑓𝑓tt − 𝛼𝛼𝛼𝛼𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡 = 0

.           (5)

We obtained the above partial differential equation in polar coordinates can be resolved with respect 
to non-stationary space symmetrical ‘potential’ function generating motion on given mono-
parametric family of evolving in time planar orbits with variable eccentricity.  The results is given as 
below. 

Research results and discussion
A planetary parameter of exoplanets that can be presently measured is the orbital eccentricity. 

This parameter is most often extracted from the Keplerian orbital solution to RV observations of a 
bright host star. The primary purpose of the study described in this work could then be seen as placing 
constraints on the variable flux from the measurable parameter of eccentricity as a proxy for the 
presently unknown obliquity of the exoplanet.

We propose to take the function 𝑓𝑓𝑓𝑓(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) to be the set of evolving quasi conic orbits 

𝑓𝑓𝑓𝑓(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) = 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟�1 + 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡)cos(𝜙𝜙𝜙𝜙 − 𝜔𝜔𝜔𝜔)� = 𝑝𝑝𝑝𝑝                                                                (6)

  to be the set of evolving quasi conic 
orbits 

In this paper we build an analytical approach to the dynamical evolution of a variety of 
gravitating systems with the help of the inverse problem method and coherent partial differential 
equation solution method. 

We assume the orbital eccentricity as a function of time in order to better understand the time-
dependent dynamical effects of the variable eccentricities on the dynamical structure of the force field 
of the non-stationary gravitating system with additional forces of friction nature.

With this aim we consider a generalized non-stationary potential with additional friction force, 
described by equations in the form 

𝑥̈𝑥𝑥𝑥 = 𝑈𝑈𝑈𝑈𝑥𝑥𝑥𝑥 + 𝛼𝛼𝛼𝛼𝑥̇𝑥𝑥𝑥 , 𝑦̈𝑦𝑦𝑦 = 𝑈𝑈𝑈𝑈𝑦𝑦𝑦𝑦 + 𝛼𝛼𝛼𝛼𝑦̇𝑦𝑦𝑦 (1)
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(2)
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(3)
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𝑡𝑡𝑡𝑡0
�
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2
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�rfrr𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙2 + rf𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓ϕϕ − 2rf𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝜙𝜙𝜙𝜙 + 𝑟𝑟𝑟𝑟2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟3 + 2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙2� −
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�𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙𝑡𝑡𝑡𝑡 − 𝑓𝑓𝑓𝑓 𝜙𝜙𝜙𝜙𝑓𝑓𝑓𝑓rt� + 2Cf𝑡𝑡𝑡𝑡
𝑟𝑟𝑟𝑟3𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟2

�𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙 − rf𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝜙𝜙𝜙𝜙 + rfrr𝑓𝑓𝑓𝑓𝜙𝜙𝜙𝜙� + 𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡2𝑓𝑓𝑓𝑓rr
𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟2

− 2𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑓𝑓𝑓𝑓rt
𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡
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+𝑓𝑓𝑓𝑓tt − 𝛼𝛼𝛼𝛼𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡 = 0

.           (5)

We obtained the above partial differential equation in polar coordinates can be resolved with respect 
to non-stationary space symmetrical ‘potential’ function generating motion on given mono-
parametric family of evolving in time planar orbits with variable eccentricity.  The results is given as 
below. 

Research results and discussion
A planetary parameter of exoplanets that can be presently measured is the orbital eccentricity. 

This parameter is most often extracted from the Keplerian orbital solution to RV observations of a 
bright host star. The primary purpose of the study described in this work could then be seen as placing 
constraints on the variable flux from the measurable parameter of eccentricity as a proxy for the 
presently unknown obliquity of the exoplanet.

We propose to take the function 𝑓𝑓𝑓𝑓(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) to be the set of evolving quasi conic orbits 

𝑓𝑓𝑓𝑓(𝑟𝑟𝑟𝑟,𝜙𝜙𝜙𝜙, 𝑡𝑡𝑡𝑡) = 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟�1 + 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡)cos(𝜙𝜙𝜙𝜙 − 𝜔𝜔𝜔𝜔)� = 𝑝𝑝𝑝𝑝                                                                (6)			   (6)

where p, ɷ  are the constants, denoting a dimension and orientation of the orbit  on 
the invariable  plane,   e = e(t) denotes the evolving eccentricity, meaning  a variation 
of  the orbit shape  over time, γ = γ (t) - is yet some rather arbitrary function of time. 

 By substituting (6) into (5), we obtain the following partial differential equation:

where 𝑝𝑝𝑝𝑝, 𝜔𝜔𝜔𝜔 are the constants, denoting a dimension and orientation of the orbit  on the invariable  
plane, 𝑒𝑒𝑒𝑒 = 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) denotes the evolving eccentricity, meaning  a variation of  the orbit shape  over time, 
𝑟𝑟𝑟𝑟 = 𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡)- is yet some rather arbitrary function of time. 

By substituting (6) into (5), we obtain the following partial differential equation:

𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾
pr2

− 2𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟3 + Er2 + 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟 − 2𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒
𝑅𝑅𝑅𝑅 = 0 , (7)

where for brevity, we introduced the below notations д

𝐸𝐸𝐸𝐸 = 𝛾𝛾𝛾𝛾
𝑝𝑝𝑝𝑝
�𝛼𝛼𝛼𝛼𝑒̇𝑒𝑒𝑒
𝑒𝑒𝑒𝑒

+ 2𝛾̇𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝛾𝛾𝛾𝛾𝑒𝑒𝑒𝑒

+ 4𝑒̇𝑒𝑒𝑒2

𝑒𝑒𝑒𝑒2
− 𝑒̈𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
� (8)

𝐴𝐴𝐴𝐴~ = 𝛾̈𝛾𝛾𝛾
𝛾𝛾𝛾𝛾
− 𝛼𝛼𝛼𝛼𝛾̇𝛾𝛾𝛾

𝛾𝛾𝛾𝛾
− 2𝛾̇𝛾𝛾𝛾2

𝛾𝛾𝛾𝛾
− 2𝛾̇𝛾𝛾𝛾𝛼̇𝛼𝛼𝛼

𝛾𝛾𝛾𝛾𝑒𝑒𝑒𝑒
+ 𝑒̈𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
− 𝛼𝛼𝛼𝛼𝑒̇𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
− 2𝑒̇𝑒𝑒𝑒2

𝑒𝑒𝑒𝑒2
(9)

𝑅𝑅𝑅𝑅 = �𝑟𝑟𝑟𝑟2(𝑒𝑒𝑒𝑒2 − 1)𝑟𝑟𝑟𝑟2 − 2𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 − 𝑝𝑝𝑝𝑝2.                                                         (10)         

The solution of Eq. (7) up to an arbitrary explicit function of time has the following form:

1. If  𝑒𝑒𝑒𝑒 > 1

𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟, 𝑡𝑡𝑡𝑡) =
𝐶𝐶𝐶𝐶2𝑟𝑟𝑟𝑟
pr

+
𝑟𝑟𝑟𝑟2𝑒̇𝑒𝑒𝑒2

2𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟4 − 𝐸𝐸𝐸𝐸

𝑟𝑟𝑟𝑟3

3
− 𝐴𝐴𝐴𝐴~

𝑟𝑟𝑟𝑟2

2
+

+ 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝑝𝑝𝑝𝑝 2𝑒𝑒𝑒𝑒

�Rr + pR
𝛾𝛾𝛾𝛾(𝑒𝑒𝑒𝑒2−1) −

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2

𝛾𝛾𝛾𝛾�(𝑒𝑒𝑒𝑒2−1)3
ln2𝑟𝑟𝑟𝑟 ��(𝑒𝑒𝑒𝑒2 − 1)3𝑅𝑅𝑅𝑅 + 𝑟𝑟𝑟𝑟(𝑒𝑒𝑒𝑒2 − 1)𝑟𝑟𝑟𝑟 + 𝑝𝑝𝑝𝑝�� (11)

2. If  𝑒𝑒𝑒𝑒 < 1
𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟, 𝑡𝑡𝑡𝑡) = 𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾

pr
+ 𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

2𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟4 − 𝐸𝐸𝐸𝐸 𝑟𝑟𝑟𝑟3

3
− 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟2

2
+

+ 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝑝𝑝𝑝𝑝 2𝑒𝑒𝑒𝑒

�Rr + pR
𝛾𝛾𝛾𝛾(𝑒𝑒𝑒𝑒2−1) −

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2

𝛾𝛾𝛾𝛾�1−𝑒𝑒𝑒𝑒2(𝑒𝑒𝑒𝑒2−1)
arcsin 𝛾𝛾𝛾𝛾�𝑒𝑒𝑒𝑒2−1�𝑟𝑟𝑟𝑟+𝑝𝑝𝑝𝑝

pe
� (12)

We received two solutions of the partial differential equation (5) for the given family of evolving 
orbits (6) with variable eccentricity. 

Conclusions
The recent studies show, that the orbital eccentricities of directly imaged exoplanets and brown 

dwarf companions provide clues about their formation and dynamical histories (Bowler, at al, 2020; 
Franson, et al, 2023; Franson, et al, 2023; Sepulveda, et al, 2022), reporting the evidence that the 
“eccentricity dichotomy” observed at small separations extends to planets on wide orbits: the mean 
eccentricity for the multi-planet system HR 8799 is lower than for systems with single planets. Low 
mass ratio companions preferentially have low eccentricities (Sepulveda, et al, 2022),

Exoplanet discovered over recent years have shown that terrestrial planets are exceptionally 
common. Exoplanetary studies are rapidly requiring the need for characterization techniques for 
terrestrial planets as their discovery rate continues to increase and many of these planets are in 
compact systems that result in complex orbital dynamics (Kane, et al, 2017)..

Our study concluded, that the analytically derived solution of Eq. (7) depends on magnitude of 
the function 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) and splits down to two results.  In the first result  (𝑒𝑒𝑒𝑒 > 1) we have a non-stationary 
potential (11), generating the set of evolving quasi conic  orbits of hyperbolic type.  This solution can 
be very useful for study of comet dynamics. In the second result (𝑒𝑒𝑒𝑒 < 1) we have a non-stationary 
potential  (12), giving rise to the set  of evolving quasi conic orbits of elliptic form. And this second 
result we suppose can be used for study of the orbital dynamics of young planetary systems and brown 
dwarf companions.

In both cases, a non-stationary potential determines central force

𝐹⃗𝐹𝐹𝐹 = −𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾
pr3

𝑟𝑟𝑟𝑟 + 2𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟2𝑟𝑟𝑟𝑟 − Er {𝑟𝑟𝑟𝑟 − 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒(𝑅𝑅𝑅𝑅+1)

𝑝𝑝𝑝𝑝2er
𝑟𝑟𝑟𝑟 (13)

,			   (7)

where for brevity, we introduced the below notations д

where 𝑝𝑝𝑝𝑝, 𝜔𝜔𝜔𝜔 are the constants, denoting a dimension and orientation of the orbit  on the invariable  
plane, 𝑒𝑒𝑒𝑒 = 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) denotes the evolving eccentricity, meaning  a variation of  the orbit shape  over time, 
𝑟𝑟𝑟𝑟 = 𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡)- is yet some rather arbitrary function of time. 

By substituting (6) into (5), we obtain the following partial differential equation:

𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾
pr2

− 2𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟3 + Er2 + 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟 − 2𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒
𝑅𝑅𝑅𝑅 = 0 , (7)

where for brevity, we introduced the below notations д

𝐸𝐸𝐸𝐸 = 𝛾𝛾𝛾𝛾
𝑝𝑝𝑝𝑝
�𝛼𝛼𝛼𝛼𝑒̇𝑒𝑒𝑒
𝑒𝑒𝑒𝑒

+ 2𝛾̇𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝛾𝛾𝛾𝛾𝑒𝑒𝑒𝑒

+ 4𝑒̇𝑒𝑒𝑒2

𝑒𝑒𝑒𝑒2
− 𝑒̈𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
� (8)

𝐴𝐴𝐴𝐴~ = 𝛾̈𝛾𝛾𝛾
𝛾𝛾𝛾𝛾
− 𝛼𝛼𝛼𝛼𝛾̇𝛾𝛾𝛾

𝛾𝛾𝛾𝛾
− 2𝛾̇𝛾𝛾𝛾2

𝛾𝛾𝛾𝛾
− 2𝛾̇𝛾𝛾𝛾𝛼̇𝛼𝛼𝛼

𝛾𝛾𝛾𝛾𝑒𝑒𝑒𝑒
+ 𝑒̈𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
− 𝛼𝛼𝛼𝛼𝑒̇𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
− 2𝑒̇𝑒𝑒𝑒2

𝑒𝑒𝑒𝑒2
(9)

𝑅𝑅𝑅𝑅 = �𝑟𝑟𝑟𝑟2(𝑒𝑒𝑒𝑒2 − 1)𝑟𝑟𝑟𝑟2 − 2𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 − 𝑝𝑝𝑝𝑝2.                                                         (10)         

The solution of Eq. (7) up to an arbitrary explicit function of time has the following form:

1. If  𝑒𝑒𝑒𝑒 > 1

𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟, 𝑡𝑡𝑡𝑡) =
𝐶𝐶𝐶𝐶2𝑟𝑟𝑟𝑟
pr

+
𝑟𝑟𝑟𝑟2𝑒̇𝑒𝑒𝑒2

2𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟4 − 𝐸𝐸𝐸𝐸

𝑟𝑟𝑟𝑟3

3
− 𝐴𝐴𝐴𝐴~

𝑟𝑟𝑟𝑟2

2
+

+ 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝑝𝑝𝑝𝑝 2𝑒𝑒𝑒𝑒

�Rr + pR
𝛾𝛾𝛾𝛾(𝑒𝑒𝑒𝑒2−1) −

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2

𝛾𝛾𝛾𝛾�(𝑒𝑒𝑒𝑒2−1)3
ln2𝑟𝑟𝑟𝑟 ��(𝑒𝑒𝑒𝑒2 − 1)3𝑅𝑅𝑅𝑅 + 𝑟𝑟𝑟𝑟(𝑒𝑒𝑒𝑒2 − 1)𝑟𝑟𝑟𝑟 + 𝑝𝑝𝑝𝑝�� (11)

2. If  𝑒𝑒𝑒𝑒 < 1
𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟, 𝑡𝑡𝑡𝑡) = 𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾

pr
+ 𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

2𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟4 − 𝐸𝐸𝐸𝐸 𝑟𝑟𝑟𝑟3

3
− 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟2

2
+

+ 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝑝𝑝𝑝𝑝 2𝑒𝑒𝑒𝑒

�Rr + pR
𝛾𝛾𝛾𝛾(𝑒𝑒𝑒𝑒2−1) −

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2

𝛾𝛾𝛾𝛾�1−𝑒𝑒𝑒𝑒2(𝑒𝑒𝑒𝑒2−1)
arcsin 𝛾𝛾𝛾𝛾�𝑒𝑒𝑒𝑒2−1�𝑟𝑟𝑟𝑟+𝑝𝑝𝑝𝑝

pe
� (12)

We received two solutions of the partial differential equation (5) for the given family of evolving 
orbits (6) with variable eccentricity. 

Conclusions
The recent studies show, that the orbital eccentricities of directly imaged exoplanets and brown 

dwarf companions provide clues about their formation and dynamical histories (Bowler, at al, 2020; 
Franson, et al, 2023; Franson, et al, 2023; Sepulveda, et al, 2022), reporting the evidence that the 
“eccentricity dichotomy” observed at small separations extends to planets on wide orbits: the mean 
eccentricity for the multi-planet system HR 8799 is lower than for systems with single planets. Low 
mass ratio companions preferentially have low eccentricities (Sepulveda, et al, 2022),

Exoplanet discovered over recent years have shown that terrestrial planets are exceptionally 
common. Exoplanetary studies are rapidly requiring the need for characterization techniques for 
terrestrial planets as their discovery rate continues to increase and many of these planets are in 
compact systems that result in complex orbital dynamics (Kane, et al, 2017)..

Our study concluded, that the analytically derived solution of Eq. (7) depends on magnitude of 
the function 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) and splits down to two results.  In the first result  (𝑒𝑒𝑒𝑒 > 1) we have a non-stationary 
potential (11), generating the set of evolving quasi conic  orbits of hyperbolic type.  This solution can 
be very useful for study of comet dynamics. In the second result (𝑒𝑒𝑒𝑒 < 1) we have a non-stationary 
potential  (12), giving rise to the set  of evolving quasi conic orbits of elliptic form. And this second 
result we suppose can be used for study of the orbital dynamics of young planetary systems and brown 
dwarf companions.

In both cases, a non-stationary potential determines central force

𝐹⃗𝐹𝐹𝐹 = −𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾
pr3

𝑟𝑟𝑟𝑟 + 2𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟2𝑟𝑟𝑟𝑟 − Er {𝑟𝑟𝑟𝑟 − 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒(𝑅𝑅𝑅𝑅+1)

𝑝𝑝𝑝𝑝2er
𝑟𝑟𝑟𝑟 (13)

						      (8)

where 𝑝𝑝𝑝𝑝, 𝜔𝜔𝜔𝜔 are the constants, denoting a dimension and orientation of the orbit  on the invariable  
plane, 𝑒𝑒𝑒𝑒 = 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) denotes the evolving eccentricity, meaning  a variation of  the orbit shape  over time, 
𝑟𝑟𝑟𝑟 = 𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡)- is yet some rather arbitrary function of time. 

By substituting (6) into (5), we obtain the following partial differential equation:

𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾
pr2

− 2𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟3 + Er2 + 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟 − 2𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒
𝑅𝑅𝑅𝑅 = 0 , (7)

where for brevity, we introduced the below notations д

𝐸𝐸𝐸𝐸 = 𝛾𝛾𝛾𝛾
𝑝𝑝𝑝𝑝
�𝛼𝛼𝛼𝛼𝑒̇𝑒𝑒𝑒
𝑒𝑒𝑒𝑒

+ 2𝛾̇𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝛾𝛾𝛾𝛾𝑒𝑒𝑒𝑒

+ 4𝑒̇𝑒𝑒𝑒2

𝑒𝑒𝑒𝑒2
− 𝑒̈𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
� (8)

𝐴𝐴𝐴𝐴~ = 𝛾̈𝛾𝛾𝛾
𝛾𝛾𝛾𝛾
− 𝛼𝛼𝛼𝛼𝛾̇𝛾𝛾𝛾

𝛾𝛾𝛾𝛾
− 2𝛾̇𝛾𝛾𝛾2

𝛾𝛾𝛾𝛾
− 2𝛾̇𝛾𝛾𝛾𝛼̇𝛼𝛼𝛼

𝛾𝛾𝛾𝛾𝑒𝑒𝑒𝑒
+ 𝑒̈𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
− 𝛼𝛼𝛼𝛼𝑒̇𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
− 2𝑒̇𝑒𝑒𝑒2

𝑒𝑒𝑒𝑒2
(9)

𝑅𝑅𝑅𝑅 = �𝑟𝑟𝑟𝑟2(𝑒𝑒𝑒𝑒2 − 1)𝑟𝑟𝑟𝑟2 − 2𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 − 𝑝𝑝𝑝𝑝2.                                                         (10)         

The solution of Eq. (7) up to an arbitrary explicit function of time has the following form:

1. If  𝑒𝑒𝑒𝑒 > 1

𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟, 𝑡𝑡𝑡𝑡) =
𝐶𝐶𝐶𝐶2𝑟𝑟𝑟𝑟
pr

+
𝑟𝑟𝑟𝑟2𝑒̇𝑒𝑒𝑒2

2𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟4 − 𝐸𝐸𝐸𝐸

𝑟𝑟𝑟𝑟3

3
− 𝐴𝐴𝐴𝐴~

𝑟𝑟𝑟𝑟2

2
+

+ 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝑝𝑝𝑝𝑝 2𝑒𝑒𝑒𝑒

�Rr + pR
𝛾𝛾𝛾𝛾(𝑒𝑒𝑒𝑒2−1) −

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2

𝛾𝛾𝛾𝛾�(𝑒𝑒𝑒𝑒2−1)3
ln2𝑟𝑟𝑟𝑟 ��(𝑒𝑒𝑒𝑒2 − 1)3𝑅𝑅𝑅𝑅 + 𝑟𝑟𝑟𝑟(𝑒𝑒𝑒𝑒2 − 1)𝑟𝑟𝑟𝑟 + 𝑝𝑝𝑝𝑝�� (11)

2. If  𝑒𝑒𝑒𝑒 < 1
𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟, 𝑡𝑡𝑡𝑡) = 𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾

pr
+ 𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

2𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟4 − 𝐸𝐸𝐸𝐸 𝑟𝑟𝑟𝑟3

3
− 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟2

2
+

+ 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝑝𝑝𝑝𝑝 2𝑒𝑒𝑒𝑒

�Rr + pR
𝛾𝛾𝛾𝛾(𝑒𝑒𝑒𝑒2−1) −

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2

𝛾𝛾𝛾𝛾�1−𝑒𝑒𝑒𝑒2(𝑒𝑒𝑒𝑒2−1)
arcsin 𝛾𝛾𝛾𝛾�𝑒𝑒𝑒𝑒2−1�𝑟𝑟𝑟𝑟+𝑝𝑝𝑝𝑝

pe
� (12)

We received two solutions of the partial differential equation (5) for the given family of evolving 
orbits (6) with variable eccentricity. 

Conclusions
The recent studies show, that the orbital eccentricities of directly imaged exoplanets and brown 

dwarf companions provide clues about their formation and dynamical histories (Bowler, at al, 2020; 
Franson, et al, 2023; Franson, et al, 2023; Sepulveda, et al, 2022), reporting the evidence that the 
“eccentricity dichotomy” observed at small separations extends to planets on wide orbits: the mean 
eccentricity for the multi-planet system HR 8799 is lower than for systems with single planets. Low 
mass ratio companions preferentially have low eccentricities (Sepulveda, et al, 2022),

Exoplanet discovered over recent years have shown that terrestrial planets are exceptionally 
common. Exoplanetary studies are rapidly requiring the need for characterization techniques for 
terrestrial planets as their discovery rate continues to increase and many of these planets are in 
compact systems that result in complex orbital dynamics (Kane, et al, 2017)..

Our study concluded, that the analytically derived solution of Eq. (7) depends on magnitude of 
the function 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) and splits down to two results.  In the first result  (𝑒𝑒𝑒𝑒 > 1) we have a non-stationary 
potential (11), generating the set of evolving quasi conic  orbits of hyperbolic type.  This solution can 
be very useful for study of comet dynamics. In the second result (𝑒𝑒𝑒𝑒 < 1) we have a non-stationary 
potential  (12), giving rise to the set  of evolving quasi conic orbits of elliptic form. And this second 
result we suppose can be used for study of the orbital dynamics of young planetary systems and brown 
dwarf companions.

In both cases, a non-stationary potential determines central force

𝐹⃗𝐹𝐹𝐹 = −𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾
pr3

𝑟𝑟𝑟𝑟 + 2𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟2𝑟𝑟𝑟𝑟 − Er {𝑟𝑟𝑟𝑟 − 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒(𝑅𝑅𝑅𝑅+1)

𝑝𝑝𝑝𝑝2er
𝑟𝑟𝑟𝑟 (13)

				    (9)

where 𝑝𝑝𝑝𝑝, 𝜔𝜔𝜔𝜔 are the constants, denoting a dimension and orientation of the orbit  on the invariable  
plane, 𝑒𝑒𝑒𝑒 = 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) denotes the evolving eccentricity, meaning  a variation of  the orbit shape  over time, 
𝑟𝑟𝑟𝑟 = 𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡)- is yet some rather arbitrary function of time. 

By substituting (6) into (5), we obtain the following partial differential equation:

𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾
pr2

− 2𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟3 + Er2 + 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟 − 2𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒
𝑅𝑅𝑅𝑅 = 0 , (7)

where for brevity, we introduced the below notations д

𝐸𝐸𝐸𝐸 = 𝛾𝛾𝛾𝛾
𝑝𝑝𝑝𝑝
�𝛼𝛼𝛼𝛼𝑒̇𝑒𝑒𝑒
𝑒𝑒𝑒𝑒

+ 2𝛾̇𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝛾𝛾𝛾𝛾𝑒𝑒𝑒𝑒

+ 4𝑒̇𝑒𝑒𝑒2

𝑒𝑒𝑒𝑒2
− 𝑒̈𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
� (8)

𝐴𝐴𝐴𝐴~ = 𝛾̈𝛾𝛾𝛾
𝛾𝛾𝛾𝛾
− 𝛼𝛼𝛼𝛼𝛾̇𝛾𝛾𝛾

𝛾𝛾𝛾𝛾
− 2𝛾̇𝛾𝛾𝛾2

𝛾𝛾𝛾𝛾
− 2𝛾̇𝛾𝛾𝛾𝛼̇𝛼𝛼𝛼

𝛾𝛾𝛾𝛾𝑒𝑒𝑒𝑒
+ 𝑒̈𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
− 𝛼𝛼𝛼𝛼𝑒̇𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
− 2𝑒̇𝑒𝑒𝑒2

𝑒𝑒𝑒𝑒2
(9)

𝑅𝑅𝑅𝑅 = �𝑟𝑟𝑟𝑟2(𝑒𝑒𝑒𝑒2 − 1)𝑟𝑟𝑟𝑟2 − 2𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 − 𝑝𝑝𝑝𝑝2.                                                         (10)         

The solution of Eq. (7) up to an arbitrary explicit function of time has the following form:

1. If  𝑒𝑒𝑒𝑒 > 1

𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟, 𝑡𝑡𝑡𝑡) =
𝐶𝐶𝐶𝐶2𝑟𝑟𝑟𝑟
pr

+
𝑟𝑟𝑟𝑟2𝑒̇𝑒𝑒𝑒2

2𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟4 − 𝐸𝐸𝐸𝐸

𝑟𝑟𝑟𝑟3

3
− 𝐴𝐴𝐴𝐴~

𝑟𝑟𝑟𝑟2

2
+

+ 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝑝𝑝𝑝𝑝 2𝑒𝑒𝑒𝑒

�Rr + pR
𝛾𝛾𝛾𝛾(𝑒𝑒𝑒𝑒2−1) −

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2

𝛾𝛾𝛾𝛾�(𝑒𝑒𝑒𝑒2−1)3
ln2𝑟𝑟𝑟𝑟 ��(𝑒𝑒𝑒𝑒2 − 1)3𝑅𝑅𝑅𝑅 + 𝑟𝑟𝑟𝑟(𝑒𝑒𝑒𝑒2 − 1)𝑟𝑟𝑟𝑟 + 𝑝𝑝𝑝𝑝�� (11)

2. If  𝑒𝑒𝑒𝑒 < 1
𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟, 𝑡𝑡𝑡𝑡) = 𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾

pr
+ 𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

2𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟4 − 𝐸𝐸𝐸𝐸 𝑟𝑟𝑟𝑟3

3
− 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟2

2
+

+ 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝑝𝑝𝑝𝑝 2𝑒𝑒𝑒𝑒

�Rr + pR
𝛾𝛾𝛾𝛾(𝑒𝑒𝑒𝑒2−1) −

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2

𝛾𝛾𝛾𝛾�1−𝑒𝑒𝑒𝑒2(𝑒𝑒𝑒𝑒2−1)
arcsin 𝛾𝛾𝛾𝛾�𝑒𝑒𝑒𝑒2−1�𝑟𝑟𝑟𝑟+𝑝𝑝𝑝𝑝

pe
� (12)

We received two solutions of the partial differential equation (5) for the given family of evolving 
orbits (6) with variable eccentricity. 

Conclusions
The recent studies show, that the orbital eccentricities of directly imaged exoplanets and brown 

dwarf companions provide clues about their formation and dynamical histories (Bowler, at al, 2020; 
Franson, et al, 2023; Franson, et al, 2023; Sepulveda, et al, 2022), reporting the evidence that the 
“eccentricity dichotomy” observed at small separations extends to planets on wide orbits: the mean 
eccentricity for the multi-planet system HR 8799 is lower than for systems with single planets. Low 
mass ratio companions preferentially have low eccentricities (Sepulveda, et al, 2022),

Exoplanet discovered over recent years have shown that terrestrial planets are exceptionally 
common. Exoplanetary studies are rapidly requiring the need for characterization techniques for 
terrestrial planets as their discovery rate continues to increase and many of these planets are in 
compact systems that result in complex orbital dynamics (Kane, et al, 2017)..

Our study concluded, that the analytically derived solution of Eq. (7) depends on magnitude of 
the function 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) and splits down to two results.  In the first result  (𝑒𝑒𝑒𝑒 > 1) we have a non-stationary 
potential (11), generating the set of evolving quasi conic  orbits of hyperbolic type.  This solution can 
be very useful for study of comet dynamics. In the second result (𝑒𝑒𝑒𝑒 < 1) we have a non-stationary 
potential  (12), giving rise to the set  of evolving quasi conic orbits of elliptic form. And this second 
result we suppose can be used for study of the orbital dynamics of young planetary systems and brown 
dwarf companions.

In both cases, a non-stationary potential determines central force

𝐹⃗𝐹𝐹𝐹 = −𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾
pr3

𝑟𝑟𝑟𝑟 + 2𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟2𝑟𝑟𝑟𝑟 − Er {𝑟𝑟𝑟𝑟 − 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒(𝑅𝑅𝑅𝑅+1)

𝑝𝑝𝑝𝑝2er
𝑟𝑟𝑟𝑟 (13)

.					     (10)         

The solution of Eq. (7) up to an arbitrary explicit function of time has the following 
form:

1.	 If   e > 1	

where 𝑝𝑝𝑝𝑝, 𝜔𝜔𝜔𝜔 are the constants, denoting a dimension and orientation of the orbit  on the invariable  
plane, 𝑒𝑒𝑒𝑒 = 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) denotes the evolving eccentricity, meaning  a variation of  the orbit shape  over time, 
𝑟𝑟𝑟𝑟 = 𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡)- is yet some rather arbitrary function of time. 

By substituting (6) into (5), we obtain the following partial differential equation:

𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾
pr2

− 2𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟3 + Er2 + 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟 − 2𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒
𝑅𝑅𝑅𝑅 = 0 , (7)

where for brevity, we introduced the below notations д

𝐸𝐸𝐸𝐸 = 𝛾𝛾𝛾𝛾
𝑝𝑝𝑝𝑝
�𝛼𝛼𝛼𝛼𝑒̇𝑒𝑒𝑒
𝑒𝑒𝑒𝑒

+ 2𝛾̇𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝛾𝛾𝛾𝛾𝑒𝑒𝑒𝑒

+ 4𝑒̇𝑒𝑒𝑒2

𝑒𝑒𝑒𝑒2
− 𝑒̈𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
� (8)

𝐴𝐴𝐴𝐴~ = 𝛾̈𝛾𝛾𝛾
𝛾𝛾𝛾𝛾
− 𝛼𝛼𝛼𝛼𝛾̇𝛾𝛾𝛾

𝛾𝛾𝛾𝛾
− 2𝛾̇𝛾𝛾𝛾2

𝛾𝛾𝛾𝛾
− 2𝛾̇𝛾𝛾𝛾𝛼̇𝛼𝛼𝛼

𝛾𝛾𝛾𝛾𝑒𝑒𝑒𝑒
+ 𝑒̈𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
− 𝛼𝛼𝛼𝛼𝑒̇𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
− 2𝑒̇𝑒𝑒𝑒2

𝑒𝑒𝑒𝑒2
(9)

𝑅𝑅𝑅𝑅 = �𝑟𝑟𝑟𝑟2(𝑒𝑒𝑒𝑒2 − 1)𝑟𝑟𝑟𝑟2 − 2𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 − 𝑝𝑝𝑝𝑝2.                                                         (10)         

The solution of Eq. (7) up to an arbitrary explicit function of time has the following form:

1. If  𝑒𝑒𝑒𝑒 > 1

𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟, 𝑡𝑡𝑡𝑡) =
𝐶𝐶𝐶𝐶2𝑟𝑟𝑟𝑟
pr

+
𝑟𝑟𝑟𝑟2𝑒̇𝑒𝑒𝑒2

2𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟4 − 𝐸𝐸𝐸𝐸

𝑟𝑟𝑟𝑟3

3
− 𝐴𝐴𝐴𝐴~

𝑟𝑟𝑟𝑟2

2
+

+ 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝑝𝑝𝑝𝑝 2𝑒𝑒𝑒𝑒

�Rr + pR
𝛾𝛾𝛾𝛾(𝑒𝑒𝑒𝑒2−1) −

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2

𝛾𝛾𝛾𝛾�(𝑒𝑒𝑒𝑒2−1)3
ln2𝑟𝑟𝑟𝑟 ��(𝑒𝑒𝑒𝑒2 − 1)3𝑅𝑅𝑅𝑅 + 𝑟𝑟𝑟𝑟(𝑒𝑒𝑒𝑒2 − 1)𝑟𝑟𝑟𝑟 + 𝑝𝑝𝑝𝑝�� (11)

2. If  𝑒𝑒𝑒𝑒 < 1
𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟, 𝑡𝑡𝑡𝑡) = 𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾

pr
+ 𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

2𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟4 − 𝐸𝐸𝐸𝐸 𝑟𝑟𝑟𝑟3

3
− 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟2

2
+

+ 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝑝𝑝𝑝𝑝 2𝑒𝑒𝑒𝑒

�Rr + pR
𝛾𝛾𝛾𝛾(𝑒𝑒𝑒𝑒2−1) −

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2

𝛾𝛾𝛾𝛾�1−𝑒𝑒𝑒𝑒2(𝑒𝑒𝑒𝑒2−1)
arcsin 𝛾𝛾𝛾𝛾�𝑒𝑒𝑒𝑒2−1�𝑟𝑟𝑟𝑟+𝑝𝑝𝑝𝑝

pe
� (12)

We received two solutions of the partial differential equation (5) for the given family of evolving 
orbits (6) with variable eccentricity. 

Conclusions
The recent studies show, that the orbital eccentricities of directly imaged exoplanets and brown 

dwarf companions provide clues about their formation and dynamical histories (Bowler, at al, 2020; 
Franson, et al, 2023; Franson, et al, 2023; Sepulveda, et al, 2022), reporting the evidence that the 
“eccentricity dichotomy” observed at small separations extends to planets on wide orbits: the mean 
eccentricity for the multi-planet system HR 8799 is lower than for systems with single planets. Low 
mass ratio companions preferentially have low eccentricities (Sepulveda, et al, 2022),

Exoplanet discovered over recent years have shown that terrestrial planets are exceptionally 
common. Exoplanetary studies are rapidly requiring the need for characterization techniques for 
terrestrial planets as their discovery rate continues to increase and many of these planets are in 
compact systems that result in complex orbital dynamics (Kane, et al, 2017)..

Our study concluded, that the analytically derived solution of Eq. (7) depends on magnitude of 
the function 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) and splits down to two results.  In the first result  (𝑒𝑒𝑒𝑒 > 1) we have a non-stationary 
potential (11), generating the set of evolving quasi conic  orbits of hyperbolic type.  This solution can 
be very useful for study of comet dynamics. In the second result (𝑒𝑒𝑒𝑒 < 1) we have a non-stationary 
potential  (12), giving rise to the set  of evolving quasi conic orbits of elliptic form. And this second 
result we suppose can be used for study of the orbital dynamics of young planetary systems and brown 
dwarf companions.

In both cases, a non-stationary potential determines central force

𝐹⃗𝐹𝐹𝐹 = −𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾
pr3

𝑟𝑟𝑟𝑟 + 2𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟2𝑟𝑟𝑟𝑟 − Er {𝑟𝑟𝑟𝑟 − 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒(𝑅𝑅𝑅𝑅+1)

𝑝𝑝𝑝𝑝2er
𝑟𝑟𝑟𝑟 (13)

where 𝑝𝑝𝑝𝑝, 𝜔𝜔𝜔𝜔 are the constants, denoting a dimension and orientation of the orbit  on the invariable  
plane, 𝑒𝑒𝑒𝑒 = 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) denotes the evolving eccentricity, meaning  a variation of  the orbit shape  over time, 
𝑟𝑟𝑟𝑟 = 𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡)- is yet some rather arbitrary function of time. 

By substituting (6) into (5), we obtain the following partial differential equation:

𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾
pr2

− 2𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟3 + Er2 + 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟 − 2𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒
𝑅𝑅𝑅𝑅 = 0 , (7)

where for brevity, we introduced the below notations д

𝐸𝐸𝐸𝐸 = 𝛾𝛾𝛾𝛾
𝑝𝑝𝑝𝑝
�𝛼𝛼𝛼𝛼𝑒̇𝑒𝑒𝑒
𝑒𝑒𝑒𝑒

+ 2𝛾̇𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝛾𝛾𝛾𝛾𝑒𝑒𝑒𝑒

+ 4𝑒̇𝑒𝑒𝑒2

𝑒𝑒𝑒𝑒2
− 𝑒̈𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
� (8)

𝐴𝐴𝐴𝐴~ = 𝛾̈𝛾𝛾𝛾
𝛾𝛾𝛾𝛾
− 𝛼𝛼𝛼𝛼𝛾̇𝛾𝛾𝛾

𝛾𝛾𝛾𝛾
− 2𝛾̇𝛾𝛾𝛾2

𝛾𝛾𝛾𝛾
− 2𝛾̇𝛾𝛾𝛾𝛼̇𝛼𝛼𝛼

𝛾𝛾𝛾𝛾𝑒𝑒𝑒𝑒
+ 𝑒̈𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
− 𝛼𝛼𝛼𝛼𝑒̇𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
− 2𝑒̇𝑒𝑒𝑒2

𝑒𝑒𝑒𝑒2
(9)

𝑅𝑅𝑅𝑅 = �𝑟𝑟𝑟𝑟2(𝑒𝑒𝑒𝑒2 − 1)𝑟𝑟𝑟𝑟2 − 2𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 − 𝑝𝑝𝑝𝑝2.                                                         (10)         

The solution of Eq. (7) up to an arbitrary explicit function of time has the following form:

1. If  𝑒𝑒𝑒𝑒 > 1

𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟, 𝑡𝑡𝑡𝑡) =
𝐶𝐶𝐶𝐶2𝑟𝑟𝑟𝑟
pr

+
𝑟𝑟𝑟𝑟2𝑒̇𝑒𝑒𝑒2

2𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟4 − 𝐸𝐸𝐸𝐸

𝑟𝑟𝑟𝑟3

3
− 𝐴𝐴𝐴𝐴~

𝑟𝑟𝑟𝑟2

2
+

+ 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝑝𝑝𝑝𝑝 2𝑒𝑒𝑒𝑒

�Rr + pR
𝛾𝛾𝛾𝛾(𝑒𝑒𝑒𝑒2−1) −

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2

𝛾𝛾𝛾𝛾�(𝑒𝑒𝑒𝑒2−1)3
ln2𝑟𝑟𝑟𝑟 ��(𝑒𝑒𝑒𝑒2 − 1)3𝑅𝑅𝑅𝑅 + 𝑟𝑟𝑟𝑟(𝑒𝑒𝑒𝑒2 − 1)𝑟𝑟𝑟𝑟 + 𝑝𝑝𝑝𝑝�� (11)

2. If  𝑒𝑒𝑒𝑒 < 1
𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟, 𝑡𝑡𝑡𝑡) = 𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾

pr
+ 𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

2𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟4 − 𝐸𝐸𝐸𝐸 𝑟𝑟𝑟𝑟3

3
− 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟2

2
+

+ 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝑝𝑝𝑝𝑝 2𝑒𝑒𝑒𝑒

�Rr + pR
𝛾𝛾𝛾𝛾(𝑒𝑒𝑒𝑒2−1) −

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2

𝛾𝛾𝛾𝛾�1−𝑒𝑒𝑒𝑒2(𝑒𝑒𝑒𝑒2−1)
arcsin 𝛾𝛾𝛾𝛾�𝑒𝑒𝑒𝑒2−1�𝑟𝑟𝑟𝑟+𝑝𝑝𝑝𝑝

pe
� (12)

We received two solutions of the partial differential equation (5) for the given family of evolving 
orbits (6) with variable eccentricity. 

Conclusions
The recent studies show, that the orbital eccentricities of directly imaged exoplanets and brown 

dwarf companions provide clues about their formation and dynamical histories (Bowler, at al, 2020; 
Franson, et al, 2023; Franson, et al, 2023; Sepulveda, et al, 2022), reporting the evidence that the 
“eccentricity dichotomy” observed at small separations extends to planets on wide orbits: the mean 
eccentricity for the multi-planet system HR 8799 is lower than for systems with single planets. Low 
mass ratio companions preferentially have low eccentricities (Sepulveda, et al, 2022),

Exoplanet discovered over recent years have shown that terrestrial planets are exceptionally 
common. Exoplanetary studies are rapidly requiring the need for characterization techniques for 
terrestrial planets as their discovery rate continues to increase and many of these planets are in 
compact systems that result in complex orbital dynamics (Kane, et al, 2017)..

Our study concluded, that the analytically derived solution of Eq. (7) depends on magnitude of 
the function 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) and splits down to two results.  In the first result  (𝑒𝑒𝑒𝑒 > 1) we have a non-stationary 
potential (11), generating the set of evolving quasi conic  orbits of hyperbolic type.  This solution can 
be very useful for study of comet dynamics. In the second result (𝑒𝑒𝑒𝑒 < 1) we have a non-stationary 
potential  (12), giving rise to the set  of evolving quasi conic orbits of elliptic form. And this second 
result we suppose can be used for study of the orbital dynamics of young planetary systems and brown 
dwarf companions.

In both cases, a non-stationary potential determines central force

𝐹⃗𝐹𝐹𝐹 = −𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾
pr3

𝑟𝑟𝑟𝑟 + 2𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟2𝑟𝑟𝑟𝑟 − Er {𝑟𝑟𝑟𝑟 − 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒(𝑅𝑅𝑅𝑅+1)

𝑝𝑝𝑝𝑝2er
𝑟𝑟𝑟𝑟 (13)

	 (11)

2.	 If  e < 1		

where 𝑝𝑝𝑝𝑝, 𝜔𝜔𝜔𝜔 are the constants, denoting a dimension and orientation of the orbit  on the invariable  
plane, 𝑒𝑒𝑒𝑒 = 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) denotes the evolving eccentricity, meaning  a variation of  the orbit shape  over time, 
𝑟𝑟𝑟𝑟 = 𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡)- is yet some rather arbitrary function of time. 

By substituting (6) into (5), we obtain the following partial differential equation:

𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾
pr2

− 2𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟3 + Er2 + 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟 − 2𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒
𝑅𝑅𝑅𝑅 = 0 , (7)

where for brevity, we introduced the below notations д

𝐸𝐸𝐸𝐸 = 𝛾𝛾𝛾𝛾
𝑝𝑝𝑝𝑝
�𝛼𝛼𝛼𝛼𝑒̇𝑒𝑒𝑒
𝑒𝑒𝑒𝑒

+ 2𝛾̇𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝛾𝛾𝛾𝛾𝑒𝑒𝑒𝑒

+ 4𝑒̇𝑒𝑒𝑒2

𝑒𝑒𝑒𝑒2
− 𝑒̈𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
� (8)

𝐴𝐴𝐴𝐴~ = 𝛾̈𝛾𝛾𝛾
𝛾𝛾𝛾𝛾
− 𝛼𝛼𝛼𝛼𝛾̇𝛾𝛾𝛾

𝛾𝛾𝛾𝛾
− 2𝛾̇𝛾𝛾𝛾2

𝛾𝛾𝛾𝛾
− 2𝛾̇𝛾𝛾𝛾𝛼̇𝛼𝛼𝛼

𝛾𝛾𝛾𝛾𝑒𝑒𝑒𝑒
+ 𝑒̈𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
− 𝛼𝛼𝛼𝛼𝑒̇𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
− 2𝑒̇𝑒𝑒𝑒2

𝑒𝑒𝑒𝑒2
(9)

𝑅𝑅𝑅𝑅 = �𝑟𝑟𝑟𝑟2(𝑒𝑒𝑒𝑒2 − 1)𝑟𝑟𝑟𝑟2 − 2𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 − 𝑝𝑝𝑝𝑝2.                                                         (10)         

The solution of Eq. (7) up to an arbitrary explicit function of time has the following form:

1. If  𝑒𝑒𝑒𝑒 > 1

𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟, 𝑡𝑡𝑡𝑡) =
𝐶𝐶𝐶𝐶2𝑟𝑟𝑟𝑟
pr

+
𝑟𝑟𝑟𝑟2𝑒̇𝑒𝑒𝑒2

2𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟4 − 𝐸𝐸𝐸𝐸

𝑟𝑟𝑟𝑟3

3
− 𝐴𝐴𝐴𝐴~

𝑟𝑟𝑟𝑟2

2
+

+ 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝑝𝑝𝑝𝑝 2𝑒𝑒𝑒𝑒

�Rr + pR
𝛾𝛾𝛾𝛾(𝑒𝑒𝑒𝑒2−1) −

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2

𝛾𝛾𝛾𝛾�(𝑒𝑒𝑒𝑒2−1)3
ln2𝑟𝑟𝑟𝑟 ��(𝑒𝑒𝑒𝑒2 − 1)3𝑅𝑅𝑅𝑅 + 𝑟𝑟𝑟𝑟(𝑒𝑒𝑒𝑒2 − 1)𝑟𝑟𝑟𝑟 + 𝑝𝑝𝑝𝑝�� (11)

2. If  𝑒𝑒𝑒𝑒 < 1
𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟, 𝑡𝑡𝑡𝑡) = 𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾

pr
+ 𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

2𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟4 − 𝐸𝐸𝐸𝐸 𝑟𝑟𝑟𝑟3

3
− 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟2

2
+

+ 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝑝𝑝𝑝𝑝 2𝑒𝑒𝑒𝑒

�Rr + pR
𝛾𝛾𝛾𝛾(𝑒𝑒𝑒𝑒2−1) −

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2

𝛾𝛾𝛾𝛾�1−𝑒𝑒𝑒𝑒2(𝑒𝑒𝑒𝑒2−1)
arcsin 𝛾𝛾𝛾𝛾�𝑒𝑒𝑒𝑒2−1�𝑟𝑟𝑟𝑟+𝑝𝑝𝑝𝑝

pe
� (12)

We received two solutions of the partial differential equation (5) for the given family of evolving 
orbits (6) with variable eccentricity. 

Conclusions
The recent studies show, that the orbital eccentricities of directly imaged exoplanets and brown 

dwarf companions provide clues about their formation and dynamical histories (Bowler, at al, 2020; 
Franson, et al, 2023; Franson, et al, 2023; Sepulveda, et al, 2022), reporting the evidence that the 
“eccentricity dichotomy” observed at small separations extends to planets on wide orbits: the mean 
eccentricity for the multi-planet system HR 8799 is lower than for systems with single planets. Low 
mass ratio companions preferentially have low eccentricities (Sepulveda, et al, 2022),

Exoplanet discovered over recent years have shown that terrestrial planets are exceptionally 
common. Exoplanetary studies are rapidly requiring the need for characterization techniques for 
terrestrial planets as their discovery rate continues to increase and many of these planets are in 
compact systems that result in complex orbital dynamics (Kane, et al, 2017)..

Our study concluded, that the analytically derived solution of Eq. (7) depends on magnitude of 
the function 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) and splits down to two results.  In the first result  (𝑒𝑒𝑒𝑒 > 1) we have a non-stationary 
potential (11), generating the set of evolving quasi conic  orbits of hyperbolic type.  This solution can 
be very useful for study of comet dynamics. In the second result (𝑒𝑒𝑒𝑒 < 1) we have a non-stationary 
potential  (12), giving rise to the set  of evolving quasi conic orbits of elliptic form. And this second 
result we suppose can be used for study of the orbital dynamics of young planetary systems and brown 
dwarf companions.

In both cases, a non-stationary potential determines central force

𝐹⃗𝐹𝐹𝐹 = −𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾
pr3

𝑟𝑟𝑟𝑟 + 2𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟2𝑟𝑟𝑟𝑟 − Er {𝑟𝑟𝑟𝑟 − 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒(𝑅𝑅𝑅𝑅+1)

𝑝𝑝𝑝𝑝2er
𝑟𝑟𝑟𝑟 (13)

                                      

where 𝑝𝑝𝑝𝑝, 𝜔𝜔𝜔𝜔 are the constants, denoting a dimension and orientation of the orbit  on the invariable  
plane, 𝑒𝑒𝑒𝑒 = 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) denotes the evolving eccentricity, meaning  a variation of  the orbit shape  over time, 
𝑟𝑟𝑟𝑟 = 𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡)- is yet some rather arbitrary function of time. 

By substituting (6) into (5), we obtain the following partial differential equation:

𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾
pr2

− 2𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟3 + Er2 + 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟 − 2𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒
𝑅𝑅𝑅𝑅 = 0 , (7)

where for brevity, we introduced the below notations д

𝐸𝐸𝐸𝐸 = 𝛾𝛾𝛾𝛾
𝑝𝑝𝑝𝑝
�𝛼𝛼𝛼𝛼𝑒̇𝑒𝑒𝑒
𝑒𝑒𝑒𝑒

+ 2𝛾̇𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝛾𝛾𝛾𝛾𝑒𝑒𝑒𝑒

+ 4𝑒̇𝑒𝑒𝑒2

𝑒𝑒𝑒𝑒2
− 𝑒̈𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
� (8)

𝐴𝐴𝐴𝐴~ = 𝛾̈𝛾𝛾𝛾
𝛾𝛾𝛾𝛾
− 𝛼𝛼𝛼𝛼𝛾̇𝛾𝛾𝛾

𝛾𝛾𝛾𝛾
− 2𝛾̇𝛾𝛾𝛾2

𝛾𝛾𝛾𝛾
− 2𝛾̇𝛾𝛾𝛾𝛼̇𝛼𝛼𝛼

𝛾𝛾𝛾𝛾𝑒𝑒𝑒𝑒
+ 𝑒̈𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
− 𝛼𝛼𝛼𝛼𝑒̇𝑒𝑒𝑒

𝑒𝑒𝑒𝑒
− 2𝑒̇𝑒𝑒𝑒2

𝑒𝑒𝑒𝑒2
(9)

𝑅𝑅𝑅𝑅 = �𝑟𝑟𝑟𝑟2(𝑒𝑒𝑒𝑒2 − 1)𝑟𝑟𝑟𝑟2 − 2𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 − 𝑝𝑝𝑝𝑝2.                                                         (10)         

The solution of Eq. (7) up to an arbitrary explicit function of time has the following form:

1. If  𝑒𝑒𝑒𝑒 > 1

𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟, 𝑡𝑡𝑡𝑡) =
𝐶𝐶𝐶𝐶2𝑟𝑟𝑟𝑟
pr

+
𝑟𝑟𝑟𝑟2𝑒̇𝑒𝑒𝑒2

2𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟4 − 𝐸𝐸𝐸𝐸

𝑟𝑟𝑟𝑟3

3
− 𝐴𝐴𝐴𝐴~

𝑟𝑟𝑟𝑟2

2
+

+ 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝑝𝑝𝑝𝑝 2𝑒𝑒𝑒𝑒

�Rr + pR
𝛾𝛾𝛾𝛾(𝑒𝑒𝑒𝑒2−1) −

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2

𝛾𝛾𝛾𝛾�(𝑒𝑒𝑒𝑒2−1)3
ln2𝑟𝑟𝑟𝑟 ��(𝑒𝑒𝑒𝑒2 − 1)3𝑅𝑅𝑅𝑅 + 𝑟𝑟𝑟𝑟(𝑒𝑒𝑒𝑒2 − 1)𝑟𝑟𝑟𝑟 + 𝑝𝑝𝑝𝑝�� (11)

2. If  𝑒𝑒𝑒𝑒 < 1
𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟, 𝑡𝑡𝑡𝑡) = 𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾

pr
+ 𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

2𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟4 − 𝐸𝐸𝐸𝐸 𝑟𝑟𝑟𝑟3

3
− 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟2

2
+

+ 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒
𝑝𝑝𝑝𝑝 2𝑒𝑒𝑒𝑒

�Rr + pR
𝛾𝛾𝛾𝛾(𝑒𝑒𝑒𝑒2−1) −

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2

𝛾𝛾𝛾𝛾�1−𝑒𝑒𝑒𝑒2(𝑒𝑒𝑒𝑒2−1)
arcsin 𝛾𝛾𝛾𝛾�𝑒𝑒𝑒𝑒2−1�𝑟𝑟𝑟𝑟+𝑝𝑝𝑝𝑝

pe
� (12)

We received two solutions of the partial differential equation (5) for the given family of evolving 
orbits (6) with variable eccentricity. 

Conclusions
The recent studies show, that the orbital eccentricities of directly imaged exoplanets and brown 

dwarf companions provide clues about their formation and dynamical histories (Bowler, at al, 2020; 
Franson, et al, 2023; Franson, et al, 2023; Sepulveda, et al, 2022), reporting the evidence that the 
“eccentricity dichotomy” observed at small separations extends to planets on wide orbits: the mean 
eccentricity for the multi-planet system HR 8799 is lower than for systems with single planets. Low 
mass ratio companions preferentially have low eccentricities (Sepulveda, et al, 2022),

Exoplanet discovered over recent years have shown that terrestrial planets are exceptionally 
common. Exoplanetary studies are rapidly requiring the need for characterization techniques for 
terrestrial planets as their discovery rate continues to increase and many of these planets are in 
compact systems that result in complex orbital dynamics (Kane, et al, 2017)..

Our study concluded, that the analytically derived solution of Eq. (7) depends on magnitude of 
the function 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) and splits down to two results.  In the first result  (𝑒𝑒𝑒𝑒 > 1) we have a non-stationary 
potential (11), generating the set of evolving quasi conic  orbits of hyperbolic type.  This solution can 
be very useful for study of comet dynamics. In the second result (𝑒𝑒𝑒𝑒 < 1) we have a non-stationary 
potential  (12), giving rise to the set  of evolving quasi conic orbits of elliptic form. And this second 
result we suppose can be used for study of the orbital dynamics of young planetary systems and brown 
dwarf companions.

In both cases, a non-stationary potential determines central force

𝐹⃗𝐹𝐹𝐹 = −𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾
pr3

𝑟𝑟𝑟𝑟 + 2𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟2𝑟𝑟𝑟𝑟 − Er {𝑟𝑟𝑟𝑟 − 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒(𝑅𝑅𝑅𝑅+1)

𝑝𝑝𝑝𝑝2er
𝑟𝑟𝑟𝑟 (13)

 			   (12)
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We received two solutions of the partial differential equation (5) for the given family 
of evolving orbits (6) with variable eccentricity. 

Conclusions
The recent studies show, that the orbital eccentricities of directly imaged exoplanets 

and brown dwarf companions provide clues about their formation and dynamical 
histories (Bowler, at al, 2020; Franson, et al, 2023; Franson, et al, 2023; Sepulveda, et 
al, 2022), reporting the evidence that the “eccentricity dichotomy” observed at small 
separations extends to planets on wide orbits: the mean eccentricity for the multi-
planet system HR 8799 is lower than for systems with single planets. Low mass ratio 
companions preferentially have low eccentricities (Sepulveda, et al, 2022),

Exoplanet discovered over recent years have shown that terrestrial planets are 
exceptionally common. Exoplanetary studies are rapidly requiring the need for 
characterization techniques for terrestrial planets as their discovery rate continues to 
increase and many of these planets are in compact systems that result in complex orbital 
dynamics (Kane, et al, 2017)..

Our study concluded, that the analytically derived solution of Eq. (7) depends on 
magnitude of the function  and splits down to two results.  In the first result   (e > 1) we 
have a non-stationary potential (11), generating the set of evolving quasi conic  orbits 
of hyperbolic type.  This solution can be very useful for study of comet dynamics. In 
the second result  (e < 1) we have a non-stationary potential  (12), giving rise to the set  
of evolving quasi conic orbits of elliptic form. And this second result we suppose can 
be used for study of the orbital dynamics of young planetary systems and brown dwarf 
companions.

In both cases, a non-stationary potential determines central force

where 𝑝𝑝𝑝𝑝, 𝜔𝜔𝜔𝜔 are the constants, denoting a dimension and orientation of the orbit  on the invariable  
plane, 𝑒𝑒𝑒𝑒 = 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) denotes the evolving eccentricity, meaning  a variation of  the orbit shape  over time, 
𝑟𝑟𝑟𝑟 = 𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡)- is yet some rather arbitrary function of time. 

By substituting (6) into (5), we obtain the following partial differential equation:

𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾
pr2

− 2𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2
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𝑅𝑅𝑅𝑅 = 0 , (7)

where for brevity, we introduced the below notations д
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𝑅𝑅𝑅𝑅 = �𝑟𝑟𝑟𝑟2(𝑒𝑒𝑒𝑒2 − 1)𝑟𝑟𝑟𝑟2 − 2𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 − 𝑝𝑝𝑝𝑝2.                                                         (10)         

The solution of Eq. (7) up to an arbitrary explicit function of time has the following form:

1. If  𝑒𝑒𝑒𝑒 > 1
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2. If  𝑒𝑒𝑒𝑒 < 1
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We received two solutions of the partial differential equation (5) for the given family of evolving 
orbits (6) with variable eccentricity. 

Conclusions
The recent studies show, that the orbital eccentricities of directly imaged exoplanets and brown 

dwarf companions provide clues about their formation and dynamical histories (Bowler, at al, 2020; 
Franson, et al, 2023; Franson, et al, 2023; Sepulveda, et al, 2022), reporting the evidence that the 
“eccentricity dichotomy” observed at small separations extends to planets on wide orbits: the mean 
eccentricity for the multi-planet system HR 8799 is lower than for systems with single planets. Low 
mass ratio companions preferentially have low eccentricities (Sepulveda, et al, 2022),

Exoplanet discovered over recent years have shown that terrestrial planets are exceptionally 
common. Exoplanetary studies are rapidly requiring the need for characterization techniques for 
terrestrial planets as their discovery rate continues to increase and many of these planets are in 
compact systems that result in complex orbital dynamics (Kane, et al, 2017)..

Our study concluded, that the analytically derived solution of Eq. (7) depends on magnitude of 
the function 𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) and splits down to two results.  In the first result  (𝑒𝑒𝑒𝑒 > 1) we have a non-stationary 
potential (11), generating the set of evolving quasi conic  orbits of hyperbolic type.  This solution can 
be very useful for study of comet dynamics. In the second result (𝑒𝑒𝑒𝑒 < 1) we have a non-stationary 
potential  (12), giving rise to the set  of evolving quasi conic orbits of elliptic form. And this second 
result we suppose can be used for study of the orbital dynamics of young planetary systems and brown 
dwarf companions.

In both cases, a non-stationary potential determines central force

𝐹⃗𝐹𝐹𝐹 = −𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾
pr3

𝑟𝑟𝑟𝑟 + 2𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟2𝑟𝑟𝑟𝑟 − Er {𝑟𝑟𝑟𝑟 − 𝐴𝐴𝐴𝐴~𝑟𝑟𝑟𝑟 + 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒(𝑅𝑅𝑅𝑅+1)

𝑝𝑝𝑝𝑝2er
𝑟𝑟𝑟𝑟 (13) 			   (13)

The system of Eq. (1) one can rewrite in the following formThe system of Eq. (1) one can rewrite in the following form

𝑟̈𝑟𝑟𝑟 = −𝐶𝐶𝐶𝐶2𝛾𝛾𝛾𝛾
pr3

𝑟𝑟𝑟𝑟 + 𝛼𝛼𝛼𝛼𝑟̇𝑟𝑟𝑟 + 𝛽𝛽𝛽𝛽𝑟𝑟𝑟𝑟 (14)

where in addition to formulas (8) - (10) we used another one notation

𝛽𝛽𝛽𝛽 = 𝛽𝛽𝛽𝛽(𝑟𝑟𝑟𝑟, 𝑡𝑡𝑡𝑡) = 2𝛾𝛾𝛾𝛾2𝑒̇𝑒𝑒𝑒2

𝑝𝑝𝑝𝑝2𝑒𝑒𝑒𝑒2
𝑟𝑟𝑟𝑟2 − Er − 𝐴𝐴𝐴𝐴~+ 𝐶𝐶𝐶𝐶𝛾𝛾𝛾𝛾𝑒̇𝑒𝑒𝑒(𝑅𝑅𝑅𝑅+1)

𝑝𝑝𝑝𝑝2er
(15)

Thus, with help of Eq. (5) in the generalized non-stationary problem with additional friction 
force, described by Eq. (1), in this paper we derived a new generalized model problem (14), which 
under any initial conditions determines a motion along set of evolving quasi conic orbits (6) with 
variable eccentricity.
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